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Chapter 1

Introduction

1.1 The need for Verifiable and Succinct System Models

Role of Formal Methods in Engineering Reliable Systems

The design and implementation of contemporary software and hardware systems are endeav-

ours of immense complexity. As these systems become increasingly integrated into safety-

critical and security-critical domains, from avionics and medical devices to financial networks

and autonomous vehicles, ensuring their correctness and reliability has grown paramount. In

response to this challenge, the field of computer science has developed Formal Methods, a

collection of mathematically rigorous techniques and tools for the specification, design, and

verification of such systems. The foundational principle of formal methods is that by mod-

elling systems as mathematical entities, one can leverage the power of logic and proof to

reason about their behaviour with a level of precision and completeness that empirical testing

alone cannot achieve.

The value of formal methods lies in their capacity to symbolically examine the entire

state space of a design, thereby establishing correctness or safety properties that hold true

for all possible inputs and execution scenarios. This rigorous approach can be applied at var-

ious points throughout the development lifecycle. In the initial stages, formal specification

languages help disambiguate informal requirements, providing a precise and unambiguous

1
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blueprint that can guide subsequent development. During design and implementation, formal

verification techniques such as model checking and automated theorem proving can be used

to prove that a system implementation correctly adheres to its specification, uncovering subtle

flaws that might otherwise go undetected until late in the process, or even after deployment.

Despite their power and a growing number of industrial success stories, the widespread

adoption of formal methods has been historically hindered by a well-documented "practicality

gap". These techniques are often perceived as being too complex, costly in terms of time

and resources, and requiring a level of specialized mathematical expertise that is not always

available in typical engineering teams. This perception has created a persistent challenge: how

to bridge the divide between the theoretical power of formalisms and the practical needs of

system engineers. A central theme of this thesis is the direct engagement with this challenge.

The research presented here is driven by the goal of developing formal models that are not only

theoretically sound but also more intuitive, concise, and "readable". By striving for models that

are arguably more readable, this work aims to lower the barrier and make formal reasoning

more accessible to a broader range of engineering contexts, putting formal methods into wider

practice.

Automata Theory - A Foundation for System Modelling

Central to the discipline of formal methods is Automata Theory. Automata are abstract

machines that serve as formal models of computation. Among various classes of automata,

the Deterministic Finite Automaton (DFA) is the canonical model for the class of regular

languages. A DFA is formally a tuple (Q,Σ, qinit, δ, F ) where Q is a finite set of states, Σ is

a finite alphabet of input symbols, qinit is the initial state, δ is a transition function, and F is

a set of accepting states. DFAs are fundamental to the theory of computation and have been

successfully applied in numerous practical domains.

A cornerstone of automata theory is the Myhill-Nerode theorem, which establishes a con-

nection between a regular language and its unique minimal-state DFA. The theorem employs

the Nerode equivalence relation, which deems two words equivalent if they are indistinguish-
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able by any suffix. The number of equivalence classes of this relation is precisely the number

of states in the smallest possible DFA for the language. The minimal DFA, also called the

canonical DFA, is unique up to isomorphism. This result provides a point of reference, as we

will see a departure from this notion when considering alternative automaton models.

The Pervasive Challenge: State-Space Explosion

While DFAs and other finite-statemodels provide a basis for system verification, their practical

application is often constrained by the state-space explosion problem. This refers to the

exponential growth in the number of states of a model as the number of system components,

variables, or concurrent processes increases linearly. For even moderately complex systems,

the resulting state space can become astronomically large, quickly overwhelming the memory

and computational resources of verification tools and rendering exhaustive analysis infeasible.

This state-space explosion is recognized as the primary bottleneck limiting the scalabil-

ity of automata-based verification techniques, particularly model checking. Consequently, a

significant portion of research in formal verification over the past several decades has been

dedicated to developing techniques to mitigate its effects. These techniques include, among

others, abstraction methods that hide irrelevant detail, partial order reduction for concurrent

systems, and symbolic model checking, which uses compact data structures like Ordered Bi-

nary Decision Diagrams (OBDDs) or formulas in a boolean logic to represent vast sets of states

and transitions implicitly rather than explicitly.

Another line of attack against this problem, and the one central to this dissertation, is

the development ofmore succinct modelling formalisms. The goal is to devise new types of au-

tomata or specification languages that can represent complex behaviours using fewer descrip-

tive resources (e.g., states, transitions, or symbols) than, say, a DFA. This thesis tackles two

facets of this combinatorial challenge: The first part addresses the state explosion that arises

in modelling complex sequential behaviour, proposing a new automaton model [KSVV24] de-

signed for greater conciseness. The second part tackles the "interleaving explosion" [KSV26]

that occurs when modelling concurrent systems, where the need to account for all possible



Chapter 1. Introduction 4

orderings of asynchronous events leads to a combinatorial blow-up in the model.

Model-Based Testing: A Motivation for Succinct Models

The search for more succinct and effective formal models is not just a theoretical pursuit; it is

strongly driven by practical engineering needs, particularly in the domain of Model-Based

Testing (MBT) [DNSVT07]. MBT is a software testing paradigm where test cases are auto-

matically generated from an abstract, formal model of the System-Under-Test (SUT) [Bro24].

This approach offers the promise of more systematic and thorough testing with reduced man-

ual effort, enhancing software quality and reliability [LLGS18].

The typical MBT workflow involves several key steps [LLGS18]:

1. Model Creation: An engineer develops a formal model (e.g. a state machine, a decision

table, or a UML diagram) that captures the desired behaviour of the SUT.

2. Test Generation: A tool automatically derives abstract test cases from the model by ap-

plying test selection criteria. These criteria can be based on structural coverage of the

model (e.g., covering all states or transitions) or on requirements coverage.

3. Test Concretization and Execution: The abstract test cases are then translated into

concrete, executable test scripts that can be run against the SUT, thus providing the oracle

to determine pass/fail verdicts.

The effectiveness of the entireMBT process is fundamentally dependent on the quality and

tractability of the underlying model. A model that is excessively large, difficult to construct,

or hard to understand becomes a significant bottleneck, undermining the potential benefits

of automation [DNSVT07]. This creates a powerful, industry-relevant motivation for the re-

search presented in this thesis. The development of formalisms that are more concise and

intuitive directly translates into more efficient and effective MBT. A key contribution of this

thesis is the application of its novel automata models to provide a formal semantics for Ex-

pressive Decision Tables (EDTs) [VSKA14], an industrial specification notation used for test

generation.
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Expressive Decision Tables (EDTs). Introduced by Venkatesh et al., at the verification

research group of Tata Consultancy Services Innovation Labs, EDTs are a notation for speci-

fying software requirements for reactive systems. Due to the ease of their usage, EDTs have

been successfully applied in various industry projects to generate test cases for software re-

quirements. The notation however lacks rigorous formal semantics and existing test case

generation procedures are based on an intuitive understanding of EDT behaviour. In particu-

lar, the current procedures are incomplete: they employ search heuristics which try to cover

as many requirements as possible.

In the EDT syntax, systems are assumed to consist of input variables, output variables and

local variables (or states). The software requirements specify the behaviour of the outputs and

local variables based on patterns in the inputs and local variables. Table 1.1 gives an example

inspired from [VSZA15] which describes selected requirements of a car alarm module.

Table 1.1: EDT for an Alarm module

sno in
PanicSw

in
Alarm

out
Alarm

out
Flash

1 (Press; Press){< 3s} Off On
2 Press{> 3s} On Off False

An EDT can be seen as being divided into two sides - the input side and the output side.

Column headers on the input side describe the input and local variables, and are prefixed with

in. Similarly, column headers on the output side describe the local and output variables, and

are prefixed by out. Local variables occur on both sides. In Table 1.1, note that the variable

Alarm appears on both the sides, making it a local variable. Each row gives a system require-

ment. The EDT of Table 1.1 gives a concise representation of the following requirements:

1. IfAlarm isOff, and PanicSw is pressed twice within 3 seconds, thenAlarm should be turned

On.

2. If it is more than 3 seconds since the PanicSw is pressed, and the Alarm is On, then Flash

should be False and Alarm should be turned Off.

A test case for a requirement is a sequence of inputs that triggers the particular require-
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ment. EDTs have been successfully applied to generate test cases for software requirements

— thanks to the simple syntax, system engineers are comfortable in translating a large set

of requirements into EDTs and algorithms for generating test cases have been studied and

shown to be more effective than manual testing [VSZA15]. However, the notation lacks a

rigorous formal semantics, except for a brief description of key elements of formal semantics

in [VSKA14]. Current test generation algorithms are based on this intuitive understanding of

the language, and apply heuristics to cover as many requirements as possible. When certain

requirements do not get covered, a manual analysis is performed. The mechanics of EDTs is

intricate due to various interactions between the rows. An automated tool to generate test

cases or guarantee non-coverability is indispensable. To achieve this, the first step is to have

a formal operational semantics for EDT.

In this thesis, we provide formal (operational) semantics for a significant (untimed) frag-

ment of EDTs, via new automata models. In addition to providing a framework for reasoning

about EDTs, the formal semantics gives us a test generation procedure.

1.2 Automata models in Practical applications

Deterministic Finite Automata (DFAs) have been widely applied in areas as diverse as text

processing [MMW09], formal specification languages [Har87], and as the underlying engine

for verification techniques like model-checking [CGK+18] and runtime verification [BJNT00,

BHV04, GH01]. The broad utility of automata is further evidenced by the development of

numerous software libraries dedicated to their creation and manipulation [LMS22].

However, the state-space explosion problem consistently hinders their practical applica-

tion. Although the state-and-transition paradigm is intuitive, its descriptions operate at a

low level of abstraction. This granular, character-by-character processing often results in

automata of unmanageable size for non-trivial applications, creating a need for more con-

cise formalisms. While non-determinism is a well-known path to exponential succinctness,

a deterministic model is often essential for unambiguous formal specifications and efficient

implementations. The following survey discusses several deterministic approaches from the
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literature aimed at tackling the problem of large automaton size.

Onemajor strategy for achieving succinctness is to enhance transition labels, moving from

single letters to more complex patterns. Generalized automata (GA), first defined by Eilen-

berg [Eil74], extend non-deterministic automata with string-labeled transitions; a word is ac-

cepted if it can be partitioned into segments that match a sequence of these transition labels.

Subsequent work established bounds on the label lengths required for minimal GAs [Has91].

The deterministic variant, Deterministic Generalized Automata (DGA), requires that for any

state, the set of outgoing string labels must be prefix-free [GM99]. The key method for con-

structing smaller DGAs involves starting with a DFA and "suppressing" states to create longer

labels. Giammarresi et al. [GM99] showed that minimal DGAs (in terms of state count) can

be derived from the canonical DFA using this technique. However, the more natural question

of minimizing the total size of a DGA—a metric that includes the number of states, edges,

and the sum of label lengths—was left as an open problem. A natural extension from strings

to more complex objects is to consider regular expressions. The resulting model, known as

Expression Automata [HW04], was first considered in the context of converting automata to

regular expressions [BM63]. To achieve determinism, however, the Deterministic Expression

Automata (DEA) model imposes two strict requirements: from any state, the languages of any

two outgoing expressions must be disjoint, and each of those languages must be prefix-free.

It is stated in [HW04] that DEA accept prefix-free regular languages, and hence DEAs are less

expressive than standard DFAs.

Another strategy for succinctness targets the complexity that arises from the size of the

alphabet itself. For instance, an alphabet consisting of all ASCII characters can cause the

number of transitions to blow up. Symbolic automata [VHL+12, DV17] have been proposed

to handle large or infinite alphabets. They replace letters on edges with logical formulas or

predicates, which allows them to club together numerous transitions between a pair of states

into a single symbolic transition. For example, if the domain is the set of natural numbers,

a transition labeled with a predicate like odd(x) can act as a placeholder for all transitions

labeled with an odd number. This approach has been widely applied and implemented in

many tools [D’A].
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Despite these advances, a gap remains for a formalism that can succinctly model behav-

iors defined by high-level patterns that are not necessarily contiguous prefixes and may be

separated by long, irrelevant sequences of events. For instance, EDTs talk about sequences

that contain a certain pattern in order to fire certain outputs. This was our inspiration: what

is a corresponding notion in an automaton setting, a model that functions based on patterns?

Our model. In this work, we introduce Deterministic Suffix-reading Automata (DSAs) to fill

this gap. We continue to work with strings on transitions, as in a DGA. However, the meaning

of transitions is different. A transition q abba−−→ q′ is enabled if at q, a wordw ending with abba is

seen, andmoreover no other transition out of q is enabled at any proper prefix ofw. Intuitively,

the automaton tracks a finite set of pattern strings at each state. It stays in a state, passively

consuming input, until one of them appears as the suffix of the word read so far, and then

makes the appropriate transition.

We start with a motivating example. Consider a model for out-of-context else state-

ments, in relation to if and endif statements in a programming language. Assume a suit-

able alphabet Σ of characters. Let Lelse be the set of all strings over the alphabet where (1)

there are no nested if statements, and (2) there is an else which is not between an if and

an endif. A standard DFA for this language would need to perform detailed string matching

to detect the keywords. The DSA, shown in Figure 1.1, offers a more direct abstraction. At

state s0, it passively reads letters until it first sees a suffix matching either if or else. If the

first match is if, it transitions to s1. For instance, on a word like abf4fgif, the automaton

moves to s1 because the word ends with if and no trigger pattern appeared in any of its

proper prefixes. Similarly, from s1, it waits for the next pattern, if or endif, to decide its

next move.

Suffix-reading automata have the ability to wait at a state, reading long words until a

matching pattern is seen. This results in an arguablymore readable specification for languages

which are “pattern-intensive”. This representation is orthogonal to the approaches considered

so far. While symbolic automata club together transitions between a specific pair of states,

DSAs can consolidate entire paths of states and transitions. And while DGAs can also club
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s0 s1

s2 s3

else if

endif

Σ

if

Figure 1.1: DSA for out-of-context else

paths, they cannot ignore intermediate letters, which can result in extra states and transitions

that DSAs can avoid.

Overview of results. We formally present deterministic suffix-reading automata and its

semantics, quantify its size in comparison to an equivalent DFA, and study an algorithm to

construct DSAs starting from a DFA. This is in the same spirit as in DGAs, where smaller

DGAs are obtained by suppressing states. For automata models with strings on transitions,

the number of states is not a faithful measure of the size of a DSA. As described in [GM99] for

DGAs, we consider the total-size of a DSA which includes the number of states, edges, and

the sum of label lengths. The key contributions of this work are:

1. Presentation of a definition of a new kind of automaton - DSA (Chapter 3).

2. Proof that DSAs accept regular languages, and nothing more.

(a) Every complete DFA can be seen as a DSA.

(b) For the converse, we prove that for every DSA of size k, there is a DFA with size at most

2k · (1 + 2|Σ|), where Σ is the alphabet (Lemma 3.5, Theorem 3.7).

We describe a family of languages Ln, with alphabet size n, for which the minimal DFA

has size quadratic in n, whereas size of DSAs is a linear function of n (Lemma 3.6).

3. We present a method to derive DSAs out of DFAs, a DFA-to-DSA conversion (Chapter 4).

The derivation procedure selects subsets of DFA-states, and adds transitions labeled with

(some of) the acyclic paths between them. We identify sufficient conditions on the selected

subset of states, so that the derivation procedure preserves the language (Theorem 4.9).
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4. We remark that minimal DSAs need not be unique, and make an observation: the smallest

DSA that we derive from the canonical DFA of a language L need not be a minimal DSA.

(Section 5).

5. Motivated by the above observation, we present a restricted definition of DSA, called strong

DSA (Section 5.3). We show that minimal strong DSAs can in fact be derived from the

canonical DFA, through our derivation procedure.

6. Finally, we show that given a DFA and a number k, deciding if there exists a DSA of size

≤ k is NP-complete (Section 5.2).

Related work. The closest to our work is [GM99] which introduces DGAs, and gives a

procedure to derive DGAs from DFAs. The focus however is on getting DGAs with as few

states as possible. The observations presented in Chapter 5 of our work, also apply for state-

minimality: the same example shows that in order to get a DSA with fewer states, one may

have to start with a bigger DFA. This is in sharp contrast to the DGA setting, where the

derivation procedure of [GM99] yields a minimal DGA (in the number of states) when ap-

plied on the canonical DFA. The problem of deriving DGAs with minimal total-size was left

open in [GM99], and continues to remain so, to the best of our knowledge. Expression au-

tomata [HW04] allow regular expressions as transition labels. This model was already consid-

ered in [BM63] to convert automata to regular expressions. Every DFA can be converted to a

two state expression automaton with a regular expression connecting them. Amodel of deter-

ministic Expression automata (DEA) was proposed in [HW04] with restrictions that limit the

expressive power. An algorithm to convert a DFA to a DEA, by repeated state elimination, is

proposed in [HW04]. The resulting DEA is minimal in the number of states. Minimization of

NFAs was studied in [JR93] and shown to be hard. Succinctness of models with different fea-

tures, like alternation, two-wayness, pebbles, and a notion of concurrency, has been studied

in [GH96].

Here are some works that are related to the spirit of finding more readable specifications.

[Fer09] has used the model of deterministic GA to develop a learning algorithm for some
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simple forms of regular expressions, with applications in learning DTD specifications for XML

code. In this paper, the author talks about readability of specifications. They claim that regular

expressions (REs) are arguably the best way to specify regular languages. They also claim that

the translation algorithms from DFAs to REs give unreadable REs. In the paper, they consider

specific language classes and generate algorithms to learn simple looking REs.

Another work that talks about readability of specifications is [ZLL02]. They consider au-

tomata based specification languages and perform extensive experiments to determine which

choice of syntax gives better readability. They remark that hierarchical specifications are eas-

ier, since not every transition needs to be specified. Once again, we observe that there is an

effort to remove transitions.

1.3 Bridging the Gap to Concurrent Systems

DSA provide a new toolkit for the succinct specification of sequential, pattern-based systems.

However, modern software systems are rarely monolithic and sequential. They are typically

composed of multiple interacting components that operate concurrently. This section mo-

tivates the extension of the suffix-reading paradigm from the sequential to the concurrent

domain [KSV26].

The Limits of Sequential Models for Concurrency

Applying a sequential model like a DSA directly to a concurrent system runs into an obstacle:

the "interleaving explosion". A concurrent system consists of multiple processes or compo-

nents that execute asynchronously. To model such a system with a sequential automaton, one

must account for all possible orderings, or interleavings, of the events generated by the dif-

ferent components. The number of such interleavings grows exponentially with the number

of events.

This problem is made concrete by a Car Security System example, illustrated in Figure

1.2. A practical requirement for starting a car might be that the key is in the ignition (K),

the brake pedal is pressed (B), and the transmission is in park (P), with these three actions
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Off

Error

Started

Drive

K ∥ B ∥ P

B ∥ DB ∥ P ∥ Off

D ∥ Off

Figure 1.2: Car security system example

allowed to occur in any order. A standard DSA, in order to capture this behaviour, would be

forced to have a transition whose label explicitly enumerates all 3! = 6 permutations: KBP,

KPB, BKP, BPK, PKB, and PBK. This approach completely undermines the goal of conciseness

and readability that motivated the DSA model in the first place. As the number of concurrent

components grows, this becomes utterly impractical.

Specification of Concurrent Suffix-Based Rules

The failure of the sequential model in the setting of concurrency gives rise to the second cen-

tral problem of this thesis: How can we model specifications that involve patterns across multiple

concurrent "ports"? A natural syntactic approach is to introduce a parallel composition oper-

ator ∥, into the transition labels. Using this operator, the car security requirement could be

expressed with a single, elegant transition labeled ‘K ∥ B ∥ P’. This syntax would abstract

away the interleavings, capturing the logical intent of the specification directly. However, in-

troducing such an operator should not be merely a syntactic convenience. The core challenge

lies in defining a formal operational semantics for it that is both theoretically sound and intu-

itively useful for a wide range of real-world specification scenarios. The development of such

a semantics is the primary focus of this next part.

Our model. To address the challenge of specifying concurrent systems, this thesis intro-

duces theMulti-port Suffix-reading Automaton (mDSA), an extension of the DSA model

designed to handle concurrency and outputs.

The mDSA model operates over a multi-port alphabet Σ = ⟨Σ1, ...,Σk⟩, where the global

alphabet is partitioned among k distinct ports. Transitions are labeled with concurrent pat-

terns like (u1 ∥ u2 ∥ ... ∥ uk), where each ui is a word (a pattern) from the alphabet of port i,
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Σ∗
i [KSV26].

The development of the mDSA model is not just theoretical, but driven by the practical

need to formalize existing industrial specification methods. This is demonstrated through

its application to Expressive Decision Tables (EDTs). As we mentioned earlier, EDTs allow

engineers to specify complex, suffix-based rules in a convenient format.

To model the full behaviour of EDTs, which includes not just input conditions but also

the generation of output actions, the mDSA model requires an additional extension. This

practical requirement directly motivates our development of mDSAs-with-outputs. In this

model, a transition can now specify that upon matching an input condition, a set of output

symbols should be produced. It creates a feedback loop where the automaton can modify

input conditions of subsequent transitions via previous outputs. The main theoretical result

here is that state reachability for mDSAs-with-outputs is PSPACE-complete [KSV26].

This entire development arc embodies the (sub)title of this dissertation, "Putting Practice

into Theory (and Back)." The practical need to provide a formal semantics for an industrial

notation (EDT) led to theoretical model extensions, from DSA to mDSA and mDSAs-with-

outputs). The formal analysis of these new theoretical models, in turn, revealed a fundamental

complexity result. This theoretical discovery then feeds back to practice, providing a formal

explanation for the inherent difficulty of test generation for EDT-like specifications and in-

forming the design of such verification tools.

1.4 Thesis Contributions and Outline

This dissertation introduces and analyzes a new family of automata, Suffix-Reading Automata,

designed to provide succinct and readable formal models for sequential and concurrent sys-

tems. The research bridges the gap between automata theory and engineering practice by

developing formalisms that are both theoretically sound and practically motivated.

Summary of Contributions

The primary contributions of this dissertation can be summarized as follows:
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• A Model for Sequential Specifications: The introduction of the Deterministic Suffix-

reading Automaton (DSA) as a novel, fully expressive, and deterministic formalism for

regular languages. This model provides a more succinct and readable representation for

pattern-intensive specifications compared to traditional DFAs. A theoretical analysis of its

properties is provided.

– Automaton Minimization Analysis: The discovery of a fundamental bottleneck in

DSA minimization, demonstrating that the canonical (Myhill-Nerode) DFA is insuffi-

cient for deriving minimal DSAs. This is complemented by a formal proof that the

DSA minimization problem is NP-complete. As a constructive solution, the Strong DSA

(sDSA) subclass is introduced, which is shown to be a tractable and well-behaved class

for which minimal automata are derivable from the canonical DFA.

• A Model for Concurrent Specifications: The extension of the suffix-reading paradigm

to concurrent systems with the Multi-port DSA (mDSA). This model features a tape-based

semantics with a history marker that formalizes the management of event history and the

notion of "freshness" required for triggering concurrent transitions.

– Bridging Formalism and Industrial Practice: The development of the first formal

operational semantics for the industrial Expressive Decision Table (EDT) notation, via a

translation to mDSAs-with-outputs. The proof that the associated test generation prob-

lem (state reachability) is PSPACE-complete reveals the complexity inherent in such

practical specification languages.

Thesis Structure

The remainder of this dissertation is organized as follows:

• Chapter 2: Preliminaries (with a Survey of Automata Models): This chapter will for-

mally define the foundational concepts from automata theory and formal methods that are

used throughout the thesis. It will also present a technical introduction of related automata

models discussed in this introduction.
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• Chapter 3: Deterministic Suffix-Reading Automata (DSA): This chapter will present

the formal definition, semantics and theoretical analysis of the DSA model. This includes

proofs of expressiveness, and succinctness results.

• Chapter 4: Derivation of DSAs: This chapter will detail the DFA-to-DSA derivation

procedure via suffix-tracking sets.

• Chapter 4: DSA Minimality: This chapter will demonstrate the canonical DFA bottle-

neck for minimization, the full NP-completeness proof, and the theory of Strong DSAs

(sDSAs).

• Chapter 6: Multi-Port DSA (mDSA): This chapter will introduce the mDSA model for

specifying concurrent systems. It will detail the multi-port alphabet, the ∥ operator, and

the tape-based semantics.

• Chapter 7: Application to Expressive Decision Tables (mDSA-with-outputs): This

chapter will present the translation from the EDT notation to mDSAs-with-outputs. It will

then present the full proof of PSPACE-completeness for the state reachability problem.

• Chapter 8: Conclusion and FutureWork: This chapter will summarize the key findings

of the dissertation and discuss several promising directions for future research.
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Chapter 2

Preliminaries

Before introducing the formal details of the new automaton model at the heart of this thesis,

this chapter establishes the necessary theoretical foundation. We will review the standard

definitions and notations from formal language theory, focusing on Deterministic Finite Au-

tomata (DFAs) as the canonical model for regular languages. Furthermore, we will define

Deterministic Generalized Automata (DGAs), a key model for comparison that also utilizes

strings on transitions but with a different matching rule. This groundwork will provide the

vocabulary and context required to situate and analyze the suffix-reading paradigm presented

in the chapters that follow.

Basic notations. We fix a finite alphabet Σ. Following standard convention, we write Σ∗

for the set of all words (including ε) over Σ, and Σ+ = Σ∗ \ {ε}. For w ∈ Σ∗, we write |w|

for the length of w, with |ε| considered to be 0. A word u is a prefix of word w if w = uv for

some v ∈ Σ∗; it is a proper-prefix if v ∈ Σ+. Observe that ε is a prefix of every word. A set

of words W is said to be a prefix-free set if no word in W is a prefix of another word in W .

A word u is a suffix (resp. proper-suffix) of w if w = vu for some v ∈ Σ∗ (resp. v ∈ Σ+). We

state below some notations which will come in handy for the formal definition and analysis

of our suffix-reading automaton model.

Definition 2.1 (Notations for suffix). For two words w1, w2, we write w1 ⊑sf w2 if w1 is a

suffix of w2. For a set of words U ⊆ Σ∗ and α, β ∈ Σ∗, α ⊑U
lsf β if α is the longest word in U

17
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which is a suffix of β, i.e. for all α′ ∈ U if α′ ⊑sf β then |α′| ≤ |α|.

Definition 2.2 (Deterministic Finite Automata (DFA)). ADeterministic Finite Automaton (DFA)

M is a tuple (Q,Σ, qinit, δ, F ) where Q is a finite set of states, qinit ∈ Q is the initial state,

F ⊆ Q is a set of accepting states, and δ : Q × Σ → Q is a partial function describing the

transitions. If δ is complete, the automaton is said to be a complete DFA. Else, it is called a

trim DFA.

The run of DFA M on a word w = a1a2 . . . an (where ai ∈ Σ) is a sequence of transitions

(q0, a1, q1)(q1, a2, q2) . . . (qn−1, an, qn) where δ(qi, ai+1) = qi+1 for each 0 ≤ i < n, and q0 =

qinit, the initial state ofM . The run is accepting if qn ∈ F . If the DFA is complete, every word

has a unique run. On a trim DFA, each word either a has unique run, or it has no run. The

language L(M) of DFAM , is the set of words for whichM has an accepting run.

Nerode equivalence andminimality ofDFAs. Wewill now recall some useful facts about

minimality of DFAs. Here, by minimality, we mean DFAs with the least number of states.

Every complete DFA M induces an equivalence ∼M over words: u ∼M v if M reaches the

same state on reading both u and v from the initial state. In the case of trim DFAs, this

equivalence can be restricted to set of prefixes of words in L(M). For a regular language L,

we have the Nerode equivalence: u ≈L v if for all w ∈ Σ∗, we have uw ∈ L iff vw ∈ L. By

the well-known Myhill-Nerode theorem (see [HMU07] for more details), there is a canonical

DFA ML with the least number of states for L, and ∼ML
equals the Nerode equivalence ≈L.

Furthermore, every DFA M for L is a refinement of ML: u ∼M v implies u ∼ML
v. If two

words reach the same state inM , they reach the same state inML.

Definition 2.3 (Deterministic GeneralizedAutomata (DGA)). ADeterministic Generalized Au-

tomaton (DGA) [GM99] H is given by (Q,Σ, qinit, E, F ) where Q, qinit, F mean the same as

in DFA, and E ⊆ Q× Σ+ ×Q is a finite set of edges labeled with words from Σ+. For every

state q, the set {α | (q, α, q′) ∈ E} is a prefix-free set.

A run of DGAH on awordw is a sequence of edges (q0, α1, q1)(q1, α2, q2) . . . (qn−1, αn, qn)

such that w = α1α2 . . . αn, with q0 being the initial state. As usual, the run is accepting if
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q0 q1
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b

DFA M1 :

q0 abDGA H1 :

q0 q1 q2 q3
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a a

a

b

a

b

DFA M2 :

q0 q2 q3

b

aa

a

b

aa

b

DGA H2 :

Figure 2.1: Examples of DFAs and corresponding DGAs, over alphabet {a, b}.

qn ∈ F . Due to the property of the set of outgoing labels being a prefix-free set, there is a

atmost one run on every word. The language L(H) is the set of words with an accepting run.

Figure 2.1 gives examples of DFAs and corresponding DGAs.

It was shown in [GM99] that there is no unique smallest DGA. The paper defines an

operation to suppress states and create longer labels. A state of a DGA is called superfluous if

it is neither the initial nor final state, and it has no self-loop. For example, in Figure 2.1, inM1

andM2, state q1 is superfluous. Such states can be removed, and every pair p α−→ q and q
β−→ r

can be replaced with p
αβ−→ r when q is superfluous. This operation is extended to a set of

states: given a DGA H , a set of states S, a DGA S(H,S) is obtained by suppressing states of

S, one after the other, in any arbitrary order. For correctness (i.e. language equivalence with

the original DGA), there should be no cycle in the induced subgraph ofH restricted to S. The

paper proves that minimal DGAs (in number of states) can be derived by suppressing states,

starting from the canonical DFA.

This chapter has provided the necessary formal preliminaries, defining the classical DFA

model and the closely related DGA. With this foundational framework in place, we have es-

tablished a common language and a basis for comparison. We are now prepared to move from

these traditional prefix-matching models to the central contribution of this work. The fol-

lowing chapter will introduce the Deterministic Suffix-reading Automaton (DSA), presenting

its formal syntax, its unique suffix-based operational semantics, and an initial analysis of its

expressive power and succinctness.
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Chapter 3

A new automaton model –

Deterministic Suffix-Reading Automata

The preceding chapters established that while Deterministic Finite Automata (DFAs) are the

canonical model for regular languages, their practical application is often limited by the state-

space explosion problem. This has motivated a long-standing search in automata theory for

more succinct, yet still deterministic, models of computation.

One prominent approach to achieving conciseness is to allow transitions to be labeled with

strings or more complex patterns instead of single symbols, as seen in models like Determin-

istic Generalized Automata (DGA). As we saw in the previous chapter, in a DGA, a transition

q
α−→ q′ is taken from state q only if the remaining input word has the string α as a prefix. The

word α is then consumed, and computation continues from state q′. This prefix-matching se-

mantic is effective for collapsing linear chains of DFA states into a single transition. However,

it is inherently rigid; a DGA cannot ignore or "skip" over intermediate segments of the input

stream. This makes it ill-suited for specifying behaviors where an action should be triggered

by a specific pattern appearing anywhere in the input, irrespective of what precedes it. DEAs,

which use regular expressions, offer more power but come with significant restrictions on the

expressions to maintain determinism, ultimately limiting their general applicability.

This chapter introduces a fundamentally different paradigm for string-based automata:

‘suffix-reading’. Instead of actively consuming prefixes from the remaining input, our model

21
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operates on a "wait-and-jump" principle based on the suffixes of the word read so far. The core

conceptual shift is from asking, "Does the start of the remaining input match my transition

label?" (the DGA approach) to asking, "Does the input processed thus far end with one of my

trigger patterns?".

In a Deterministic Suffix-reading Automaton (DSA), a state does not just represent the

endpoint of processing a given set of strings, but rather enables a mode of "waiting" for a

specific set of patterns to appear. This allows the automaton to passively consume long se-

quences of irrelevant inputs, only becoming active when a meaningful, pre-defined pattern is

detected as a suffix of the history. This approach is designed to more naturally capture the

logic of specifications that are "pattern-intensive."

Structure of this chapter. In the sections that follow, we will formalize this intuition.

• In Section 3.1 we will provide the complete syntax for DSAs, followed by a rigorous defi-

nition of their operational semantics, which resolves ambiguity through rules for earliest

and longest matching patterns.

• In Section 3.2 we will then establish the model’s theoretical properties, proving that it

retains the full expressive power of DFAs for regular languages and analyzing its potential

for providing significantly more succinct specifications.

3.1 DSA: formal syntax and semantics

We have seen an example of a deterministic suffix automaton in Figure 1.1. A DSA consists

of a set of states, and a finite set of outgoing labels at each state. On an input word w, the

DSA finds the earliest prefix which ends with an outgoing label of the initial state, erases this

prefix and goes to the target state of the transition with the matching label. Now, the DSA

processes the rest of the word from this new state in the same manner. In this section, we will

formally describe the syntax and semantics of DSA.

We start with some more examples. Figure 3.1 shows a DSA for L2 = Σ∗aab, the same

language as the automataM2 andH2 of Figure 2.1. At q0, DSAA2 waits for the first occurrence
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q0 q3
aab

aab

DSA A2 :

Figure 3.1: DSA A2 accepts L2 = Σ∗aab, with Σ = {a, b}.

q0 q1 q2
ab

bb

b

a

DSA A3 : q0 q1
ab

ba

DSA A4 :

Figure 3.2: A3 accepts L3 = Σ∗abΣ∗bb and A4 accepts L4 = (b∗ba)∗a∗ab.

of aab and as soon as it sees one, it transitions to q3. Here, it waits for further occurrences of

aab. For instance, on the word abbaabbbaab, it starts from q0 and reads until abbaab to move

to q3. Then, it reads the remaining bbaab to loop back to q3 and accepts. On a word baabaa,

the automaton moves to q3 on baab, and continues reading aa, but having nowhere to move,

it makes no transition and rejects the word. Consider another language L3 = Σ∗abΣ∗bb on

the same alphabet Σ. A similar machine (as A2) to accept L3 would look like A3 depicted in

Fig. 3.2. For example, on the word abbbb, it would read until ab and move from q0 to q1, read

further until bb and move to q2, then read b and move back to q2 to accept. We can formally

define such machines as automata that transition on suffixes, or suffix-reading automata.

Definition 3.1 (DSA). A deterministic suffix-reading automaton (DSA) A is given by a tuple

(Q,Σ, qinit,∆, F )whereQ is a finite set of states, Σ is a finite alphabet, qinit ∈ Q is the initial

state, ∆ ⊆ Q × Σ+ × Q is a finite set of transitions, F ⊆ Q is a set of accepting states. For

a state q ∈ Q, we define Out(q) := {α | (q, α, q′) ∈ ∆ for some q′ ∈ Q} for the set of labels

present in transitions out of q. No state has two outgoing transitions with the same label: if

(q, α, q′) ∈ ∆ and (q, α, q′′) ∈ ∆, then q′ = q′′.

The (total) size |A| of DSAA is defined as the sum of the number of states, the number of

transitions, and the size |Out(q)| for each q ∈ Q, where |Out(q)| :=
∑

α∈Out(q) |α|.

As mentioned earlier, at a state q the automaton waits for a word that ends with one of its

outgoing labels. If more than one label matches, then the transition with the longest label is

taken. For example, consider the DSA in Figure 1.1. At state s1 on reading fghendif , both

the if and endif transitions match. The longest match is endif and therefore the DSA
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moves to s0. This gives a deterministic behaviour to the DSA. More precisely: at a state q, it

readsw to fire (q, α, q′) if α is the longest word inOut(q)which is a suffix ofw, and no proper

prefix of w has any label in Out(q) as suffix. We call this a ‘move’ of the DSA. For example,

consider A4 of Figure 3.2 as a DSA. Let us denote t := (q0, ab, q1) and t′ := (q0, ba, q1). We

have moves (t, ab), (t, aab), (t, aaab), and (t′, ba), (t′, bba), etc. In order to make a move on t,

the word should end with ab and should have neither ab nor ba in any of its proper prefixes.

Definition 3.2. A move of DSA A is a pair (t, w) where t = (q, α, q′) ∈ ∆ is a transition of

A and w ∈ Σ+ such that

• α is the longest word in Out(q) which is a suffix of w, and

• no proper prefix of w has a label in Out(q) as suffix (no label is a factor of w).

A move (t, w) denotes that at state q, transition t gets triggered on reading word w. We will

also write q w−−→
α

q′ for the move (t, w).

Whether a word is accepted or rejected is determined by a ‘run’ of the DSA on it.

Definition 3.3. A run of A on word w, starting from a state q, is a sequence of moves that

consume the word w, until a (possibly empty) suffix of w remains for which there is no move

possible.

Formally, a run is a sequence of moves qi
wi−−→
αi

qi+1 for 0 ≤ i ≤ m and qm
wm−−→ where

q = q0 andm is the index of the last state in the sequence i.e. q = q0
w0−−→
α0

q1
w1−−→
α1

· · · wm−1−−−−→
αm−1

qm
wm−−→ such that w = w0w1 . . . wm−1wm, and qm

wm−−→ denotes that there is no move using

any outgoing transition from qm on wm or any of its prefixes.

The run is accepting if qm ∈ F and wm = ε (no dangling letters in the end). The language

L(A) ofA is the set of all words that have an accepting run starting from the initial state qinit.

Naturally, the set of words with accepting runs gives the language of the DSA. Moreover,

due to our “move” semantics, there is a unique run for every word.
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Figure 3.3: A DSA on the left, and the corresponding DFA for matching the strings abaa and baaa.

3.2 Comparison with DFA and DGA

Every complete DFA can be seen as an equivalent DSA — since Out(q) = Σ for every state,

the equivalent DSA is forced to move on each letter, behaving like the DFA that we started

off with. For the DSA-to-DFA direction, we associate a specific DFA to every DSA, as follows.

The idea is to replace transitions of a DSA with a string-matching-DFA for Out(q) at each

state. Figure 3.3 gives an example. The intermediate states correspond to proper prefixes of

words in Out(q).

Definition 3.4 (Tracking DFA for a DSA.). For a DSA A = (QA,Σ, qAin,∆
A, FA), we give a

DFAMA, called its tracking DFA. For q ∈ QA, let Out(q) be the set of all prefixes of words in

Out(q). States of MA are given by: QM =
⋃

q∈QA{{(q, β) | β ∈ Out(q)} ∪ {(q, ε)}}, where

ε is used as a special symbol to create a copy of each (q, ε).

The initial state is (qAin, ε) and final states are {(q, ε) | q ∈ FA}. Transitions are as below:

for every q ∈ QA, β ∈ Out(q), a ∈ Σ, let β′ be the longest word in Out(q) s.t β′ is a suffix of

βa.

• (q, β)
a−→ (q′, ε) if β′ ∈ Out(q) and (q, β′, q′) ∈ ∆A,

• (q, β)
a−→ (q, β′) if β′ /∈ Out(q) and β′ ̸= ε,

• (q, β)
a−→ (q, ε) if β′ = ε,

• (q, ε)
a−→ s, if (q, ε) a−→ s according to the above (same outgoing transitions).

Intuitively, the tracking DFA implements the transition semantics of DSAs. Starting at

(q, ε), the tracking DFA moves along states marked with q as long as no label of Out(q) is
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seen as a suffix. For all such words, the tracking DFA maintains the longest word among

Out(q) seen as a suffix so far. For instance, in Figure 3.3, at q on reading word aab, the DFA

on the right is in state ab (which is the equivalent of (q, ab) in the tracking DFA definition).

To distinguish between reaching q after seeing a full pattern (in which case we may need to

accept the word) and “resetting” the word seen so far since there was no matching suffix, we

consider the copy (q, ε). For example, in Figure 3.3, if we assume there is an additional letter c

appears in transition out of q, on reading the word aabc, the tracking DFA goes to state (q, ε).

Lemma 3.5. For every DSA A, the language L(A) equals the language L(MA) of its tracking

DFA.

Proof. The tracking DFA satisfies the following invariants on every state (q, ε) (we make use

of notations from Definition 2.1) :

• Let w be a word that has no α ∈ Out(q) as its factor. Then, the run of w starting at (q, ε),

remains in states of the form (q, β) and ends in state (q, βw) where βw ⊑Out(q)

lsf w, when

βw ̸= ε; if βw = ε, then it ends in state (q, ε).

• Let w be a word such that q w−→
α

q′ is a move of A. Then the run of MA on w starting at

(q, ε) remains in states of the form (q, β) and ends in (q′, ε).

• Let w be a word such that the run of MA starting at (q, ε) remains in states of the form

(q, β) and ends in a state (q, βw). If βw ̸= ε, then βw ⊑Out(q)

lsf w. If βw = ε, then there is no

suffix of w in Out(q).

• Letw be aword such that the run ofMA starting at (q, ε) ends in (q′, ε), and all intermediate

states are of the form (q, β). Then there is a move q w−→
α

q′ in A where α ⊑Out(q)

lsf w.

All these invariants can be proved by induction on the length of the wordw and making use of

the way the transitions have been defined in the tracking DFA. The first two invariants show

that every accepting run of A has a corresponding accepting run in MA, thereby proving

L(A) ⊆ L(MA). The next two invariants show that every accepting run of MA corresponds

to an accepting run of A, thereby showing L(MA) ⊆ L(A).
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Lemma 3.5 and the fact that every complete DFA is also a DSA, prove that DSAs recognize

regular languages. We will now compare succinctness of DSA wrt DFA and DGA, starting

with a family of languages for which DSAs are concise.

Lemma 3.6. Let Σ = {a1, a2, . . . , an} be an alphabet for some n ≥ 1. Consider the language

Ln = Σ∗a1a2 . . . an. There is a DSA for this language with size (4+2|Σ|). Any trim DFA for Ln

has size at least |Σ|2 (Note: size is counted as the sum of the number of states, edges and length

of edge labels, in all the automata) .

Proof. Consider the DSA with states q0, q1 and transitions q0
a1...an−−−−→ q1, q1

a1...an−−−−→ q1, with q0

the initial state and q1 the accepting state. This DSA accepts Ln.

For any pair a1a2 . . . ai and a1a2 . . . aj with i ̸= j, there is a distinguishing suffix: a1a2 . . . ai·

ai+1 . . . an ∈ Ln, but a1a2 . . . aj · ai+1 . . . an /∈ Ln. Therefore, the strings a1, a1a2, . . . ,

a1 . . . an go to different states in the canonical DFA. This shows there are at least n states

in the minimal DFA. Now, from a1a2 . . . aj , there is a transition of every letter: clearly, there

needs to be a transition on aj+1; if there is no transition on, say aℓ ̸= aj+1, then the word

a1a2 . . . ajaℓa1a2 . . . an will be rejected. A contradiction. Hence, there are n transitions from

each state.

We make a remark about DGAs for the language family in Lemma 3.6. Notice that sup-

pressing superfluous states of the minimal DFA leads to a strict increase in the label length,

which only strictly increases the (total) size. For instance, suppose q1
a2−→ q2

a3−→ q3 is a se-

quence of transitions in the minimal DFA for Ln. There are additional transitions q2
a1−→ q1

and q2
Σ\{a1,a3}−−−−−→ q0 (where q0 is the initial state). Suppressing q2 leads to edges with labels

a2a3, a2a1, a2c for each c ∈ Σ\{a1, a3}. Notice that a2 gets copied |Σ|many times. Therefore

suppressing states from the minimal DFA is not helpful in getting a smaller DGA. However,

using this argument, we cannot conclude that the minimal DGA has size at least n2. Since a

characterization of minimality of DGAs in terms of total size is not known, we leave it at this

remark.

We now state the final result of this section, which summarizes the size comparison be-

tween DSAs, DFAs, DGAs. For the comparison to DFAs, we use the fact that every DSA of
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size k can be converted to its tracking DFA, which has atmost 2k states. Therefore, size of the

tracking DFA is bounded by 2k (states)+2k · |Σ| (edges)+2k · |Σ| (label length), which comes

to 2k(1 + 2|Σ|).

For a regular language L, let ncmp
F (L), ntrim

F (L), ntrim
G (L), nS(L) denote the size of the

minimal complete DFA, minimal trim DFA, minimal trim DGA and minimal DSA respectively,

where size is counted as the sum of the number of states, edges and length of edge labels, in

all the automata.

Theorem 3.7. We have:

1. For all L, we have
ncmp
F (L)

2(1 + 2|Σ|)
≤ nS(L) ≤ ncmp

F (L)

2. There is a language for which nS(L) is the smallest, and another language for which nS(L)

is the largest of the three.

Proof. A complete DFA can be seen as a DSA accepting the same language. This gives us

nS(L) ≤ ncmp
F (L). For the inequality ncmp

F (L)

2(1 + 2|Σ|)
≤ nS(L), we show that the tracking DFA

(Definition 3.4) of a DSA has size at most nS(L) · 2(1 + 2|Σ|). The number of states of the

tracking DFA is atmost 2nS(L) (recall that nS(L) denotes the total size of the DSA, which

includes the label lengths). For each state there are Σ transitions. Therefore, total size is

2nS(L) (states) + 2nS(L) · |Σ| (edges) + 2nS(L) · |Σ| (label lengths), which equals 2nS(L)(1+

2|Σ|).

For the second part of the proof, Lemma 3.6 gives an example where nS(L) is the smallest.

For the other direction, consider the language L1 = (ab)∗. A trim DFA for this language has

two states q0, q1 (with q0 accepting), and two transitions q0
a−→ q1, and q1

b−→ q0. Therefore

ntrim
F (L1) ≤ 2 + 2 + 2 = 6. A trim DGA for this language is q0

ab−→ q0. Therefore ntrim
G (L1) ≤

2 + 1+ 2 = 5. We first claim that any DSA for this language needs to maintain the following

information: (1) the initial state which is accepting, as ε is in the language; (2) there is a path

from the initial state on ab to an accepting state (otherwise ab will not be accepted); (3) on

reading aa or b from the initial state, the DSA has to make some transitions and go to a sink

state, which is a non-accepting state — otherwise, the words aab or babwill get accepted. This
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shows that any DSA has at least two states, at least three transitions, and ab, b and aa split

across some transition labels. This gives either: nS(L1) ≥ 2+2+4 = 8 for the DSA with two

states and ab−→, b−→ and aa−→ as transitions, which is bigger than the corresponding trim DFA and

DGA, or the min DFA viewed as DSA, with 3 states, and transitions on each of a and b from

each of the states giving nS ≥ 3 + 6 + 6 = 15

Concluding remarks forChapter 3. This chapter has laid the complete theoretical ground-

work for Deterministic Suffix-reading Automata. We began with a formal syntax in Defini-

tion 3.1, introducing not only the structure of the automaton but also the total-size metric,

a more faithful measure of descriptive complexity for models with string-based transition la-

bels. The core idea of the model was detailed through its unique operational semantics, where

we established how a DSA defines a deterministic run by adhering to two principles: acting

on the earliest occurrence of a recognizable pattern, and in cases of ambiguity, choosing the

transition corresponding to the longest matching suffix.

One main observation of this chapter was the proof that DSAs recognize exactly the class

of regular languages. This was established constructively through the tracking DFA con-

struction (Definition 3.4), a method for converting any DSA into an equivalent, standard DFA.

This result ensures that our model is a new representation for a well-understood class of

languages, rather than an extension into non-regular territory. Finally, we quantified the

primary motivation for this new model: succinctness. By analyzing a family of languages

(Ln = Σ∗a1a2 . . . an), we formally demonstrated that a DSA can be exponentially more con-

cise in total size than the minimal DFA for the same language, highlighting its potential for

modeling pattern-intensive specifications.

With the model’s theoretical properties and potential benefits now established, the focus

naturally shifts from the abstract to the constructive. A formal model is only as useful as

our ability to create instances of it for practical problems. This leads to the central question

that will drive the next chapter: Given a regular language, typically represented by a DFA,

how can we derive a language-equivalent and concise DSA? We will answer this by present-

ing a systematic DFA-to-DSA conversion procedure. This investigation will, in turn, unveil
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some counter-intuitive challenges of DSAminimization, revealing fundamental ways inwhich

suffix-reading automata differ from their classical counterparts.



Chapter 4

Suffix-tracking sets – deriving DSA

from DFA

The previous chapter formally defined Deterministic Suffix-reading Automata and demon-

strated their potential for providing succinct representations of regular languages. However,

a model’s practical utility hinges on our ability to systematically construct it for a given lan-

guage. This chapter addresses this question:

Problem of interest. How does one derive a correct and concise DSA from a standard rep-

resentation like a DFA?

Our approach is centered on a form of abstraction, or state suppression. The core intu-

ition is to "downsample" a given DFA by selecting a subset of its states to serve as the primary

"macro-states" of the new DSA, while the paths between them become the new, string-based

transitions. This general strategy is not new; a similar state-suppression method exists for

generating Deterministic Generalized Automata [GM99]. However, the challenge is signifi-

cantly greater for DSAs. The sophisticated, non-local semantics of suffix-reading mean that

the suppressed states and the paths through them must collectively behave as a single, con-

sistent suffix-matcher. Naively collapsing paths without respecting this underlying semantic

requirement can alter the accepted language.

For the derivation to be sound, the collection of paths that will become the new DSA

31
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transitions must satisfy certain consistency requirements. An analogy can be drawn to ensur-

ing a complex electronic circuit is functional: it is not enough for the individual wires to be

well-made; they must also be connected correctly at their terminals to avoid ambiguity and

short-circuits. Our derivation procedure rests on two such conditions.

First, we must ensure that the paths are internally consistent. This is the role of what

we call a ‘suffix-compatibility’ condition. It guarantees that as we trace a path through the

suppressed part of the DFA, the logic of suffix-matching is maintained correctly at every single

step. This is akin to checking that each wire in the circuit functions correctly along its entire

length, faithfully transmitting signals.

Second, we must ensure the paths are consistent with each other at their endpoints—the

selected macro-states. This is the purpose of what we call a ‘well-formedness’ condition. It

prevents ambiguity by forbidding situations where a path leading to a chosen macro-state

could be mistaken for part of a different path leading to a suppressed state. This is analogous

to checking that all wires are connected to the correct terminals in the circuit, ensuring that

signals arrive at their intended destinations without interference.

This chapter will formalize these ideas, culminating in the definition of a ‘suffix-tracking

set’: a set of states that satisfies both of these conditions. The main theorem will then prove

that any DSA derived from such a set is guaranteed to be sound and language-equivalent to

the source DFA.

For DGAs, a method to derive smaller DGAs by suppressing states was recalled in Sec-

tion 2. Our goal is to investigate a similar procedure for DSAs. The DSA model creates new

challenges. Suppressing states may not always lead to smaller automata (in total size). Fig-

ure 4.1 illustrates an example where suppressing states leads to an exponentially larger au-

tomaton, due to the exponentially many paths created. But, suppressing states may sometimes

indeed be useful: in Figure 4.2, the DFA on the left is performing a string matching to deduce

the pattern ab. On seeing ab, it accepts. Any extension is rejected. This is succinctly captured

by the DSA on the right. Notice that the DSA is obtained by suppressing states q1 and q3. So,

suppressing states may sometimes be useful and sometimes not. In [GM99], the focus was
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q0 q1 q2 q3

a

b

a

b

a

b

q0 q3

aaa, aab, aba, abb

baa, bab, bba, bbb

Figure 4.1: Suppressing states can add exponentially many labels and increase total size.

q0 q1 q2 q3

Σ \ {a}

a

Σ \ {a, b}

a

b Σ

Σ

q0 q2
ab

Figure 4.2: Suppressing states can sometimes reduce total size

on getting a DGA with minimal number of states, and hence suppressing states was always

useful.

More importantly, when can we suppress states? DGAs cannot “ignore” parts of the word.

This in particular leads to the requirement that a state with a self-loop cannot be suppressed.

DSAs have a more sophisticated transition semantics. Therefore, the procedure to suppress

states is not as simple. This is the subject of this section. We deviate from the DGA setting

in two ways: we will select a subset of good states from which we can construct a DSA (es-

sentially, this means the rest of the states are suppressed); secondly, our starting point will

be complete DFA, on which we make the choice of states (in DGAs, one could start with any

DGA and suppress states).

Structure of this chapter. Our procedure can be broken down into two steps, which we

will describe in the two sections of this chapter.

• In Section 4.1, we start from a complete DFA, select a subset of states and build an induced

DSA by connecting states using acyclic paths between them.

• In Section 4.2, we show how to remove some redundant transitions. In the end we obtain

a potentially more concise DSA from the initial DFA.



Chapter 4. Suffix-tracking sets – deriving DSA from DFA 34

q0 q1 q2
a b

b a a, b

M : q0 q2
ab

a, bb

AS :

Figure 4.3: DFAM and an equivalent DSA AS ‘induced’ with S = {q0, q2}.

q0 q1 q2
a a

b b a, b

M : q0 q2
aa

a, bb

AS :

Figure 4.4: DFAM and DSA AS ‘induced’ with S = {q0, q2}. Not equivalent.

4.1 Building an induced DSA

We start with an illustrative example. Consider DFA M in Figure 4.3. The DSA on the right

of the figure shows such an induced DSA obtained by marking states {q0, q2} and connecting

them using simple paths. Notice that the language of the induced DSA and the original DFA

are same in this case. Intuitively, all words that end with an a land in q1. Hence, q1 can be

seen to “track” the suffix a. Now, consider Figure 4.4. We do the same trick, by marking states

{q0, q2} and inducing a DSA. Observe that the DSA does not accept aba, and hence is not lan-

guage equivalent. When does a subset of states induce a language equivalent DSA? Roughly,

this is true when the states that are suppressed track “suitable suffixes” (a reverse engineering

of the tracking DFA construction of Definition 3.4). As we will see, the suitable suffixes will

be the simple paths from the selected states to the suppressed states. We begin by formaliz-

ing these ideas and then present sufficient conditions that ensure language equivalence of the

resulting DSA.

Definition 4.1 (Simple words). Consider a complete DFAM = (Q,Σ, qinit,∆, F ). Let S ⊆ Q

be a subset of states, and p, q ∈ Q. We define SP(p ⇝ q, S), the simple words from p to q

modulo S, as the set of all words a1a2 . . . an ∈ Σ+ such that there is a path: p = p0
a1−→ p1

a2−→

· · · pn−1
an−→ pn = q inM where

• no intermediate state belongs to S: {p1, . . . , pn−1} ⊆ Q \ S, and

• there is no intermediate cycle: if pi = pj for some 0 ≤ i < j ≤ n, then pi = p0 and pj = pn.

We write SP(p, S) for
⋃

q∈Q SP(p ⇝ q, S), the set of all simple words modulo S, emanating
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from p.

For example, in Figure 4.3, with S = {q0, q2}, we have SP(q0 ⇝ q1, S) = {a}, SP(q0 ⇝

q0, S) = {b} and SP(q0 ⇝ q2, S) = {ab}. These are the same in Figure 4.4, except SP(q0 ⇝

q2, S) = aa.

Here are some preliminary technical lemmas. Due to determinism of M , we get the fol-

lowing property, which underlies several arguments that come later.

Lemma 4.2. Let S ⊆ Q, and p, q, r ∈ Q s.t. q ̸= r. We have SP(p⇝ q, S)∩SP(p⇝ r, S) = ∅.

The next lemma says that every transition either extends a simple path or is a “back-edge”

leading to an ancestor in the path.

Lemma 4.3. Let S ⊆ Q and p, q, u ∈ Q (q /∈ S, p ̸= q) such that q
a−→ u is a transition. For

every σ ∈ SP(p⇝ q, S), either σa belongs to SP(p⇝ u, S), or some proper prefix of σa belongs

to SP(p⇝ u, S).

Proof. Since σ ∈ SP(p ⇝ q, S), there is a path p = p0
a1−→ p1

a2−→ · · · pn−1
an−→ pn = q,

with σ = a1a2 . . . an, satisfying the conditions of Definition 4.1. If u ̸= pi for 0 ≤ i ≤ n,

then σa ∈ SP(p ⇝ u, S) since q /∈ S. If u = pi for some 0 < i ≤ n, then the prefix

a1a2 . . . ai−1 ∈ SP(p⇝ u, S). If u = p0, then we have σa ∈ SP(p⇝ u, S).

Fix a complete DFAM for this section. A DSA can be ‘induced’ fromM using S, by fixing

states to be S (initial and final states retained) and transitions to be the simple words modulo

S connecting them i.e. p σ−→ q if σ ∈ SP(p⇝ q, S) (Figure 4.3).

Definition 4.4 (Induced DSA). Given a DFA M and a set S of states in M that contains the

initial and final states, we define the induced DSA of M (using S). The states of the induced

DSA are given by S. The initial and final states are the same as in M . The transitions are

given by the simple words modulo S i.e. p σ−→ q if σ ∈ SP(p ⇝ q, S), for every pair of states

p, q ∈ S.

The induced DSA may not be language-equivalent (Figure 4.4); to ensure that, we need to

check some conditions. Here is a central definition.
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Definition 4.5 (Suffix-compatible transitions). Fix a subset S ⊆ Q. A transition q
a−→ u

is suffix-compatible w.r.t. S if either q ∈ S or u ∈ S OR for all p ∈ S, and for every

σ ∈ SP(p⇝ q, S), there is an α ∈ SP(p⇝ u, S) s.t.:

• α is a suffix of σa, and

• moreover, α is the longest suffix of σa among words in SP(p, S).

Note that a transition q
a−→ u is trivially suffix-compatible if q ∈ S or u ∈ S. The rest

of the condition only needs to be checked when both of q, u /∈ S. In Figure 4.4, we find the

self-loop at q1 to not be suffix-compatible: we have S = {q0, q2}, and SP(q0 ⇝ q1, S) =

{a}, SP(q0, S) = {b, a, ab}; the transition q1
b−→ q1 is not suffix-compatible since there is

no suffix of ab in SP(q0 ⇝ q1, S). Whereas in Figure 4.3, the loop is labeled a instead of b.

The transition q1
a−→ q1 is suffix-compatible, since the longest suffix of aa among SP(q0, S)

is a and it is present in SP(q0 ⇝ q1, S). Let us take the DFA in the right of Figure 3.3, and

let S = {q, q′}. Here are some of the simple path sets: SP(q ⇝ ab, S) = {ab, bab, baab},

SP(q ⇝ aba, S) = {aba, baba, baaba}. Consider the transition aba
b−→ ab. It can be verified

that for every σ ∈ SP(q ⇝ aba, S), the longest suffix of the extension σb, among simple paths

out of q, indeed lies in the state ab. In fact, all transitions satisfy suffix-compatibility w.r.t. the

chosen set S.

The suffix-compatibility condition is described using simple paths to states. It requires that

every transition take each simple word reaching its source to the state tracking the longest

suffix of its one-letter extension. This condition on simple words, transfers to all words, that

circle around the suppressed states. In Figure 3.3, this property can be verified by considering

the word bbabab and its run: q b−→ b
b−→ b

a−→ ba
b−→ ab

a−→ aba
b−→ ab. At each step, the state

reached corresponds to the longest suffix among the simple words out of q. In the next two

lemmas, we prove this claim.

We will use a special notation: for a state p ∈ S, we write Out(p, S) for
⋃

r∈S SP(p ⇝

r, S); these are the simple words that start at p and end in some state r of S. Notice that

these are the words that appear as transitions in the induced DSA. In particular, Out(p) in

the induced DSA equals Out(p, S). We also remark that Out(p, S) is different from SP(p, S):
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the latter considers simple words from p to all states in Q, whereas the former only considers

words from p to S.

Lemma 4.6. Let S be a set of states such that every transition of M is suffix-compatible w.r.t.

S. Pick p ∈ S, and let w ∈ Σ+
be a word with a run p = p0

w1−→ p1
w2−→ p2 . . . pn−1

wn−→ pn such

that the intermediate states p1, . . . , pn−1 belong to Q \ S. The state pn may or may not be in S.

Then:

• no proper prefix of w has any word from Out(p, S) as suffix (no factor of w is in Out(p, S)),

and

• there is α ∈ SP(p⇝ pn, S) such that α is the longest suffix of w among words in SP(p, S).

Proof. We prove this by induction on the length of the word w. When w = a for a ∈ Σ, we

have the run p
a−→ q. The first conclusion of the lemma is vacuously true, since there is no

non-empty proper prefix of a. For the second conclusion, note that, by definition, we have

a ∈ SP(p ⇝ q, S) (in both cases when q ̸= p and q = p). Moreover, clearly a is the longest

suffix of a.

Now, let w = w′a with a run p
w′
−→ p′

a−→ pn such that p′ and the intermediate states while

reading w′ belong toQ\S. Assume the lemma holds for w′. Therefore, the longest suffix σ′ of

w′, among SP(p, S), belongs to SP(p ⇝ p′, S), that is: σ′ ⊑SP(p,S)

lsf w′ and σ′ ∈ SP(p ⇝ p′, S)

(notation as inDefinition 2.1). We claim that the longest suffix ofw′a is in fact the longest suffix

of σ′a. If not: there is σ′′awith |σ′′| > |σ′| such that σ′′a ⊑SP(p,S)

lsf w′a. Therefore σ′′ ⊑SP(p,S)

lsf w′.

This contradicts σ′ ⊑SP(p,S)

lsf w′. If pn ∈ Q \ S, the longest suffix of σ′a lies in pn, by suffix-

compatibility (Definition 4.5). If pn ∈ S, we will have the exact word σ′a ∈ SP(p⇝ pn, S).

Lemma 4.7. Let S be a set of states such that every transition of M is suffix-compatible w.r.t.

S. Let p ∈ S, and w ∈ Σ+
be a word such that no proper prefix of w has a word from Out(p, S)

as suffix (no factor of w is in Out(p, S)). Then:
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• The run of M starting from p, is of the form p
w1−→ p1

w2−→ p2 . . . pn−1
wn−→ pn where

{p1, . . . , pn−1} ⊆ Q \ S (notice that we have not included pn, which may or may not be

in S).

• the longest suffix of w, among SP(p, S) lies in SP(p⇝ pn, S).

Proof. We prove this by induction on the length of the word w. Suppose w = a, for a ∈ Σ.

SinceM is complete, there is a transition p
a−→ p1. The first item is vacuously true. Moreover,

if there is q ∈ S and α ∈ SP(p⇝ q, S) such that α is a suffix of a, then clearly α = a. Hence

q = p1, due to the determinism of the underlying automaton. If there is no such q, then it

means p1 /∈ S.

Suppose w = w′a satisfies the assumptions of the lemma. Assuming the lemma holds for

w′, we have a run p
w′
−→ p′ such that p′ and all intermediate states lie in Q \ S. Let p′ a−→ pn be

the outgoing transition on a from p′. This gives a path p
w′
−→ p

a−→ pn satisfying the first part

of the lemma. By the second item of Lemma 4.6, the longest suffix α′a of w′a among SP(p, S)

belongs to SP(p⇝ pn, S).

Suffix-compatibility alone does not suffice to preserve the language. In Figure 4.5, con-

sider S = {0, 2, 4}. Every transition is suffix-compatible w.r.t. S. The DSA induced using

S is shown in the middle. Notice that it is not language equivalent, due to the word aba for

instance. The run of aba looks as follows: 0 ab−→ 4
b−→ 4. The expected run was 0 aba−−→ 2, but

that does not happen since there is a shorter prefix with a matching transition. Even though,

we have suffix-compatibility, we need to ensure that there are no “conflicts” between outgoing

patterns. This leads to the next definition.

Definition 4.8 (Well-formed set). A set of states S ⊆ Q is well-formed if there is no p ∈

S, q ∈ S and q′ /∈ S, with a pair of words α ∈ SP(p⇝ q, S) (simple word to a state in S) and

β ∈ SP(p⇝ q′, S) (simple word to a state not in S) such that α is a suffix of β.

We observe that the set S = {0, 2, 4} is not well-formed since b ∈ SP(0 ⇝ 4, S), ab ∈

SP(0 ⇝ 3, S) and b is a suffix of ab. Whereas S ′ = {0, 2, 3, 4} is both suffix-tracking, and

well-formed, and induces an equivalent DSA. On the word aba, the run on the DSA would
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Figure 4.5: A DFA, a non-equivalent DSA and an equivalent induced DSA.

be 0
ab−→ 3

a−→ 2. The first move 0
ab−→ 3 applies the longest match criterion, and fires the

ab transition since ab is a longer suffix than b. This was not possible before since 3 /∈ S. It

turns out that the two conditions — suffix-compatibility and well-formedness — are sufficient

to induce a language equivalent DSA.

Definition 4.9 (Suffix-tracking sets). A set of states S ⊆ Q is suffix-tracking if it contains the

initial and accepting states, and

1. every transition ofM is suffix-compatible w.r.t. S,

2. and S is well-formed.

All these notions lead to the main theorem of this section.

Theorem 4.10. Let S be a suffix-tracking set of complete DFAM , and letAS be the DSA induced

using S. Then: L(AS) = L(M)

Proof. Pick w ∈ L(M). There is an accepting run q0
w1−→ q1

w2−→ . . .
wn−→ qn of M on w. By

Definition 4.9, we have q0, qn ∈ S. Let 1 ≤ i ≤ n be the smallest index greater than 0, such

that qi ∈ S. Consider the run segment q0
w1−→ q1

w2−→ . . .
wi−→ qi. By Lemma 4.6, and by the

definition of induced DSA 4.4, no transition of AS out of q0 is triggered until w1 . . . wi−1, and

then on reading wi, the transition q0
α−→ qi is triggered, where α ∈ SP(p ⇝ q, S), and α is

also the longest suffix of w1 . . . wi among SP(p, S). In particular, it is the longest suffix among

outgoing labels from q0 in AS . This shows there is a move q0
w1...wi−−−−→

α
qi in AS . Repeat this

argument on rest of the run qi
wi+1−−→ qi+1

wi+1−−→ . . .
wn−→ qn to extend the run of AS on the rest

of the word. This shows w ∈ L(AS).

Pickw ∈ L(AS). There is an accepting run ρ ofAS starting at the initial state q0. Consider

the first move q0
w1...wi−−−−→

α
qi of AS on the word. By the semantics of a move (Definition 3.2)
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and Lemma 4.7, we obtain a run q0
w1−→ q1

w2−→ . . . qi−1
wi−→ qi of M where the intermediate

states q1, . . . , qi−1 lie in Q \ S. We apply this argument for each move ρ in the accepting run

of AS to get an accepting run ofM .

We extend the idea of well-formed set of states to a corresponding notion onDSAs. Wewill

employ this notion when we remove some unnecessary transitions from the induced DSAs

that are obtained.

Definition 4.11 (Well-formed DSA). ADSAA is well-formed if for every state q, no outgoing

label α ∈ Out(q) is a suffix of some proper prefix β′ of another outgoing label β ∈ Out(q).

4.2 Removing some redundant transitions.

Let us now get back to Figure 3.3 to see if we can derive the DSA on the left from the DFA on

the right (assuming q is the initial state). As seen earlier, the set S = {q, q′} is suffix tracking.

It is also well formed since baaa is not a suffix of any prefix of abaa and vice-versa. The DSA

AS induced using q and q′ will have the set of words in SP(q ⇝ q′, S) as transitions between

q and q′. Both abaa and baaa belong to SP(q ⇝ q′, S). However, there are some additional

simple words: for instance, abbaaa. Notice that baaa is a suffix of abbaaa, and therefore even

if we remove the transition on abbaaa, there will be a move to q′ via q baaa−−→ q′. This tempts us

to use only the suffix-minimal words in the transitions of the induced DSA. This is not always

safe, as we explain below. We show how to carefully remove “bigger-suffix-transitions”.

Consider the DSA on the left in Figure 4.6. If caba is removed, the moves which were using

caba can now be replaced by ba and we still have the same pair of source and target states.

Consider the picture on the right of the same figure. There is an outgoing edge to a different

state on aba. Suppose we remove caba. The word caba would then be matched by the longer

suffix aba and move to a different state. Another kind of redundant transitions are some of the

self-loops on DSAs. In Figure 4.3, the self-loop on b at q0 can be removed, without changing

the language. This can be generalized to loops over longer words, under some conditions.

Definition 4.12. Let A be a DSA, q, q′ be states of A and t := q
α−→ q′ be a transition.
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q0 q1
caba, ba

q0 q1

q2

caba, ba

aba

Figure 4.6: Illustrating bigger-suffix transitions and when they are redundant

We call t a bigger-suffix-transition if there exists another transition (q, β, q′)with β a suffix

of α.

If there is a transition t′ := q
γ−→ q′′ (q′′ ̸= q′), such that β is a suffix of γ, and γ is a suffix

of α, we call t useful. A bigger-suffix-transition is called redundant if it is not useful.

We will say that t is a redundant self-loop if q = q′, q is not an accepting state, and no suffix

of α is a prefix of some outgoing label in Out(q).

In Figure 4.6, for the automaton on the left, the transition on caba is redundant. Whereas

for the DSA on the right, caba is a bigger-suffix-transition, but it is useful. The self-loop on

q0 in Figure 4.3 is redundant, but the loop on q0 in Figure 3.2 is useful. Lemmas 4.13 and 4.14

prove correctness of removing redundant transitions.

Lemma 4.13. Let A be a DSA, and let t := q
α−→ q′ be a redundant bigger-suffix-transition. Let

A′
be the DSA obtained by removing t from A. Then, L(A) = L(A′).

Proof. To show L(A) ⊆ L(A′). Let w ∈ L(A) and let q0
w0−→
α0

q1
w1−→
α1

· · · wm−1−−−→
αm−1

qm be an

accepting run. If no (qi, αi, qi+1) equals (q, α, q′), then the same run is present in S ′, and

hence w ∈ L(S ′). Suppose (qj, αj, qj+1) = (q, α, q′) for some j. So, the word wj ends with

α. As (q, α, q′) is a bigger-suffix-transition, there is another (q, β, q′) such that β ⊑sf α.

Therefore, the word wj also ends with β. Since there was no transition matching a proper

prefix of wj , the same will be true at A′ as well, since it has fewer transitions. It remains to

show that qj
wj−→
β

qj+1 is a move. The only way this cannot happen is if there is a q γ−→ q′′ with

β ⊑sf γ ⊑sf α. But this is not possible since q
α−→ q′ is a redundant bigger-suffix transition.

Therefore, every move using (q, α, q′) inA will now be replaced by (q, β, q′) inA′. Hence we

get an accepting run in A′, implying w ∈ L(A′).

To showL(A′) ⊆ L(A). Considerw ∈ L(A′) and an accepting run q0
w0−→
α0

q1
w1−→
α1

· · · wm−1−−−→
αm−1

wm in A′. Notice that if q wj−→
β

q′ is a move in A′, the same is a move in A when α ̸⊑sf wj .
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When α ⊑sf wj , then the bigger-suffix-transition q
α−→ q′ will match and the move q wj−→

β
q′

gets replaced by q
wj−→
α

q′. Hence we will get the same run, except that some of the moves

using q β−→ q′ may get replaced with q
α−→ q′.

For the correctness of removing redundant self-loops, we assume that the DFA that we

obtain is well-formed (Definition 4.11) and has no redundant bigger-suffix-transitions. The

induced DSA that we obtain from suffix-tracking sets is indeedwell-formed. Starting from this

induced DSA, we can first remove all redundant bigger-suffix-transitions, and then remove the

redundant self-loops.

Lemma 4.14. Let A be a well-formed DSA that has no removable bigger-suffix-transitions. Let

t := (q, α, q) be a removable self-loop. Then the DSAA′
obtained by removing t fromA satisfies

L(A) = L(A′).

Proof. To show L(A) ⊆ L(A′). Let w ∈ L(A) and let ρ := q0
w0−→ q1

w1−→ · · · wm−1−−−→ qm be an

accepting run. Suppose t matches the segment qj
wj−→ qj+1. Hence qj = qj+1 = q. Observe

that as q is not accepting, we have j + 1 ̸= m. Therefore there is a segment qj+1
wj+1−−−→ qj+2

in the run. We claim that if t is removed, then no transition out of q can match any prefix of

wjwj+1.

First we see that no prefix of wj can be matched, including wj itself: if at all there is a

match, it should be at wj , and a β that is smaller than α. By assumption, α is not a removable

bigger-suffix-transition. Therefore, there is a transition q
γ−→ q′, with β ⊑sf γ ⊑sf α. This

contradicts the assumption that α is a removable self-loop. Therefore there is no match upto

wj .

Suppose some (q, β, q′) matches a prefix wju such that β = vu, that is, β overlaps both

wj and wj+1. If α ⊑sf v, then it violates well-formedness of S since it would be a suffix of

a proper prefix (v) of β. This shows v ⊑sf α (since both are suffixes of wj) and v ⊑pr β,

contradicting the assumption that t is removable. Therefore, β does not overlap wj . But then,

if β is a suffix of a proper prefix of wj+1, we would not have the segment qj+1
wj+1−−−→ qj+2

in the run ρ. Therefore, the only possibility is that we have a segment qj
wjwj+1−−−−→ qj+2. We
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have fewer occurrences of the removable loop (q, α, q) in the modified run. Repeating this

argument for every match of (q, α, q) gives an accepting run of A′. Hence w ∈ L(A′).

To show L(A′) ⊆ L(A). Let w ∈ L(A′) and ρ′ := q0
w0−→ q1

w1−→ · · · wm−1−−−→ qm be an

accepting run in A′. Suppose qj
wj−→ qj+1 is matched by (q, β, q′). Let wj = vu with α ⊑sf v.

Then the removable-self-loop (q, α, q) will match the prefix v. Suppose β overlaps with both

v and u, that is β = β′u. We cannot have α ⊑sf β
′ due to well-formedness of A. We cannot

have β′ ⊑sf α since this would mean there is a suffix of α which is a prefix of β, violating the

removable-self-loop condition. Therefore, β is entirely inside u, that is, β ⊑sf u. Hence in A

the run will first start with q
v−→ q. Applying the same argument, prefixes of the remaining

wordwhere tmatcheswill bematched until there is a part of thewordwhere (q, β, q′)matches.

This applies to every segment, thereby giving us a run in A.

We now get to the core definition of this section, which tells how to derive a DSA from a

DFA, using the methods developed so far.

Definition 4.15 (DFA-to-DSA derivation). A DSA is said to be derived from DFA M using

S ⊆ Q, if it is identical to an induced DSA of M (using S) with all redundant transitions

removed.

By Theorem 4.10 and Lemma 4.13, we get the following result.

Theorem 4.16. Every DSA that is derived from a complete DFA using a suffix-tracking set, is

language equivalent to it.

Concluding remarks for Chapter 4. This chapter has provided a concrete answer to the

constructive question that concluded the previous one: how to build a DSA for a given regular

language. We have developed a complete and sound derivation procedure that transforms a

given complete DFA into a language-equivalent DSA.

The core of this method is the concept of the suffix-tracking set. By identifying the key

technical conditions of suffix-compatibility, which ensures the internal consistency of the

suppressed automaton paths, and well-formedness, which ensures non-ambiguous connec-

tions at the path endpoints, we established a rigorous framework for abstracting away DFA
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states while correctly preserving the original language’s semantics within the suffix-reading

paradigm. The procedure is fully constructive, providing a clear algorithm for generating cor-

rect DSAs, complete with post-processing steps to prune redundant transitions for improved

conciseness.

Having established a method for constructing correct DSAs, the focus naturally shifts to

optimization. Our procedure allows for many possible suffix-tracking sets within a single

DFA, each yielding a different DSA of potentially different size. This raises the fundamental

question of minimization: how can we find a DSA with the smallest possible total size for

a given language? One might intuitively expect that applying our derivation procedure to

the canonical (minimal-state) DFA would be the optimal strategy, mirroring the approach

for models like DGAs [GM99]. The next chapter will investigate this question and reveal a

surprising departure from this classical principle. We will see that the canonical DFA is not

necessarily the best starting point.



Chapter 5

Minimality – some observations and

challenges

The previous chapter provided a constructive answer to the question of how to build a De-

terministic Suffix-reading Automaton from a DFA. The derivation procedure, based on suffix-

tracking sets, can generate a language-equivalent DSA. However, the choice of suffix-tracking

set is not unique, meaning our procedure can produce many different DSAs for the same lan-

guage, each with a different total size. This naturally gives rise to the optimization problem:

how do we find a DSA that is minimal, that is, one with the smallest possible total size?

In classical automata theory, the path to a minimal DFA is anchored by the Myhill-Nerode

theorem and the existence of a unique canonical DFA for every regular language. One might

reasonably expect a similar principle to apply here: that a minimal DSA could be found by

applying our derivation procedure to this canonical DFA. This chapter will demonstrate that

this is not the case. DSA minimization is far more complex.

We begin by establishing that unlike DFAs, minimal DSAs are not necessarily unique. We

then present the central, surprising observation of this chapter: we will show via a concrete

counterexample that the smallest DSA derivable from the canonical DFA of a language is not

always a minimal DSA for that language. In some cases, a smaller DSA can only be derived

from a larger, non-minimal DFA. This finding suggests that the standard Nerode equivalence

does not capture the right notion of state equivalence for DSA minimization.

45
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Structure of this chapter. This investigation will proceed in three parts.

• In Section 5.1, we will explore some of the properties of minimal DSAs and the surprising

observation that minimal DSAs need not be derived from the canonical DFA.

• In Section 5.2, we will formalize the inherent difficulty of this problem by proving that DSA

minimization is NP-complete.

• Finally, in response to this complexity, in Section 5.3 we will introduce and analyze a well-

behaved subclass, ‘Strongly Deterministic Suffix-reading Automata (sDSAs)’, for which the

desirable link to the canonical DFA is restored.

5.1 Some properties of minimal DSAs

Theorem 3.7 shows that we cannot expect DSAs to be smaller than (trim) DFAs or DGAs in

general. However, Lemma 3.6 and Figure 1.1 show that there are cases where DSAs are smaller

and more readable. This motivates us to ask the question of how we can find a minimal DSA,

that is, a DSA of the smallest (total) size. The first observation is that minimal DSAs need not

be unique — see Figure 5.1.

Lemma 5.1. The minimal DSA need not be unique.

Proof. Figure 5.1 illustrates two DSAs, both of size 8 (3 states, 2 edges, total label length 3), ac-

cepting the same language. From DSAA1, we can see that the language accepted is b∗a∗abb∗a.

From DSA A2, we can derive the expression b∗aa∗b∗ba. It is easy to see that both the expres-

sions are equivalent.

It remains to show that there is no DSA of smaller size for this language. Let L =

b∗a∗abb∗a = b∗aa∗b∗ba. Let A be a minimal automaton for L. Any DSA for L has an ini-

tial state q0 which is non-accepting (since ε /∈ L, and an accepting state q1 ̸= q0). So, in

particular A has at least two states q0, q1. The smallest word in L is aba. Suppose the ac-

cepting run of A on aba is due to a transition t := q0
aba−−→ q1. Consider the word abba ∈ L.
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ab a a ba

Figure 5.1: Minimal DSA is not unique

Transition t does not match abba. Therefore, the first transition in the accepting run of A on

abba is some transition t′ ̸= t. This transition t′ will have a label of size at least 1. Hence, A

has at least two states, and at least two transitions: t which contributes to size 4 (includes 1

edge and label of length 3) and a transition t′ of size at least 2. Therefore |A| ≥ 2+4+2 = 8,

which is at least the size of |A1| and |A2|, and hence any DSA that accepts aba through a

single transition has total-size at least 8. Now, suppose the accepting run of A on aba has a

first transition on a prefix of aba, either a or ab, corresponding to an intermediate transition

q0
a−→ q′ or q0

ab−→ q′. In the former case, there can be a transition q′
ba−→ q1 to accept aba (if the

transition is on just b, it only makes the automaton larger since a remains to be read), and in

the latter case, a transition q′
a−→ q1. This discussion shows that the two automataA2 andA1,

are indeed minimal.

The next observation is that minimal DSAs will be well-formed (Definition 4.11): if there

are two transitions q α−→ q1 and q
β1αβ2−−−→ q2, then we can remove the second transition since it

will never get fired.

Due to the “well-formedness” property in suffix-tracking sets, the DSAs induced by suffix-

tracking sets are naturally well-formed. Furthermore, since removing redundant transitions

preserves this property, the DSAs that are derived using our DFA-to-DSA procedure (Defini-

tion 4.15) are well-formed. The next proposition shows that every DSA that is well-formed

and has no redundant transitions (and in particular, the minimal DSAs) can be derived from

the corresponding tracking DFAs (see Definition 4.15 for what it means to be “derived”).

Proposition 5.2. Every well-formed DSA with no redundant transitions can be derived from its

tracking DFA.

Proof. We use notation as in Definition 2.1. Consider a DSA A that is well-formed and has

no redundant bigger-suffix-transitions. Let MA be its tracking DFA as in Definition 3.4. Let
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S =
⋃

q∈A (q, ε). Here is the schema of the proof:

MA
S−−→ induced DSA A′ remove redundant transitions−−−−−−−−−−−−−−−−→ A

1. We first show that S is suffix-tracking and well-formed.

2. For each state q of A, and for each α ∈ SP((q, ε), S), either α ∈ Out(q) (a transition out

of q in A) or α is a redundant bigger-suffix-transition that will be removed in the second

step.

All together, this shows that A is derived fromMA using our procedure.

S is suffix-tracking. Pick a state (q, β) with β ̸= ε. What is the set SP((q, ε)⇝ (q, β), S)?

Clearly, β ∈ SP((q, ε) ⇝ (q, β), S). Let α ∈ SP((q, ε) ⇝ (q, β), S), with α ̸= β. Then there

is a path (q, ε)
α1−→ (q, β1)

α2−→ (q, β2) · · · (q, βk−1)
αk−→ (q, βk) = (q, β). Let j ∈ {1, . . . , k} be

the largest index such that βj, βj+1, . . . , βk are all prefixes of β. Therefore, α starts by visiting

a branch different from the prefixes of β, moves to potentially different “branches” (prefixes

of other words in Out(q), and on α1 . . . αj hits the β branch, after which it stays in the same

branch. By definition, βj is the longest prefix amongOut(q) such that βj ⊑sf α1 . . . αj . We can

infer the following: (1) β ⊑sf α, and (2) among Out(q), β is the longest suffix of α: otherwise,

for α1 . . . αj , there would be a β′ ̸= βj which is a longer suffix, contradicting the definition of

the transition (q, βj−1)
αj−→ (q, βj).

These observations are helpful to show that S is suffix-tracking. Consider a transition

(q, β)
a−→ (q, β′)with β′ ̸= ε. We require to show that for everyα ∈ SP((q, ε)⇝ (q, β), S), the

longest suffix of αa among SP((q, ε), S) lies in SP((q, ε)⇝ (q, β′), S). Pick α ∈ SP((q, ε)⇝

(q, β), S), and consider the extension αa. By (1) above, we have β ⊑sf α. Since β′ ⊑sf βa, we

have β′ ⊑sf αa. Suppose there is an α′′ ∈ SP((q, ε) ⇝ (q, β′′), S) such that |α′′| > |β′| and

α′′ ⊑sf αa. By definition of the transition (q, β)
a−→ (q, β′), β′ is the longest suffix of βa, and

hence |β′| > |β′′|. From |α′′| > |β′|, α′′ ⊑sf αa and β′ ⊑sf βa, we have β′ ⊑sf α
′′. By point (2)

of the above paragraph, we have |β′′| > |β′|. A contradiction. Therefore, there is no such α′′.

Hence β′ is indeed the longest suffix of αa for all α ∈ SP((q, ε)⇝ (q, β), S).
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Now, consider a transition (q, β)
a−→ (q, ε). This happens when no non-empty word in

Out(q) is a suffix of βa. In that case, there is a transition (q, ε)
a−→ (q, ε), and a is indeed the

longest suffix of βa among SP((q, ε), S). This shows that every transition is suffix-compatible.

S is well-formed. S is well-formed naturally since A is well-formed. Suppose it was not.

That means there exist states p ∈ S, q′ /∈ S, q, and words α ∈ SP(p ⇝ q, S), β′ ∈ SP(p ⇝

q′, S), such that α ⊑sf β
′. Then there is a state q′′ ∈ S, and a word β ∈ SP(p ⇝ q′′, S) such

that β′ ⊏pr β, and we have α ⊑sf β
′. Since α, β ∈ Out(p), this means A is not well-formed,

which is a contradiction.

Extra strings in the induced DSA are redundant. In the induced DSA, we will have

SP((q, ε), S) to have more words than Out(q). We need to show that all the other words are

redundant bigger-suffix-transitions, and hence will be removed by the derivation procedure.

Consider a transition of the form (q, β)
a−→ (q′, ε). For every word α ∈ SP((q, ε)⇝ (q, β), S),

with |α| > |β|, we have β as the longest suffix of α, among Out(q). Therefore, there is no β′

with |α| ≥ |β′| > |β| with β′ ⊑sf α. This is sufficient to see that there is no β′a ∈ Out(q)

such that βa ⊑sf β
′a ⊑sf αa. Hence αa is a redundant bigger-suffix-transition in the induced

DSA.

By assumption, we have no redundant bigger-suffix-transitions inA. Hence, in the deriva-

tion procedure, we do not remove any transition already present in A. This shows that the

finally derived DSA is exactly A.

Proposition 5.2 says that if we somehow had access to the tracking DFA of a minimal DSA,

we will be able to derive it using our procedure. The challenge however is that this tracking

DFA may not necessarily be the canonical DFA for the language. In fact, we now show that a

smallest DSA that can be derived from the canonical DFA need not be a minimal DSA.

Figure 5.2 shows a DFA M∗. Observe that M∗ is minimal: every pair of states has a dis-

tinguishing suffix. Let us now look at DSAs that can be derived from M∗. Firstly, any suffix-

tracking set on M∗ would contain q0, q4 (since they are initial and accepting states). If p is

not picked, the transition p
a−→ p is not suffix-compatible. Therefore, p should belong to the
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Figure 5.2: DFAM∗ on the left and a derived DSA A∗
S with S = {q0, q2, q4, p} on the right.
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Figure 5.3: DFAM∗∗ on the left and a derived DSA A∗∗
S with S = {q0, q2, q4, p} on the right.

selected set. If p is picked, and q2 not picked, then the set is not well-formed (see Defini-

tion 4.8): the simple word b from q0 to p is a suffix of the simple word ab to q2. Therefore,

any suffix-tracking set should contain the 4 states q0, p, q2, q4. This set S = {q0, p, q2, q4} is

indeed suffix-tracking, and the DSA derived using S is shown in the right of Figure 5.2. The

only other suffix-tracking set is the set S ′ of all states. The DSA derived using S ′ will have

state q1 in addition, and the transitions Σ \ {a, b}. If Σ is sufficiently large, this DSA would

have total size bigger than A∗
S (Note: Σ can be any alphabet containing a and b, so we can

increase its size arbitrarily to blow up the DSA). We deduce A∗
S to be the smallest DSA that

can be derived fromM∗.

Figure 5.3 shows DFA M∗∗ which is obtained from M∗ by duplicating state p to create

a new state p′, which is equivalent to p. So M∗∗ is language equivalent to M∗, but it is not

minimal. Here, if we choose p in a suffix-tracking set, the simple word to p is ba, which is not

a suffix of ab (the simple word to q2). Hence, we are not required to add q2 into the set. Notice

that S = {q0, p, q4} is indeed a suffix-tracking set in M∗∗. The derived DSA A∗∗
S is shown

in the right of the figure. The “heavy” transition on Σ \ a disappears. There are some extra
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transitions, like q0
bb−→ q4, but if Σ is large enough, the size of A∗∗

S will be smaller than A∗
S .

This shows that starting from a big DFA helps deriving a smaller DSA, and in particular, the

canonical DFA of a regular language may not derive a minimal DSA for the language.

5.2 Complexity of minimization

The goal of this section is to prove the following theorem.

Theorem 5.3. Given a DFA M and positive integer k, deciding whether there exists a DSA of

total size ≤ k language equivalent toM is NP-complete.

If k is bigger than the size of the DFA M , then the answer is trivial. Therefore, let us

assume that k is smaller than the DFA size. For the NP upper bound, we guess a DSA of total

size k, compute its tracking DFA in time O(k · |Σ|) and check for its language equivalence

with the given DFA M . This can be done in polynomial-time by minimizing both the DFA

and checking for isomorphism.

The rest of the section is devoted to proving the lower bound. We provide a reduction from

the minimum vertex cover problem which is a well-known NP-complete problem [Kar72]. A

vertex cover of an undirected graph G = (V,E) is a subset S ⊆ V of vertices, such that for

every edge e ∈ E, at least one of its end points is in S. The decision problem takes a graph

G and a number k′ ≥ 1 as input and asks whether there is a vertex cover of G with size at

most k′. Using the graphG, we will construct a DFAMG over an alphabet ΣG. We then show

thatG has a vertex cover of size≤ k′ iffMG has an equivalent DSA with total size≤ k where

k = (k′ + 2)× 2θ + (2θ − 1). Here, θ is a sufficiently large polynomial in |V |, |E| which we

will explain later.

The alphabet ΣG is given by V ∪ E ∪ {$} ∪ D where D = {1, 2, . . . , θ}. States of MG

are V ∪ {qinit, qsink, qacc}. For simplicity, we use the same notation for v as a vertex in G, v

as a letter in ΣG and v as a state of MG. The actual role of v will be clear from the context.

For every edge e = (u, v), there are two transitions in the automaton: u e−→ v and v
e−→ u.

For every v ∈ V , there are transitions qinit v−→ v and v
$−→ qacc. This automaton can be
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Figure 5.4: Left: Illustration of the neighbourhood of state u in the DFAMG. Middle, Right: Transitions
induced from qinit and v, on removing u.

completed by adding all missing transitions to the sink state qsink. Figure 5.4 (left) illustrates

the neighbourhood of a state u. The notation e′′ stands for any edge that is not incident on u;

there is one transition for every such e′′. Initial and accepting states are respectively qinit and

qacc. Let LG(u) be the set of words that have an accepting run in MG starting from u as the

initial state. If u ̸= v, LG(u) = LG(v) implies (u, v) is an edge and there are no other edges

outgoing either from u or v. To avoid this corner case, we restrict the vertex cover problem

to connected graphs of 3 or more vertices. Then we have MG to be a minimal DFA, with no

two states equivalent. Here are two main ideas.

Suppressing a state. Suppose state u of MG is suppressed (i.e. u is not in a suffix-tracking

set). In Figure 5.4, we show the induced transitions from qinit and a vertex v. However, some of

them will be useless transitions: most importantly, the set of transitions qinit u1,u2,...,uθ−−−−−−→ qsink

will be useless bigger-suffix-transitions due to qinit
1,2,...,θ−−−−→ qsink. Similarly, v e1,e2,...,eθ−−−−−→ qsink

will be removed. There are some more useless bigger-suffix-transitions, like v ee′′−−→ qsink for

some e′′ that is not incident on v and u. So from each v, at most 2|E| transitions are added.

But crucially, after removing useless transitions, the θ transitions from u no longer appear. If

we choose θ large enough to compensate for the other transitions, we get an overall reduction

in size by suppressing states.

Two states connected by an edge cannot both be suppressed. Suppose e = (u, v) is an edge.

If S is a set where u, v /∈ S, then the transition v
e−→ u is not suffix-compatible: the simple

word ue from qinit to v, when extended with e gives the word uee; no suffix of uee is a simple

word from qinit to u. We deduce that suffix-tracking sets in MG correspond to a vertex cover

in G, and vice-versa.

These two observations lead to a translation fromminimum vertex cover to suffix-tracking
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sets with least number of states. Due to our choice of θ, DSAs with smallest (total) size are

indeed obtained from suffix-tracking sets with the least number of states. Let k = (k′ + 2)×

2θ + (2θ − 1). Below, we elaborate these ideas in more detail and present the proof of the

reduction.

Vertex cover ≤ k′ implies DSA ≤ k. Assume there is a vertex cover {v1, . . . , vp} in

G with p ≤ k′. Let S be the set of states in MG corresponding to {v1, . . . , vp}. Observe that

S ∪ {qinit, qsink, qacc} is a suffix-tracking set; every transition is trivially suffix-compatible

(∀q a−→ u, q ∈ S or u ∈ S). Well-formedness holds because ∀p, q ∈ S, α ∈ SP(p ⇝ q, S) we

have |α| ≤ 2; this means ∀q′ /∈ S, β ∈ SP(p⇝ q′, S), we have α ̸⊑sf β (since |β| = 1). Hence

the derived DSA will be equivalent toM .

The derived DSA has p+ 3 states, and transitions q 1,2,...,θ−−−−→ qsink from each except for the

qsink state. The transitions on qsink are removable, and hence will be absent. All of this adds

(p + 2) × 2θ to the total size (edges + label lengths). Apart from these, there are transitions

with labels of length at most 2, over the alphabet V ∪E∪$. From each vertex, v, there are |V |

transitions to qsink, one transition to qacc and at most 2|E| transitions to other states or qsink.

We can choose a large enough θ (say (|V | + |E|)4), so that the size of these extra transitions

is at most 2θ − 1. Hence, total size is ≤ (p+ 2)× 2θ + (2θ − 1).

By assumption, we have p ≤ k′. Therefore, the size of theDSA is≤ (k′+2)×2θ+(2θ−1) =

k.

DSA ≤ k implies vertex cover ≤ k′. Let A be a DSA with size ≤ k. It may not be

derived from MG. However, by Proposition 5.2 we know A is derived from a DFA M , the

tracking DFA for A. Moreover since MG is the minimal DFA, we know that M will be a

refinement ofMG (see Section 2 for definition).

Let us consider a pair of states u and v from MG, such that the vertices u, v ∈ G have

an edge between them labeled e. The DFA M will have two sets of states u1, u2, . . . , ui and

v1, v2, . . . , vj that are language-equivalent to u and v respectively. Its initial state must have

a transition on v to one of v1, v2, . . . , vj . Without loss of generality, let it be to v1. Each of
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v1, v2, . . . , vj must have a transition on e to one of u1, u2, . . . , ui (for equivalence with MG)

and vice-versa. Consider the run from the initial state on vei+j+1. At least one of the states

among u1, u2, . . . , ui, v1, v2, . . . , vj must be visited twice; consider the first such instance. The

transition on e that re-visits a state cannot be suffix-compatible w.r.t a set S, if none of these

states are in S. For it to be suffix-compatible, the string vek.e (from initial state to the first

repeated state) must have its longest simple-word suffix go the same state. Since vek.e is not

simple by itself, its longest suffixmust consist entirely of e’s. But on any string of e’s, the initial

state moves only to the sink state(s) and not to any of u1, u2, . . . , ui, v1, v2, . . . , vj . Hence any

suffix-tracking set must contain at least one of these states, which maps to at least one of u or

v in G. Every suffix-tracking set ofM therefore maps to a vertex cover {v1, v2, . . . , vp}.

Now we show that the size of this vertex cover is ≤ k′. Each of the states picked in the

suffix-tracking set will contribute to atleast 2θ in the total size, due to the θ transitions. We

will also have these θ transitions from the initial and accepting states. Therefore, the total size

is (p + 2)× 2θ + y for some y > 0. Hence (p + 2)× 2θ ≤ k. This implies p ≤ k′: otherwise

we will have p ≥ k′+1, and hence (p+2)× 2θ ≥ (k′+1+2)× 2θ = (k′+2)× 2θ+2θ > k,

a contradiction.

5.3 StronglyDeterministic Suffix-readingAutomata (sDSA)

As we saw in Section 5, the minimal DFA of a regular language may not derive a minimal DSA

for the language (Figures 5.2 and Figure 5.3). While this is true for the general case, under a

restricted definition of DSA we can show the minimal DFA to derive a minimal (restricted)

DSA. The plan for this section is as follows:

Section 5.3.1 We first define a class of DSAs with a restricted syntax and call them strongly

deterministic suffix-reading automata or strong DSAs (Definition 5.4) and give examples

of DSAs that fall under this stronger class.

Section 5.3.2 In the second part, we prove that every minimal strong DSA can be derived

from the canonical DFA using the derivation procedure of Section 4.



55 Chapter 5. Minimality – some observations and challenges

This section is inspired by a question that was left open in [KSVV24]: when does the

smallest DSA derived from the canonical DFA correspond to a minimal DSA? Although we

do not provide an answer to this question, we now understand that when we suitably restrict

the DSA syntax, the derivation procedure indeed is able to generate a minimal automaton

in the restricted class, starting from the canonical DFA. This provides new insights about the

derivation procedure. Moreover, as wewill see, many DSAs discussed in this paper are already

strong. We also provide a real-life-inspired example of a strong DSA. So, overall, this section

sends the message that there are specifications that can be encoded naturally as strong DSAs,

and we have a method to generate minimal strong DSAs.

5.3.1 Syntax of strong DSAs

We start with a formal description of the syntax of strong DSAs. The examples that follow

aim to give an explanation of this definition. In this definition, we say α′ is a non-empty prefix

of a word α when α′ ̸= ε and α′ ⊑pr α.

Definition 5.4 (sDSA). (Strongly Deterministic Suffix-reading Automata). A DSA A given

by (Q,Σ, qinit,∆, F ) is said to be strongly deterministic if for every state q ∈ Q, for every

α, β ∈ Out(q), and for all non-empty prefixes α′ ⊑pr α and all non-empty proper prefixes

β′ ⊏pr β, we have α′ ̸⊑sf β
′ : no prefix of α is a factor of β.

For instance, the DSA in Figure 1.1 is not an sDSA: at state s1 we have the outgoing labels

Out(s1) = {if,endif}, and the letter i (which is a prefix of if) appears in endif as a

suffix of endi. The DSAs in Figures 3.1 and 3.2 are strong DSAs: it is easy to verify this for

A2 and A3; for A4, we provide an explanation. We have Out(q0) = {ab, ba}; let α = ab and

β = ba. The non-empty prefixes of α are a and ab. The only non-empty proper prefix of β is

b. Notice that neither a nor ab is a suffix of b. The same exercise can be repeated with α = ba

and β = ab. We conclude that A4 is an sDSA. Note that any DFA is an sDSA, as the labels of

each outgoing transition at a state are distinct letters (and a DFA is a valid DSA). A slightly

modified version of the DSA in Figure 1.1 gives us an example of an sDSA. In Figure 5.5 we

have a DSA for out-of-context else statements, where we allow nested if, but a single



Chapter 5. Minimality – some observations and challenges 56

s0 s1

s2

else if

endif

Σ

Figure 5.5: sDSA for out-of-context else, without nested if statements
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Figure 5.6: A simplified specification of an automotive application

endif appearing later corresponds to all the open if so far. A context would therefore be

the part between the first if and the last endif. If the specification additionally requires to

disallow nested if, then it can be modeled by the intersection of the sDSA of Figure 5.5 and

another automaton that rejects words with two if with no endif in between.

Amotivating example. Wedescribe another example of a strongDSA,motivated by a real-

life situation. It is a simplified specification of an automotive application: “when the alarm is

off, and the panic switch is pressed twice within one clock cycle, go to an error state”. The DFA

in Figure 5.6 models this. States q0 and q1 represent the alarm being off and on respectively.

State q3 is the error state. The DFA toggles between off and on states on receiving Signal s.

Signal t denotes a “tick” marking the separation of clock cycles, and p denotes the pressing of

the panic switch. The sDSA for this specification is given on the right of Figure 5.6. At state

q0, the automaton keeps receiving signals until either an s or a sequence pp is seen. If s is seen

first, the automaton moves to q1, otherwise it moves to q3. The move on q0
pp−→ q3 happens

on words over {t, p, s} that end with pp, and contain neither an s nor a previous occurrence

of pp. This expresses that the panic switch was pressed twice, within one clock cycle (as no

t occurred), while the alarm was still off. Here, the sDSA provides a smaller, and arguably, a

more readable representation than the DFA.



57 Chapter 5. Minimality – some observations and challenges
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Figure 5.7: A DSA on the left, and the corresponding (larger) sDSA

However sDSA may not always provide as succinct a representation as DSA. We see in

Figure 5.7, an example of a DSA on the left and an equivalent sDSA on the right. It is the

DSA from Figure 3.3 again, with the corresponding sDSA shown. The DSA itself is not a valid

sDSA, since ba is a prefix of baaa and a factor of abaa (also a is prefix of abaa and a factor of

baaa). Intuitively, to construct an sDSA, we need to break the transitions after ab and ba and

introduce new states. This continues to happen on the next transitions from these new states,

resulting in the sDSA shown.

5.3.2 Minimality for strong DSAs

We state some preliminary lemmas, leading up to the main result that any minimal sDSA is

derived from a minimal DFA. The next lemma is generic and holds for all DSAs, which are not

necessarily strong. We start with some notation.

For a state q of a DFAM , we define LM(q) to be the words accepted byM starting from q

and call it the residual language of the state. Similarly, for a DSAA and a state q ofA, we can

define the residual language LA(q). We say that two states p, q of a DFA/DSA are equivalent

if their residual languages are equal. In the setting of DFAs, we know that in the canonical

(minimal-state) automaton, no two states are equivalent. The next lemma establishes this

property even in the DSA setting.

Lemma 5.5. No two states of a minimal DSA can be equivalent.

Proof. Let A be a minimal DSA. Suppose LA(p) = LA(q), p ̸= q. We will now construct a

DSA A′ with smaller size than A. This will be a contradiction. To get A′, we will re-orient

all transitions going to q to now point towards p: remove each transition (r, α, q) and add

the transition (r, α, p); then remove q and other unreachable states after this transformation.



Chapter 5. Minimality – some observations and challenges 58

SinceLA(p) = LA(q), this construction preserves the language. For all the states r that remain

in A′ we still have the same Out(r) as in A. Finally we need to argue that |A′| < |A|. This is

easy to see since q has been removed from A, and there are no new additions to A′.

Nowwe come to properties specific to sDSAs. The key idea is to consider the tracking DFA

(Definition 3.4 and Figure 3.3) and investigate equivalence between states in this tracking DFA.

Lemma 5.6. For any minimal sDSA A, its tracking DFA MA cannot have a ‘DSA state’ equiv-

alent to any other state, i.e. if (p, α), (q, β) are states of MA and also equivalent, then we have

both α ̸= ε and β ̸= ε.

Proof. From Lemma 5.5, we know that no two states of anyminimal DSA can be equivalent. So

it is not possible to have any distinct (p, ε), (q, ε) ∈ MA to be equivalent. SupposeLMA(p, ε) =

LMA(q, β) for some β ̸= ε (and q could be p as well). We will construct a smaller sDSA A′.

Consider state q ofA. Due to the presence of state (q, β) inMA, there exists some outgoing

label of the form βα from q in A: that is, βα ∈ Out(q) for some α with |α| ≥ 1. Let the

corresponding transition be q βα−→ r. To get A′ : remove this transition q
βα−→ r and add the

transition q
β−→ p. Clearly A′ is smaller than A, since total size is reduced by |α|. Language

accepted is the same. A′ is also an sDSA since the only change is replacing βα with β in

Out(q): any string in Out(q) that is a factor of β would also be a factor of βα, and any prefix

of β is also a prefix of βα. This contradicts the assumption that A was a minimal sDSA, thus

proving the lemma.

We remark that the above proof does not work for general DSAs. Consider the transition

q
βα−→ r that was removed, and modified to q β−→ p. There could be another transition q

βα′
−−→ r′

in the DSA — this violates the strong DSA property since βα and βα′ are outgoing labels, and

the prefix β of the former appears as a suffix of the latter. On seeing the word βα′ from q, the

original DSA moves to r′. However, in the new DSA, as soon as α is seen the state changes

to p. This can modify the language. Such a situation does not happen in an sDSA due to the

restriction on the outgoing labels. We now prove the main result of this section.

Theorem 5.7. Every minimal sDSA for a language L can be derived from the canonical DFA

for L.
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Proof. Let A = (QA,Σ,∆A, FA) be an arbitrary minimal sDSA. Any minimal sDSA is well-

formed and has no redundant transitions. HenceA can be derived from its tracking DFAMA,

thanks to Proposition 5.2. If the tracking DFAMA is canonical, we are done. Otherwise, there

are distinct states of MA that are equivalent. From Lemma 5.6, we know that a state (q, ε)

of MA cannot be equivalent to any other state. Therefore, two equivalent states are of the

form (p, α) and (q, β), with α and β both non-empty. We will merge such equivalent states

together to build the minimal automaton and make use of this specific structure to show that

A can be derived from the minimized DFA. For the proof, we will show the following steps.

1. Suppose a state (q, α) is equivalent to (q, β) (with the same q), then α ̸⊑pr β (i.e. the two

states cannot be ‘tracking’ the same A-transition out of q).

2. Build a DFA M ′
A by quotienting equivalent states of MA, with [q] representing the equiv-

alence class of q. The resulting automaton M ′
A is the canonical DFA. We use (1) to show

that every simple path from a state (q, ε) to (q, β) is preserved in the quotiented automaton

M ′
A, from [(q, ε)] to [(q, β)].

3. From (2), we show that the set of states S ′ := {[(q, ε)] | q ∈ QA} forms a suffix-tracking

set. The DSA derived using S ′ turns out to be A, proving that A can be derived from the

canonical DFA.

Step 1. If two states (q, α), (q, β) ∈ MA are equivalent, then α ̸⊑pr β (i.e. the two states

are not ‘tracking’ the same A-transition). In other words, two states in the tracking DFA that

lie on the same path corresponding to a given DSA transition, cannot be equivalent. Suppose

α ⊑pr β. We know that β ∈ Out(q), so there is a string γ such that βγ ∈ Out(q) i.e. reading

γ from (q, β) leads to a ‘DSA state’, say (q′, ε). Let s be the state reached on reading γ from

(q, α). Since (q, α) and (q, β) are equivalent, the state s will be equivalent to (q′, ε). From

Lemma 5.6, this means s = (q′, ε). This gives transition labels αγ (induced by the simple path

just discussed) and βγ from q in A, with α ⊑pr β, contradicting the fact that A was an sDSA.

Hence we must have α ̸⊑pr β.
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Step 2. For two states s, s′ of MA, define s ≡MA s′ if LMA(s) = LMA(s′). We denote the

equivalence class of s by [s]. From Lemma 5.6, [(q, ε)] = {(q, ε)}. Consider a quotient DFA

M ′
A based on this equivalence. States are the equivalence classes of ≡MA , {[s] | s ∈ MA}.

The initial state is [(qAin, ε)] and final states are {[(q, ε)] | q ∈ FA}. Transitions are given by

{[s] a−→ [s′] | s a−→ s′ ∈ MA}. This is deterministic because whenever we have [s1] = [s′1] and

s1
a−→ s2, s

′
1

a−→ s′2 ∈ MA, we also have [s2] = [s′2]. Note thatM ′
A is minimal, by definition.

Consider a transition q
α−→ q′ of the sDSA A, with α = a1a2 . . . an. This transitions gives

states (q, ε), (q, a1), (q, a1a2), . . . , (q, a1 . . . an−1), (q′, ε) in the tracking DFA MA. From (1),

we have [(q, a1)], [(q, a1a2)], . . . , [(q, a1a2 . . . an−1)] to be distinct states in M ′
A. equivalent.

Hence a1a2 . . . ai is a simple path from [(q, ε)] to [(q, a1 . . . ai)] that does not visit any state of

the form [(p, ε)] in between.

Step 3. Let S ′ :=
⋃

q∈A{[(q, ε)]}. We will show that S ′ is suffix-tracking. Consider a simple

path σ from [(q, ε)] to [(q, β)] (note that σ is also a simple path from (q, ε) to (q, β) inMA). In

the tracking DFA MA, every transition moves to a state tracking the longest possible suffix:

(q, β)
a−→ (q, β′) in MA means β′ is the longest word in Out(q) s.t β′ ⊑sf σa. From (2), β′

is a simple path from [(q, ε)] to [(q, β′)], in M ′
A. Moreover, we have [(q, β)]

a−→ [(q, β′)] by

definition.

We claim that the longest suffix of σa among simple paths from [(q, ε)], is β′, which goes

from [(q, ε)] to [(q, β′)]. This would show suffix-compatibility of the transition. Suppose in-

stead, the longest suffix (say σ′) went from [(q, ε)] to [(q, α′)] in M ′
A; we have σ′ to also be a

simple path from (q, ε) to (q, α′) in MA, and α′ to be longer than β′. This is a contradiction.

Hence β′ is the longest simple-path suffix of σa in M ′
A, making [(q, β)]

a−→ [(q, β′)] suffix-

compatible.

The set S ′ is also well-formed since A is well-formed. Suppose it was not. That means

there exist states p ∈ S ′, q′ /∈ S ′, and words α ∈ SP(p ⇝ q, S ′), β′ ∈ SP(p ⇝ q′, S ′), such

that α ⊑sf β
′. Then there is a state q′′ ∈ S ′, and a word β ∈ SP(p⇝ q′′, S ′) such that β′ ⊏pr β,

and we have α ⊑sf β′. Since α, β ∈ Out(p) are paths corresponding to A-transitions, this

meansA is not an sDSA, which is a contradiction. Hence we have S ′ to be suffix-tracking. In
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the induced DSA AS′ , every simple path from [(q, ε)] to [(q′, ε)] will be present. Hence every

transition q
α−→ q′ in A is present in AS′ . Any transition out of [(q, ε)] which is not in Out(q)

in A, will be a redundant bigger-suffix-transition, analogous to the argument in last part of

the proof of Proposition 5.2. Thus A can be derived fromM ′
A, which is a minimal DFA.

Concluding remarks for Chapter 5. This chapter considered the problem of DSA mini-

mization, revealing a set of properties that differ significantly from classical automata theory.

Our investigation yielded three primary contributions that deepen our understanding of the

suffix-reading model.

First, we uncovered a fundamental bottleneck in DSA minimization: the discovery that

the canonical (Myhill-Nerode) DFA is an insufficient starting point for deriving a minimal

DSA. This surprising observation demonstrates that the optimal structure for a suffix-reading

model may require finer state distinctions than those preserved by the canonical DFA. Second,

we provided a formal explanation for this difficulty by proving that the DSA minimization

problem is intrinsically hard: deciding if a language has an equivalent DSA of a given size is

NP-complete, a result established via a reduction from the Vertex Cover problem [Kar72].

As a constructive response to this hardness, our third contribution was the introduction of

the Strongly Deterministic Suffix-reading Automaton (sDSA). By imposing a reasonable syntac-

tic constraint to prevent certain pattern ambiguities, we defined a tractable subclass to strike a

balance between expressive power and algorithmic manageability. Crucially, we proved that

for this class, minimal automata are indeed derivable from the canonical DFA, thus restoring

a desirable and powerful property for a significant subset of DSAs.

With the definition, construction, and minimization of the sequential DSA model now

thoroughly analyzed, we turn our attention to a new frontier. Modern software systems are

rarely monolithic and sequential; they are typically composed of multiple, interacting com-

ponents. The next chapter will extend the suffix-reading paradigm from this single-stream

context to the domain of concurrent systems, addressing the new set of challenges, such as

the interleaving explosion, that arise when modeling parallel processes.
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Chapter 6

Multi-port Deterministic Suffix-Reading

Automata

The preceding chapters developed the theory of Deterministic Suffix-reading Automata as a

powerful tool for the succinct specification of sequential, pattern-based systems. However,

modern software and hardware systems are rarely monolithic; they are typically composed

of multiple interacting components that operate concurrently. This chapter pivots our inves-

tigation from the sequential to the concurrent domain, addressing the new set of challenges

that arise when specifying the behavior of such systems.

A primary obstacle in modeling concurrent systems with sequential automata is the ‘inter-

leaving explosion’. To capture all possible behaviors, a model must typically account for every

possible ordering of asynchronous events from different components. For example, a require-

ment that a car can only start after receiving signals for the key in ignition (K), brake pressed

(B), and transmission in park (P )—in any order—would force a standard DSA to explicitly

enumerate all 3! = 6 permutations of these events on transition labels. As the number of

concurrent components grows, this approach becomes combinatorially infeasible and defeats

the purpose of DSA as a concise specification.

Let us quickly recall the basic principles with which we started to define the DSA model,

as this will lead us to the new definition in the concurrent setting. In Figure 6.1(a), the DSA

accepts all words that end with ab, for instance bab, bbab, babaab, etc. The transition q0
ab−→ q0

63
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Figure 6.1: Examples of Deterministic Suffix-reading Automata (DSA)
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Figure 6.2: Concurrent suffix-based specifications as multi-port DSAs

is fired as soon as a word ending with ab is seen after reaching q0. For instance, on the word

babaab, the transition is first triggered on the prefix bab since this is the first time ab appears

as suffix; once the transition is triggered, the prefix bab has been consumed, and now we are

left with aab; on reading aab fully, the transition q0
ab−→ q0 is triggered again. In Figure 6.1(b),

we can view the state q0 as tracking two suffixes ba and ab. When ba is seen before ab, the self-

loop is triggered; otherwise when ab is seen first, the transition to q1 is taken. For example,

on word bbab, the automaton starts at q0, and on bba it fires q0
ba−→ q0 (since ba is a suffix of

bba), then reads b and remains there. However, on bbaab, the run loops on bba back to q0, and

then reads the next ab to reach q1, and accept. The final example Figure 6.1(c) is a suffix-based

specification of a part of an automotive software: when the alarm is off, and the panic switch

is pressed twice within one second, flag an error. Here, we assume there is a symbol tick

to denote the elapse of 1 unit of time. So, on a word tick; On; tick; Off; PanicSw;

PanicSw, an error should be flagged (we have added a separator symbol ; just for clarity).

This specification is succinctly represented by the DSA in Figure 6.1(c).

Since transitions in a DSA wait for specific patterns to appear, DSAs are able to represent

suffix-based specifications succinctly. When we consider systems with multiple components

(which we call ports), the requirements can talk about different combinations of inputs. Here

are two examples.
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Car Security System. For a car to start, you need: key in ignition (K), brake pedal pressed

(B), and transmission in park (P ). The actions K , P and B can occur in any order. A DSA

would need to represent this requirement using all 6 permutations. Instead, we assume an

alphabet that is distributed across different ports – ignition, brake pedal, transmission, and

denote the concurrent actions as K ∥ B ∥ P . Here are some requirements of a car security

system.

• When the brake pedal is pressed (B), transmission is in park (P ) and key is in ignition (K),

the car can be started.

• If the brake pedal is pressed (B) and the transmission is moved to drive (D), the car goes

to the drive mode.

• When the brake pedal is pressed (B), transmission is in park (P ), and the ignition becomes

off (Off), the car is switched off. If ignition is switched off when brake is not pressed or

when transmission is in drive/reverse, signal an error.

Figure 6.2(a) illustrates the enriched DSA capturing these requirements.

Smartphone Lock Pattern. Figure 6.2(b) represents the enriched DSA modeling the re-

quirements below for a smartphone lock.

• When the button is pressed (Press), fingerprint verified (F ) and a correct pattern is re-

ceived (T1T2T3), then the phone is switched on.

• If the phone is on, and the button is pressed, the phone is switched off.

To the best of our knowledge, no automaton model can succinctly represent the combina-

tion of suffix-based patterns across a concurrent system. Incorporating concurrency into the

specification is paramount when requirements talk about different components of a concur-

rent system.

This challenge motivates the extension of our suffix-reading paradigm. The goal is to

create a formalism that can directly express the logical intent of concurrent rules, such as ‘K ∥
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B ∥ P ’, thereby abstracting away the details of interleaving. This requires a newmodel, which

we call the ‘Multi-port Deterministic Suffix-reading Automaton (mDSA)’. The core idea is to

partition the alphabet across multiple "ports" and introduce a parallel composition operator,

‘∥’, into the transition syntax.

However, simply adding a new operator is a trivial syntactic change; the technical chal-

lenge lies in defining a formal operational semantics that is both theoretically sound and in-

tuitively correct for real-world scenarios. This chapter discusses a basic semantic dilemma:

should the history of events be "consumed" after a transition, or should it persist as context?

The Car Security System example requires persistent context (the brake may need to remain

pressed for a future action), while the Smartphone Lock example requires detecting a "fresh"

button press to avoid infinite loops on old data.

To resolve this, we will show that a novel, tape-based semantics is required. This work

is further motivated by practical needs in Model Based Testing (MBT) [DNSVT07, UPL12].

Industrial specification notations like Expressive Decision Tables (EDTs) [VSKA14] are used

for test generation [VSZA15, AVS+20] and already employ a form of concurrent, suffix-based

logic, but have historically lacked a rigorous formal semantics. A key contribution of this work

is to provide such a semantics via the mDSA framework. This chapter will therefore define

the mDSA model and its semantics, while subsequent chapters will extend it with outputs to

fully capture and analyze notations like EDTs.

Related work. Use of automata to model concurrent systems has been explored widely.

Esterel [BG92] is a synchronous programming language that provides a parallel composition

operator. Harel’s Statecharts [Har87] also support parallel composition of state transition

systems. In both these languages, the reaction of a system in response to inputs on each port

can be specified separately, and the different specifications can be composed using the parallel

operator. A system model can then refer to the states of each port’s specification to model

the system behaviour. In mDSAs, we do not compose automata. Instead there is a single

automaton, but the transitions include a parallel composition operator. More importantly,

mDSA allows for suffix-based event triggers.
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Petri nets [Pet66] have been studied extensively to model concurrent systems. In Petri

nets, each letter of each port’s alphabet will have to be represented using a place, and the

places combined to model the system. There is no mechanism to include suffix-based triggers.

The work that is closest to ours is Input/Output Partial Order Automata (IOPOA) [HJJ07].

In their work, transitions execute non-atomically reacting to asynchronous inputs on several

ports. Themain differences between IOPOA andmDSA: in mDSA transitions react atomically,

transition labels can be strings representing a suffix for each port and not just letters, and

different transitions may trigger on the same string at a port. For example, in the mDSA in

Figure 6.2(a), the transitions from Off to Started and Started to Drive can be taken on

the same input B. In an IOPOA this will require two occurences of B. IOPOA was primarily

designed to enable test generation, whereas the aim of mDSAs is succinct specification of

requirements.

Structure of this chapter We start with some preliminary notations. In Section 6.1, we

describe in more detail the challenges in coming up with a semantics in the presence of the ∥

operators. Section 6.2 gives the formal syntax and semantics.

Notations. Consider a special kind of alphabet Σ = ⟨Σ1,Σ2, . . . ,Σk⟩ such that Σi∩Σj = ∅

for all i, j ∈ {1, . . . , k}. Wewill callΣi as the alphabet of port i, andΣ as amulti-port alphabet.

For instance, in the Car Security System specification, there are three ports: brake, transmission

and ignition, with Σbrake = {B}, Σtrm = {P,D} and Σig = {K, Off} respectively.

For a word w ∈ Σ∗, we write Pi(w) for the projection of w onto the set Σi. For instance,

if Σ1 = {a1, a2},Σ2 = {b1, b2} and w = a1b1a2a1b2b2, we have P1(w) = a1a2a1 and P2(w) =

b1b2b2. Notice that if for two words w1, w2 suppose Pi(w1) = Pi(w2) for all ports i, then w1

and w2 have the same order of events within each port, but could have a different ordering

between letters from different ports.
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6.1 Some challenges in extending to multiport

For a DSA, a configuration was given by (q, w) where q is the current state and w is the word

seen after reaching q. Moreover, if a transition matches, the DSA moves to a configuration

(q′, ε) by fully consuming the word seen so far. Now consider the car security system example

(Figure 6.2 (a)) . On receiving inputs P ;B;K , the automaton moves to Started state. If the

brake remains pressed and the transmission is moved to park, we would like the car to go into

the drive mode. Therefore, on the word P ;B;K;D, the automaton should go to the Drive

state. This intention is summarized below as what we require as the run of the automaton:

Off
P ;B;K−−−−→ Started

D−→ Drive

If we had consumed the prefix P ;B;K while moving to the Started state, then the transition

B ∥ D would not match anymore, since there is noB after reaching Started. What we really

need is that: the last seen input in the brake port isB and the last seen input in the transmission

port isD. Therefore, one option is to simply not consume any letters and say that a transition

u1 ∥ u2 ∥ · · · ∥ uk matches a word w if ui is a suffix of projection Pi(w). However, this creates

other problems as we will now illustrate.

Consider the smartphone lock pattern specification (Figure 6.2 (b)). On a word:

F ;T1;T2;T3; Press

the phone is unlocked and the automaton goes to the PhoneOn state. At this state, there is

an outgoing transition that listens to Press. If we do not consume the word seen so far, the

last seen input in the button port is still Press, and hence the automaton would go back to

the PhoneOn state without seeing additional inputs. In fact, this looping behaviour would

continue forever, with no inputs seen. Therefore, for the outgoing transition Press in the

PhoneOn state, the intention is that we need to receive a fresh signal Press.

To summarize: on a transition match, we do not want to consume the word seen so far
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(car security specification example); but simply not consuming the word leads to problems

(smartphone lock pattern example). In the following, we adopt an intermediate approach,

where we mark the position θ in the word where the last transition matched. For a new

transition u1 ∥ u2 ∥ · · · ∥ uk to match, in addition to having each ui as a suffix of Pi(w), we

require at least one ui to appear entirely after the marked position θ. We include an additional

condition that every ui appears either entirely to the left of θ or to the right of θ, to account

for such examples:

s0
c∥a−−→ s1

cc∥b−−→ s2

Action c can denote a click. So, the pattern cc denotes a double click. On seeing a; c the

automaton moves to s1. Now if the inputs received are b; c, we do not want the transition

cc ∥ b to match. Instead, we want two clicks and a b after the last match. The condition that

every pattern appears entirely after this match, or entirely before this match takes care of this

situation.

6.2 Multi-port DSAs: formal syntax and semantics

We first describe the formal syntax and then proceed to an operational semantics given by a

labeled transition system.

Definition 6.1 (Multi-port DSA). LetΣ = ⟨Σ1,Σ2, . . . ,Σk⟩ be amulti-port alphabet. Amulti-

port (deterministic) suffix-reading automaton (written mDSA in short) A is given by a tuple

(Q,Σ, q0, δ, F ) where Q, q0 and F are a finite set of states, the initial state and a set of accept

states, respectively. The transition relation δ ⊆ Q×Σ∗
1 ×Σ∗

2 × · · · ×Σ∗
k ×Q: each transition

is of the form (q, (u1 ∥ u2 ∥ · · · ∥ uk), q
′)where ui ∈ Σ∗

i (not all of them can be ε). We assume

there are only finitely many transitions.

Figure 6.2 gives two mDSAs adhering to this syntax.

For the semantics, it is convenient to assume that there is a tape on which the automaton

writes all its inputs. Initially, the tape is ε. Each time an input letter a ∈ Σ is received, the
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automaton appends it to the right of the tape.

Notation. For a word w = a1 . . . an, with ai ∈ Σ, we write w(i) to denote the letter ai.

We remark our convention that the indices of w start from 1 (and not 0). The length of w,

denoted as |w|, equals n (the number of letters). For j ∈ {1, . . . , n} we write w[i, j] to denote

the substring aiai+1 . . . aj .

mDSA semantics. A configuration of an mDSA is given by (q, w, θ) where

• q is the current state,

• w is the word read so far, from the beginning

• θ ∈ N marks a position in the word where the last match of a transition appeared.

We refer to the pair (w, θ) as the tape configuration.

The formal semantics of an mDSAA is given by a transition system SA = (S, S0,−→, SF )

over the configurations: the set of nodes S is the set of all configurations (q, w, θ) (notice that

this set is infinite); the initial node s0 is (q0, ε, 0), also called the initial configuration; SF is the

set of accepting configurations which are configurations (q, w, θ) where q ∈ F and θ = |w|

(signaling reaching an accepting state immediately after a match); to describe the transition

relation −→, we first explain when a transition label matches with a tape configuration.

Definition 6.2. We say that a transition label (u1 ∥ u2 ∥ · · · ∥ uk) matches a tape configura-

tion (w, θ) if:

• ui is a suffix of Pi(w) for all ports i,

• each ui appears entirely before or entirely after θ: that is, ui is a subword of w[1, θ] or

w[θ + 1, |w|],

• at least one ui appears entirely after θ.

Let ρ : (q, (u1 ∥ u2 ∥ · · · ∥ uk), q
′) be an outgoing transition from q.
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• In SA, there is a following transition:

(q, w, θ)
a−−−−−−−−→

u1∥u2∥···∥uk

(q′, wa, θ′) if

(u1 ∥ u2 ∥ · · · ∥ uk) matches the tape configuration (wa, θ), and θ′ = |wa| (tape head

moves to the end of the tape).

• There is a transition of the form:

(q, w, θ)
a−→ (q, wa, θ)

if no transition out of q matches the tape configuration (wa, θ). In this case, the tape head

remains at its position.

The transition relation −→ of SA is a union over all a−−−−−−−→
u1∥u2∥···∥uk

and a−→.

For all examples described in Section 6.1, the above semantics of transitions adheres to the

required intention.

Remark 6.2.1. We remark that the labeled transition system SA defined as above is non-

deterministic, since multiple transitions can, in principle, be enabled at (q, w, θ) on seeing

an a. In order to make the automaton deterministic, a specific priority function can be added

to resolve the non-determinism. If multiple transitions match at a configuration, the priority

function is used to resolve the non-determinism. We did not explicitly add it to the syntax for

technical simplicity.

Remark 6.2.2. A DSA is an mDSA with a single port. To resolve non-determinism, DSAs

employ the longest match criterion: among all strings that are a suffix, pick the one with the

maximum length.

Concluding remarks forChapter 6. This chapter successfully extended the suffix-reading

paradigm from the sequential domain, as developed in the first part of this thesis, to the more

complex realm of concurrent systems. We began by identifying the "interleaving explosion"

as a primary barrier to the succinct modeling of concurrent specifications. In response, we
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introduced the Multi-port Suffix-reading Automaton (mDSA), a model that uses a partitioned

alphabet and a parallel composition operator to abstract away from specific event orderings.

The main contribution of this chapter was the development of a novel and robust opera-

tional semantics to handle the complex requirements of concurrent event-based reasoning. By

introducing a tape-based configuration, (q, w, θ), which maintains the full history of inputs

along with a marker for the last transition, we resolved the fundamental dilemma between

needing persistent context for some conditions and fresh trigger events for others. We have

thus established a formal, well-defined model capable of specifying complex, concurrent, and

pattern-based system requirements in a concise and intuitive manner.

While the mDSA model presented here can recognize intricate combinations of inputs

across multiple ports, many reactive systems must also produce outputs or actions in response.

In many practical specifications, an output generated by the system can immediately alter the

state of the world, thereby influencing the conditions for subsequent transitions. To faithfully

model this behaviour and to provide a formal semantics for industrial notations like EDTs,

our model requires one final extension. The next chapter will introduce this feature, defining

‘mDSA-with-outputs’ and exploring the computationally significant consequences of adding

this feedback mechanism.



Chapter 7

Multiport DSA with outputs

The previous chapter extended the suffix-reading paradigm to handle concurrent inputs via the

Multi-port DSA model. However, this represents only half the behavior of a typical reactive

system, whichmust not only process inputs but also produce outputs in response. This chapter,

based on the work presented in [KSV26], introduces this final, critical feature, transforming

our automaton from a passive recognizer into an active computational model.

A key motivation for this extension is the need to model the powerful feedback loops

present in many system specifications. An output generated by one transition can be imme-

diately appended to the system’s history, thereby becoming part of the input context for the

very next transition. Attempting to model this dynamic by encoding output values into the

finite state control would lead to a combinatorial explosion in the number of states. A more

direct and scalable approach is to incorporate outputs directly into the transition mechanism.

To this end, this chapter formally defines ‘mDSA-with-outputs’. We will extend the transi-

tion syntax to include an output component and enhance the semantics to allow for ‘epsilon-

transitions’; actions that can be triggered by the current history without consuming new ex-

ternal input, enabling the automaton to evolve based on its own generated outputs. We will

show that this small extension has significant consequences, leading to a large degree of com-

putational power.

73



Chapter 7. Multiport DSA with outputs 74

Structure of this chapter. The chapter will proceed as follows. We start with a motivat-

ing example. In Section 7.1, we will present the formal syntax and operational semantics

for the mDSA-with-outputs model. Second, in Section 7.2 we will analyze its computational

complexity, proving that the state reachability problem becomes PSPACE-complete [KSV26].

Finally, in Section 7.3 we will apply this fully-featured model to provide the first formal op-

erational semantics for the industrial ‘Expressive Decision Table (EDT)’ notation [VSKA14],

demonstrating the direct practical relevance of our theoretical investigation.

Amotivating example. In Section 6, we have seen multi-port DSAs which process inputs

across several ports and match transitions. In many situations, requirements also talk about

outputting values to certain ports when transitions match. Here is an example of some re-

quirements of a Car Alarm module, adapted from [VSZA15].

1. If the most recent values on Ignition (I) and Alarm (A) are Off, and the last two values on

the Panic Switch (P ) are Press;Press, then the value On is output on the port Alarm.

2. If the last three values on the Panic Switch are Release;Release;Release, and

the Alarm is On, then output False on Flash (F ) and Alarm.

3. If last value on Ignition is On, then False is output on Flash and Off is output on Alarm.

The first requirement checks for I : Off ∥ A : Off ∥ P : Press; Press and immediately

writes A : On. The check-and-update is a fully atomic operation. One way to model this

requirement as an mDSA would be to absorb port A as part of the state: that is the state of

the mDSA is defined using values of such ports that are used both for inputs and outputs.

However, this would lead to an exponential blowup in the number of states when there are

multiple such ports that are both read and written on transitions. To succinctly capture re-

quirements with outputs, we allow both reads and writes on all ports and define mDSAs with

outputs. Later, in Section 7.3 we will use these mDSAs-with-outputs to give a semantics for

the industry notation Expressive Decision Tables (EDTs).



75 Chapter 7. Multiport DSA with outputs

7.1 mDSA-with-outputs: formal syntax and semantics

The syntax of mDSA-with-outputs is almost the same as that of mDSAs. The only difference

is in the syntax of transitions. As before, there is a multiport alphabet Σ = ⟨Σ1, . . . ,Σk⟩. An

mDSA-with-outputs B is a tuple (Q,Σ, q0, δ) where Q is a finite set of states, q0 is the initial

state and δ is a finite set of transitions. We do not view these automata as language acceptors,

and so we do not specifically define accept states. We will instead discuss state reachability.

Transitions. A transition now looks like:

q
I1:u1 ∥ I2:u2 ∥ ··· ∥ Iℓ:uℓ−−−−−−−−−−−−−−−−−→

O1:b1 ∥ O2:b2 ∥ ··· ∥ Om:bm
q′

where q, q′ are states; each uj is a word in the port alphabet of Ij ; and each bj is a letter in

the port alphabet of Oj . We remark that {I1, . . . , Ik} ∩ {O1, . . . , Om} may be non-empty. In

other words, some of the ports may appear both as input and output in a transition.

Semantics. Configurations of B are the same as before, given by (q, w, θ) with q a state, w

the word seen so far and θ a position of the tape head. The semantics is a transition system

SB = (S, s0,−→) where S is the set of configurations, with s0 being the initial configuration

(q0, ε, 0). Let ρ = (q, (I1 : u1 ∥ · · · Iℓ : uℓ), (O1 : b1 ∥ · · · ∥ Om : bm), q
′). There are three

kinds of transitions in SB:

• ε-transitions. (q, w, θ)
ε−−→
ρ

(q′, wb1b2 . . . bm, |w|) if the input condition (I1 : u1 ∥ · · · ∥ Iℓ :

uℓ) matches the tape configuration (w, θ); in that case move the tape head to the end of w

and write all the outputs to the right of w (order of writing does not matter).

• transitions on input letters. if no outgoing transition from q has a label that matches the

current tape configuration (w, θ), then there is no ε transition out of (q, w, θ) and the

mDSA-with-outputs listens to further input letters:

– (q, w, θ)
a−−→
ρ

(q′, wab1b2 . . . bm, |wa|) if I1 : u1 ∥ · · · ∥ Iℓ : uℓ matches (wa, θ); then,

move the tape head to the end of wa and write the outputs after that,
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– (q, w, θ)
a−−→ (q, wa, θ) if no transition out of q matches (wa, θ).

Notice that the transitions on input letters have the same matching semantics as in an mDSA,

except now they also write all the outputs to the end of the word. The main change is the

presence of ε-transitions. Since we write outputs after matching a transition, on reaching a

new state q′ there could already be transitions out of q′ that match the current tape. Previously,

in mDSA, this would not happen, since the tape head would be at the end of the word, and at

least one port should see a fully fresh match.

Surprisingly, this ability to produce outputs which can in turn be consumed by input con-

ditions, creates complex behaviours. We illustrate this additional difficulty by presenting an

mDSA-with-outputs that can succinctly encode an N -bit counter.

N-bit counter.

We wish to implement addition of an N -bit counter using an mDSA-with-outputs that has

3 states {qinit, q0, f}, N + 1 ports and O(N) transitions. Suppose bN−1bN−2 . . . b1b0 are the

N bits, with bN−1 the most significant bit and b0 the least significant bit. Addition can be

implemented using N rules: for j ∈ {0, . . . , N − 1}

• if bj = 0 and bj−1 = bj−2 = · · · = b0 = 1, then change bj := 1 and bj−1 = bj−2 = · · · =

b0 := 0

Starting from 0 for all bits, there will be exactly one rule that will be applicable each time.

Applying the relevant rule each time will lead to bN−1 = bN−2 = · · · = b0 = 1 in 2N −1 steps.

Tomodel this counter using anmDSA-with-outputs, we can useN ports bN−1, bN−2, . . . , b0

each having two values {0, 1}. From the initial state qinit, we can first read a dummy letter

(in a fresh port), write 0 to all ports bN−1, . . . , b0, and move to state q0. From q0 to q0, there is

a transition for each j ∈ {0, . . . , N − 1} in the following form:

q0
bj :0 ∥ bj−1:1 ∥ ··· ∥ b0:1−−−−−−−−−−−−−−−→
bj :1 ∥ bj−1:0 ∥ ··· ∥ b0:0

q0

These transitions start a sequence of 2N −1 ε transitions which finally result in all ports bN−1
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to b0 being 1. To mark the end of the computation, we add an extra transition from q0 that

checks if bN−1 : 1 ∥ bN−1 : 1 ∥ · · · ∥ b0 : 1 and moves to f . Notice that the length of the tape

when the automaton reaches f is exponential in the size of the input automaton. Therefore,

the witness for reachability is exponential. We have crucially used the ability to have ports

that can be used both as inputs and outputs. We will now pin down the complexity of the

reachability problem in mDSA-with-outputs.

7.2 Complexity of state reachability

We now look at the state reachability problem: given an mDSA-with-outputs B and a state

q, does there exist a word that reaches q? Without outputs, this problem is simply a graph

reachability problem, like in a DFA or a DSA. The presence of outputs makes this problem

harder, as seen in the N -bit counter.

Theorem 7.1. Emptiness for mDSA with outputs is PSPACE-complete.

Proof. Pspace upper bound. Let B be an mDSA-with-outputs. Consider the transition system

SB describing the semantics of B. Each node in the transition system is of the form (q, w, θ)

where w can become arbitrarily long. Therefore, the transition system, viewed as it is, is

infinite. Suppose M is the maximum length among all words used in the transition labels of

A. This is the maximum length of a suffix that will be checked for in a transition. To detect

whether u1 ∥ u2 ∥ · · · ∥ uk matches a configuration (q, w, θ), it is sufficient to maintain the

lastM letters seen in each port. We now explain how this can be implemented.

Assume that in configuration (q, w, θ), every projection Pi(w) of the word w has at most

M letters. We apply the criteria for verifying if (u1 ∥ u2 ∥ · · · ∥ uk) matches the tape

configuration (w, θ) as in Definition 6.2. Now, when we append a ∈ Σi to the end of w: if wa

contains M + 1 letters in port i, that is |Pi(wa)| = M + 1, then let w′ be the word obtained

by deleting from wa the first occurrence of a letter in Σi. Let b be this letter. If b appeared at

a position strictly greater than θ in wa, then we do not need to change the tape head (θ′ = θ);

otherwise, b appears on or before θ, and we reduce tape position by 1 (θ′ = θ− 1). This gives
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a new tape configuration (w′, θ′). Transitions point to the new truncated configuration. Call

the new truncated transition system as SB
finite.

This bounds the tape length toM×k, where k is the total number of ports. So, the total size

of the truncated transition system is exponential in the size of the input. To verify emptiness,

it is sufficient to guess a path in this transition system. Since each node requires polynomial

space, and the length of the witness is bounded by an exponential in the size of the input,

we deduce a Pspace upper bound for the emptiness problem, following standard complexity

theoretic arguments.

Pspace-hardness. For the hardness, we give a reduction from this problem: given DFAs

D1, D2, . . . , Dn over a common alphabet Σ, the DFA-intersection-emptiness asks if there ex-

ists a word in the language of all the n DFAs. This is known to be Pspace-complete [Koz77].

Let Dj = (Qj, q
init
j , δj, Fj) be the description of DFA Dj . The mDSA-with-outputs BD that

we will construct makes use of n ports to store the state reached by each of the DFAs.

We will have one input port I with Σ as alphabet, and n ports Sj (for j ∈ {1, . . . , n}),

with Σj = Qj being the states of DFA Dj . We add a special port L with alphabet $ that will

be used for book-keeping. Let sinit be the initial state of BD. There is an initial transition that

reads the special character $ and writes the initial state of each DFA to the respective ports,

and moves to s0:

sinit
L:$−−−−−−−−−−−−−−−−−−−−→

S1:qinit
1 ∥ S2:qinit

2 ∥ ··· ∥ Sn:qinit
n

s0

From s0 we have a gadget that reads the next input and then sequentially updates the states

of each DFA by writing the new states in the respective ports.

• the process starts with a transition s0
I:a−−→
L:$

sa1;

• there are states saj for all j ∈ {1, . . . , n}, and for all a ∈ Σ;

• for every transition (qj, a, q
′
j) in Dj we have: saj

L:$ ∥ Sj :qj−−−−−−−→
L:$ ∥ Sj :q′j

saj+1, with san+1 := s0.

When an a is read at s0, the automaton moves to sa1 and the tape head moves to the position

of a. Since the same transition also writes a $ to L, there will be an outgoing transition from
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sa1 that matches: this transition would be the one corresponding to the current state of D1.

Then, the automaton goes to sa2, and the process continues until the automaton comes back

to s0, giving rise to a sequence of n ε-transitions from sa1 back to s0.

This is the basic construction that simulates the n DFAs using an mDSA-with-outputs. To

detect acceptance, we can add special ports B1, B2, . . . , Bn. Whenever we reach an accepting

state inQj we write 1 to this port, and when we reach a non-accepting state, we write 0. Add

a transition B1 = 1 ∥ B2 = 1 ∥ · · · ∥ Bn = 1 from s0 to a special state f . The intersection of

D1, . . . , Dn is empty iff f is reachable.

For every letter a and every port j there is a state saj . There are transitions saj to saj+1 for

each every transition in Dj . Total number of states is (|Σ| · n) + 2, and the total number of

transitions is proportional to
∑

j δj . Therefore, the overall construction is polynomial-time.

7.3 Expressive decision tables

As mentioned earlier in this document, Expressive Decision Tables (EDTs) [VSKA14] are a

tabular notation for specifying software requirements and have been used in various industrial

settings [VSZA15, AVS+20]. An EDT specification consists of tables where columns specify

input, output and input/output (I/O) ports, and rows specify the relationship between input

and output values on these ports. Each port is associated with an alphabet and each cell in the

table consists of a string of letters from this alphabet. The original work on EDTs contained

timing constraints in the cells and interpreted the EDT over a notion of discrete-time. In this

document we consider EDT without time. A cell in an EDT table is said to match when the

string given in that cell is a suffix of the values seen for the input port corresponding to that

cell’s column. A row of an EDT matches when all the cells corresponding to that row match

and one cell matches on the last input. Table 7.1 gives the EDT specification of the Car Alarm

module described in the beginning of this chapter. We write F for Off and False, N for

On, P for Press and R for Release.

In the example EDT the input ports are prefixed with in and output ports are prefixed with
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Table 7.1: EDT for an Alarm module

s.no in I in P in A out A out F

1 F P;P F N

2 R;R;R N F F

3 N F F

out. Input/Output ports are prefixed with both in and out. These are the ports that appear on

both sides of the EDT, as inputs as well as outputs.

A test case for a requirement is a sequence of values that match the EDT row correspond-

ing to that requirement. The use of EDTs and test case generation algorithms from EDT

specifications have been widely studied [VSZA15, AVS+20]. However, the notation lacks a

rigorous formal semantics, except for a brief description of key elements of formal seman-

tics in [VSKA14]. Hence, none of the test case algorithms use formal techniques like model

checking and instead rely on random generation using heuristics. These algorithms, there-

fore, cannot prove that an EDT row cannot be matched and also find it hard to match certain

rows. We overcome both these limitations by providing a formal semantics for EDTs (without

timing) through a translation to mDSA-with-outputs.

7.3.1 Translating EDT to mDSA-with-outputs

An EDT with C columns and R rows is translated to an mDSA, with one state q0 and an

alphabet Σ = ⟨Σ1 · · ·Σ|C|⟩. Each Σi corresponds to the port of column i and the letters of the

alphabet correspond to the values that the signal can take, prefixed by ⟨Portname :⟩. Thus if

the Port name of the first column isA and its alphabet is a1, a2, · · · , ak then the corresponding

alphabet Σ1 = A : a1, A : a2 · · ·A : ak. Each EDT row is translated to an mDSA as follows:

• The mDSA has exactly one state q0

• There is a transition corresponding to each row with q0 as both the source and target state.

• The label of each transition consists of all the strings in the cells of the input columns of

the row combined using the ∥ operator.
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q0start

I : F∥P : P ;P : P∥A : F / A : N

P : R;P : R;P : R∥A : N /A : F∥F : F

I : N /A : F∥F : F

Figure 7.1: mDSA of the Alarm EDT

• The output of the transitions are the strings in the cell corresponding to the output columns,

combined using the ∥ operator.

ThemDSA in Figure 7.1 is anmDSA specification corresponding the EDT given in Table 7.1

To generate a test for a certain row r, we can first add a special state qr, and make the

transition corresponding to this row point to qr instead of q0. A test for r then reduces to a

witness for the reachability of qr.

7.3.2 Experiments

We have implemented a prototype test generator for EDTs using the translation of EDTs to

mDSA-with-outputs [AK25]. In our implementation, we translate the given EDT T into an

mDSA-with-outputs BT and simulate the semantics of BT using the finite transition system

SBT

finite described in the proof of Theorem 7.1.

First we look at a couple of small EDTs. Suppose we want a testcase for Row 1 in Table 7.1.

Encoding this in our tool gives a testcase (P ;P ) for Row 1, when default values for I and A

are set to F . Next we look at Table 7.2, a partial representation of a wiper module in a car.

The tool finds a testcase (park;notpark) for Row 2.

Table 7.2: EDT for a Wiper module

sno in
ignition

in
wiperswitch

in
parksensor

in
error

out
wipercmd

out
error

1 on on false wipe
2 (park;notpark) dontwipe true

We now present an EDT for which our tool can solve the test generation problem, whereas

randomized techniques will have low success probability. The EDT is a slight variation of the
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Table 7.3: Implementing a binary counter for 3 bits

T t2 t1 t0 ST t2 t1 t0 ST

✓ +
0 + 1 −

0 1 + 1 0 −
0 1 1 + 1 0 0 −

N bit counter presented in Section 7.1. We depict a part of the EDT for three bits in Table 7.3.

In addition we add a row to check for all ti = 1 , and also have an extra letter in the port T .

Therefore there is exactly one sequence that makes all the ti equal to 1. Randomized tech-

niques have a low probability of generating such a test case. Our prototype implementation

generates a test case for N = 5.

Our goal with the experiments was not to present a scalable tool for EDT test generation.

We aimed to create a simulator for mDSA-with-outputs, which we have applied on EDT test

case generation. As future work, we plan to investigate scalable algorithms for reachability

in mDSA-with-outputs.

Concluding remarks for Chapter 7. This chapter presented the final evolution of the

suffix-reading automaton model: the ‘mDSA-with-outputs’. By incorporating the ability for

transitions to atomically produce outputs that arewritten back to the history tape, we created a

model capable of specifying complex, reactive, and concurrent systems, as shown in [KSV26].

The central new dynamic introduced was the feedback loop enabled by ‘epsilon-transitions’,

which allow the automaton to execute a cascade of actions based on its own generated outputs

without requiring external stimuli.

The impact of this feature was captured in the chapter’s main theoretical result: the

proof that state reachability for mDSAs-with-outputs is PSPACE-complete [KSV26]. The N-

bit counter example demonstrated how the history tape can be used as a working memory of

exponential size, formally capturing the computational power unlocked by this input-output

mechanism.

The practical need to provide a formal foundation for the industrial ‘Expressive Decision

Table (EDT)’ notation [VSKA14] motivated the theoretical extension from DSA to mDSAs-
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with-outputs. With the introduction and analysis of the mDSA-with-outputs, our develop-

ment of the suffix-reading automata family is now complete. We have journeyed from a foun-

dational model for sequential patterns to a powerful formalism for concurrent, reactive sys-

tems. The final chapter will now step back to summarize the overarching contributions and

implications of this entire body of work, and to outline promising avenues for future research.
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Chapter 8

Conclusion

This thesis set out to address a fundamental and persistent challenge in computer science: the

concise and intuitive formal modelling of complex systems. While Deterministic Finite Au-

tomata (DFAs) provide the theoretical bedrock for specifying and verifying regular properties,

their practical application is often hampered by the state explosion problem. For specifications

that are pattern-intensive or inherently concurrent, the number of states required in a classi-

cal DFA can become unmanageably large, rendering the resulting models difficult to create,

comprehend, and analyze. Existing extensions to DFAs, such as symbolic or generalized au-

tomata [VHL+12, GM99], offer partial solutions by tackling alphabet size or fixed-sequence

matching, but they fall short in scenarios where system behaviour is dependent on sparsely

distributed patterns separated by irrelevant sequences of events.

The research presented in this thesis introduces and develops a new automaton paradigm

(suffix-reading) to fill this gap. We began by formalizing the Deterministic Suffix-reading

Automaton (DSA) [KSVV26], a model that enriches classical automata with the ability to

trigger transitions based on suffixes of the input word read so far. This work has established

the theoretical foundations of this model, extended it to the crucial domain of concurrent

systems with the Multi-port DSA (mDSA) [KSV26], and demonstrated its practical utility

by providing the first formal semantics for an industrial specification language (EDT). In doing

so, this research offers a novel perspective on automata theory and its application, bridging

the gap between high-level system requirements and executable formal models.

85



Chapter 8. Conclusion 86

Summary of Contributions

The contributions of this thesis are twofold, corresponding to the theoretical investigation of

the single-stream DSA model and its extension and application to concurrent systems.

1. Deterministic Suffix-reading Automata: Modelling Pattern-Intensive Specification

The first major contribution of this work was the introduction, formalization, and analysis of

the Deterministic Suffix-reading Automaton. Unlike traditional automata that process input

letter-by-letter, a DSA operates on a "wait-and-jump" principle. It can remain in a state, pas-

sively consuming input, until a sequence of symbols matching a transition’s label appears as

a suffix of the word seen so far. This capability is particularly powerful for "pattern-intensive"

languages, where key events are interspersed with arbitrary, "don’t care" sequences.

We formally proved that DSAs recognize exactly the class of regular languages. Their

value lies not in greater expressive power, but in succinctness. We established that for cer-

tain families of languages, DSAs can be exponentially more concise than their minimal DFA

equivalents (Lemma 3.6, Chapter 3). To facilitate meaningful comparison, we defined the to-

tal size of a DSA as the sum of its states, edges, and the lengths of its word-based labels, a

more faithful measure of complexity than state count alone.

A significant technical contribution was the development of a DFA-to-DSA derivation

procedure (Chapter 4). This constructive algorithm provides a systematic method for ob-

taining a language-equivalent DSA from a given DFA by identifying and "suppressing" inter-

mediate states. We identified sufficient conditions for this conversion to be correct, formaliz-

ing them through the idea of suffix-tracking sets, via suffix-compatible transitions, and

well-formed sets. These conditions ensure that collapsing a path of DFA transitions into a

single, suffix-reading DSA transition preserves the original language (Theorem 4.10).

The investigation into finding aminimal DSA for a given language yielded several impor-

tant results. We demonstrated that, unlike for DFAs, a minimal DSA is not necessarily unique

(Lemma 5.1). More surprising was the discovery that starting our derivation procedure from

the canonical (minimal) DFA of a language does not guarantee a minimal DSA. In some cases,
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a smaller DSA can be derived from a larger, non-minimal DFA (Figures 5.2, 5.3). This insight

reveals a fundamental complexity in DSA minimization: the optimal structure for a suffix-

reading model may be obscured by the structure of a minimal letter-by-letter model. Building

on this, we proved that the problem of deciding if a given language has a DSA of total size

less than or equal to a given bound k is NP-complete (Theorem 5.3). This hardness result

underscores the challenge of optimal DSA synthesis and justifies the use of non-canonical

methods, such as our derivation procedure, for practical applications.

In response to these complexity challenges, we defined a restricted subclass, Strongly

Deterministic Suffix-reading Automata (sDSAs), which imposes a syntactic constraint

on outgoing labels to prevent prefix-suffix ambiguities. For this class, we proved a positive

result: everyminimal sDSA can be derived from the canonical DFA (Theorem 5.7). This finding

delineates a tractable subset of DSAs for which minimization is more straightforward and

provides a path towards avoiding the complexity of the general case.

2. Multi-port DSA: Handling Concurrency and Enabling Practical Application

The second part of this thesis extended the suffix-reading paradigm to concurrent systems,

which represent a major source of state explosion for classical models. We introduced the

Multi-port Deterministic Suffix-reading Automaton (mDSA), a model where the alpha-

bet is partitioned across multiple ports, and transitions are triggered by a conjunction of suffix

patterns occurring across these independent streams. A transition labeled u1∥u2, for instance,

fires only when a suffix matching u1 has been observed on port 1 and a suffix matching u2 has

been observed on port 2 (in any order across the ports).

A key challenge was defining a coherent operational semantics. A naive approach of sim-

ply consuming matched prefixes was shown to be inadequate for specifications where past

events on one port must remain context for future events on another (Section 6.1). Our so-

lution was to equip the mDSA with a memory of the input history on a tape, along with a

marker θ, indicating the position of the last transition match. A new transition can fire only

if at least one of its component patterns appears entirely after this marker, resolving the am-

biguity between needing "fresh" events versus persistent context (Definition 6.2).
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To model modern reactive systems, we further extended the model to mDSAs-with-

outputs, allowing transitions to atomically write values to ports upon firing. This feature,

where outputs can immediately influence the conditions for subsequent transitions, makes

the model more powerful but also computationally more complex. We demonstrated that

these automata are powerful enough to succinctly encode an N-bit counter, where the length

of the execution trace grows exponentially with the size of the automaton. This led to our

second major complexity result: state reachability for mDSAs-with-outputs is PSPACE-

complete (Section 7.2).

Finally, we grounded this theoretical work in a practical application by usingmDSAs-with-

outputs to provide the first formal operational semantics for Expressive Decision Tables

(EDT), a tabular notation used in industry for specifying software requirements [VSKA14,

AVS+20]. We developed a translation from the core components of the EDT notation into an

mDSA-with-outputs, therebymaking EDT specifications amenable to formal analysis [KSV26,

Section 5.1]. Test case generation for an EDT row reduces to the state reachability problem in

the corresponding mDSA.We implemented a prototype tool based on this translation, demon-

strating its ability to automatically generate test cases for intricate, concurrent specifications

that would be challenging for randomized or heuristic-based methods (Section 7.3.2).

Limitations and Future Work

While this thesis establishes a solid foundation for suffix-reading automata, it also indicates

the boundaries of current work and opens several promising avenues for future research.

TheNP-completeness of DSAminimization and the PSPACE-completeness ofmDSA reach-

ability are significant theoretical hurdles. Our work justifies the use of heuristics, but the de-

velopment of sophisticated approximation algorithms with provable performance guarantees

is an important next step. It would also be valuable to identify broader classes of languages

or automata, beyond sDSAs, for which minimization is tractable.

The operational semantics of mDSAs, while precise, are more complex than those of clas-

sical automata. This trade-off between expressive convenience and semantic simplicity war-
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rants further investigation, including studies to assess the "readability" and practical usability

of the mDSA model for engineers. The PSPACE-hardness of the reachability problem also

indicates a potential benefit in exploring techniques from symbolic reachability analysis.

Looking forward, this work suggests several exciting research directions:

• Automata Learning: A compelling direction is to develop learning algorithms, in the

spirit of Angluin’s L*, to automatically infer DSA or mDSA models from system observa-

tions. Such a technique would enable the modeling of black-box systems, facilitating their

analysis and verification without requiring manual specification.

• Real-Time and Probabilistic Extensions: Many real-world systems have real-time con-

straints. Extending the mDSA model with clocks and timing constraints, as hinted at by

the original context of EDTs [VSKA14], would vastly increase its applicability to cyber-

physical and embedded systems.

• Hybrid Models: As DSAs tackle pattern-length complexity and symbolic automata han-

dle alphabet-size complexity, a hybrid model combining both paradigms is a natural and

powerful extension. A "symbolic DSA" could use predicates on characters within its suffix-

based word labels, offering a unified solution to two orthogonal sources of state explosion.

• Enhanced Tooling and Scalable Analysis: The prototype mDSA tool demonstrates fea-

sibility [AK25], but scalable analysis for industrial-sized problems will require more ad-

vanced techniques. Exploring symbolic model checking, abstraction-refinement, and other

static analysis methods to tackle the PSPACE-hard reachability problem is a critical avenue

for future practical impact. Furthermore, investigating closure properties (e.g., union, in-

tersection) directly on the DSAmodel could lead tomore efficient composition and analysis

algorithms.

Concluding Remarks

The journey from the abstract theory of computation to the concrete practice of software engi-

neering is fraught with challenges of scale and complexity. This thesis attempts to bridge that
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divide by proposing a new automaton model designed with the structure of modern software

specifications inmind. The suffix-reading paradigmmoves away from the low-level, letter-by-

letter view of computation and toward a higher-level, pattern-centric perspective that aligns

more closely with how developers and system architects reason about system behaviour.

By establishing the theoretical properties of DSAs, uncovering the complexities of their

minimization, extending them to handle the concurrency inherent in modern systems, and ap-

plying them to a practical industrial notation, this work offers a complete, end-to-end research

narrative. It demonstrates that the pursuit of more succinct and intuitive formal models is not

merely an academic exercise but a vital step toward building more reliable and robust soft-

ware systems. The theory and tools for suffix-reading automata presented here can hopefully

provide a new lens through which to view regular languages, and enable a new instrument in

the toolkit of the verification scientist and the software engineer.
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Appendix A

Bounded test generation

This appendix illustrates a solver-based approach to test case generation, in the context of

EDTs. The encoding is based on a version of the semantics prior to the introduction of mDSA-

with-outputs, from an unpublished document. But the idea is readily configurable using the

semantics detailed in this thesis as well; the corresponding rewriting is omitted.

A.1 Mealy machines

We recall the definition of a Mealy machine below.

Definition A.1 (Mealy machine). Let Σ and Γ be finite input and output alphabets respec-

tively. A Mealy machine is a tuple (Q, q0,Σ,Γ, δ) where Q is a finite set of states, q0 is the

initial state and δ : Q×Σ → Γ∗×Q is a partial transition function. A transition q
a−→
w

q′ maps

the source state q and input letter a ∈ Σ to the output word w ∈ Γ∗ and target state q′.

A run of a Mealy machine is a sequence of transitions starting from the initial state: q0
a0−→
w0

q1
a1−→
w1

· · · ak−→
wk

qk+1. Since the machine is deterministic, there is a unique run for every input

word a0a1 . . . ak ∈ Σ∗. The semantics of the Mealy machine is given by the set of paired

words {(a0, w0)(a1, w1) · · · (ak, wk)} obtained from each run of the above form. We denote

the semantics of Mealy machineM by L(M).

97
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A.2 Basic EDT

We look at a fragment of EDT that contains only a basic feature: each row can check for

atomic conditions on the input side and output a single value on the output side. Table A.1

gives a basic EDT, which will be used as a running example in this section. We will formalize

what it means to say that a row (which we will call a rule) matches in a given sequence of

inputs, and what to do if multiple rules match. Based on this definition, we will get a Mealy

machine representation for basic EDTs.

Table A.1: A Basic EDT T1

sno I1 I2 S1 S2 S1 S2 O1

1 a 1

2 b 1 0 1

3 c 0 1 o1

4 c o2

Let I = {I1, I2, . . . } be a set of input variables, S = {S1, S2, . . . } a set of local variables

(also called state variables) and O = {O1, O2, . . . } a set of output variables. We denote by V

the set I ∪S ∪O of all variables. For each variableX ∈ I ∪S ∪O, let ΣX be a finite alphabet

denoting the set of values thatX can take. We will call the union I ∪S as input-side variables

and S ∪O as output-side variables. Each variable is assumed to have a specified default value.

For Table A.1, let us take the default values I1 = a′, I2 = c′ (both these letters a′, c′ do not

appear in any rule), S1 = 0, S2 = 0 and O1 = o1.

A condition is a term of the form (X = b)whereX ∈ I∪S is an input-side variable and b ∈

ΣX . A guard is a conjunction of conditions such that there is at most one condition involving

each input-side variable: (I1 = b) ∧ (S1 = 1), with the symbol ∧ denoting conjunction, is

the guard coming from row 2. An assignment is of the form Y := b where Y ∈ S ∪ O is an

output-side variable and b ∈ ΣY . An update is a set of assignments such that there is at most

one assignment per output variable: S1 := 0 ∧ S2 := 1 is the update of row 2. For any guard

G and update U , we write Var(G), Var(U) respectively for the set of variables present in G

and U .
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Definition A.2 (Basic EDT). A basic rule (also called a row) R is a guarded update of the

form G ⇒ U , where G is a guard on input-side variables, and U is an update to output-side

variables. A basic EDT is an ordered set of rules R1, . . . , Rm, where each Ri is of the form

Gi ⇒ Ui. Rule Ri is said to have higher priority than rule Rj if i < j.

The running example can be written as the rules: R1 : (I1 = a) ⇒ (S1 := 1), R2 : (I1 =

b)∧(S1 = 1) ⇒ (S1 := 0)∧(S2 := 1) and so on forR3 andR4. Intuitively, a stand-alone basic

ruleG ⇒ U says that whenever the input-side guardG becomes true, perform the output-side

update U . However as an EDT comprises of a set of rules, multiple rules can simultaneously

become true. Moreover, changes to local variables are assumed to be “instantaneous” and

hence an update Ui can immediately trigger a new guard Gj whose update Uj triggers a Gl

and so on. We will first define the semantics of rule match given a stream of inputs and local

variables, for which we need some preliminary notions.

A partial valuation of V = I ∪ S ∪ O is a partial function mapping X ∈ V to a ∈ ΣX .

Not all X ∈ V needs to have a value. We use partial valuations to model signals that only

change the value of some of the variables. However at any point in time, all the variables

have a defined value in our semantics. For a partial valuation u, we write dom(u) to denote

the domain of u. Consider a sequence π : u0u1 . . . un of partial valuations of the entire set of

variables V . We will say that π is relevant if it starts from the valuation u0 that maps every

variable to its default value. We define vπ, a total valuation over input-side variables I∪S : for

X ∈ I ∪S , vπ(X) = ui(X) where i ≤ n is the largest index withX ∈ dom(ui) — essentially

this gives the last seen value for each input-side variable at π. This valuation will be needed

for the guard match semantics.

Definition A.3 (Semantics of rule match). Let π : u0u1 . . . un be a relevant sequence of partial

valuations of V . A condition X = a matches at π if vπ(X) = a. A guard G matches at π if

every condition (X = a) ofGmatches at π. A guard is said to freshly match at π if it matches

at π andX ∈ dom(un) for at least oneX ∈ Var(G). A rule G ⇒ U matches at π if G freshly

matches at π.

For example: sequence π1 : u0 ⟨I1 = a⟩ matches rule 1 of Table A.1, but it does not match
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any other rule. The sequence π′
1 : u0 ⟨I1 = a⟩ ⟨S1 = 1⟩ obtained after the trigger of rule 1,

does not match rule 1 since this is not a fresh match. A new occurrence of a is needed to

trigger rule 1 again. The sequence π2 : u0 ⟨I1 = a⟩ ⟨S1 = 1⟩ ⟨I1 = b⟩ ⟨S1 = 0, S2 = 1⟩

⟨I2 = c⟩ matches two rules: 3 and 4. The updates of all rules need to be performed at π2,

however there is a conflict in the updates: rule 3 updates O1 to o1 and rule 4 updates O1 to

o2. In such a case of conflict, the rule with the higher priority gets triggered, here it will be

rule 3. We have incorporated the updates to state variables already in π2: notice that the first

I1 = a is followed by S1 = 1 due to trigger of rule 1. Notice also that there is an alternation

between inputs and state changes.

Definition A.4 (Conflict between rules, Semantics of rule trigger). Two rules Ri and Rj are

said to be in conflict, written as Ri#Rj , if they perform different updates on some variable:

Ui(Y ) ̸= Uj(Y ) for some Y ∈ S ∪ O.

A ruleRi is triggered at sequence π ifRi matches at π and no higher priority row conflict-

ing with Ri matches at π: that is, there is no Rj with j < i such that Ri#Rj and Rj matches

at π. A sequence π is said to be stable if no rule is triggered at π, otherwise it is unstable.

Sequences π1 and π2 are unstable since row 1 is triggered at π1 and row 3 is triggered at

π2. For each unstable sequence π of partial valuations over V , a natural update valuation Uπ

over output-side variables S ∪ O is defined: for each Y ∈ S ∪ O, we have Uπ(Y ) = Ui(Y )

for some Ri that is triggered at π. Due to the conflict-free property, the choice of i does not

matter. For example Uπ1 = ⟨S1 = 1⟩ and Uπ2 = ⟨O1 = o1⟩. The sequence π2 has a special

property. After each prefix that ends with inputs, the immediate next set of state values is

given by the update function of the prefix. Suppose π3 := u0 ⟨I1 = a⟩ ⟨S1 = 1⟩ ⟨I1 = b⟩. The

next letter in the sequence is ⟨S1 = 0, S2 = 1⟩ which is essentially Uπ3 . This gives a notion of

valid sequences which describe the executions of the EDT.

Definition A.5 (Semantics of basic EDT). The set of executions of an EDT are defined in-

ductively as follows: the initial sequence u0 is an execution; for every stable sequence π, the

one-step extension πu is an execution for every partial valuation u such that dom(u) ⊆ I ; for

every unstable sequence π, the sequence πu where u is Uπ, is an execution. The set L(T ) of
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all executions of T gives the semantics of basic EDT T . EDT T is said to be consistent if from

any unstable sequence π, there is a bounded sequence of updates w such that πw is a stable

sequence.

A.2.1 Mealy machines for basic EDTs

The guards on rules depend solely on the values of the input-side variables, and not on the

actual value of the outputs. Moreover, to track if a guard matches at π, it is enough to know

valuation vπ giving the last seen values, and the set of variables that have a fresh value, that

is the set dom(un). This motivates the next definition: a configuration of a basic EDT is a pair

(v, ) where v is a valuation of input-side variables I ∪ S and ⊆ I ∪ S is a subset of input-

side variables, maintaining where the last change occurred. The configuration associated to

π : u0 . . . un is (vπ, π)where vπ is as defined before and π = dom(un). The semantics of a rule

match can be deciphered entirely from the configuration. We rewrite it for completeness: a

ruleG ⇒ U matches at a configuration (v, ) if (1) guardG is true: v(X) = b for every (X = b)

in G, and (2) it was a fresh match: Var(G) ∩ ̸= ∅. The semantics of rule trigger remains the

same. A configuration is stable if no rule is triggered in it, and it is unstable otherwise. As

before, the update function U(v,) is defined as the aggregated updates of the (non-conflicting)

rules that are triggered at (v, ). Observe that the number of configurations is finite. We use

these configurations to build a Mealy machineMT .

Definition A.6 (Mealy machine MT of basic EDT T ). The input alphabet Σin is the set of

partial valuations of I union a special symbol τ to denote an “internal” action. The output

alphabet Γout is the set of partial functions of S ∪ O union the special symbol τ .

States of this Mealy machine are the configurations of EDT T union a special state {⊥}

which is the initial state. Stable states wait for inputs, and unstable states perform the updates

given by the rules that are triggered in that state. This gives rise to the transition relation,

which we make precise next.

From the initial state there is a transition ⊥
ui
0−−→

us,o
0

(ui,s
0 , I ∪ S), where ui

0, u
s,o
0 and ui,s

0

are u0 restricted to I , S ∪ O and I ∪ S respectively. Transitions for all other states are as
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follows. From stable states (v, ) there is a transition (v, )
α−→
τ

(v′, ′) for each α ∈ Σin, where

v′(X) = α(X) for every X ∈ dom(α) and v′(X) = v(X) otherwise, and ′ = dom(α). From

unstable states (v, ) there is a unique transition (v, )
τ−→
θ

(v′, ′) where v′(X) = U(v,)(X) for

X ∈ dom(U(v,)) and v′(X) = v(X) otherwise; ′ = dom(U(v,)) ∩ S and θ = U(v,).

Let χ be the mapping that eliminates τ from the semantics of MT : χ((α, τ)) = α and

χ((τ, θ)) = θ. We extend χ to finite words: χ(uv) = χ(u)χ(v), and to languages of finite

words: χ(L) = {χ(w) | w ∈ L}.

Theorem A.7. L(T ) equals χ(L(MT )).

The EDT T will be consistent (Definition A.5) iffMT has no cycle of unstable states.

A.3 Test case search using SAT

A test case for a row is a sequence of inputs that triggers the particular row. Given an EDT T

and a row ri of T as input, the test generation problem is to decide if there exists an execution

π ∈ L(T ) such that ri is triggered in π.

Objective: Construct a propositional formula that holds true iff a given row in an EDT

has a test case within a certain bound

A.3.1 Example

I1 in S1 in S2 out S1 out S2 O

a l1 l2

l1

l2 o2

Given the above EDT, its corresponding Mealy Machine looks like

q00start q01 q10 q11
a/ε ε/l1 ∪ l2 ε/o2

a/ε
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where each of the states corresponds to the following configurations

q00 = ⊥,

q01 = {(a,⊥,⊥), {a}},

q10 = {(a, l1, l2), {l1, l2}}

and q11 = {(a, l1, l2), ∅}

In order to construct the propositional formula required, each state is represented by vec-

tors {(vI1 , vS1 , vS2), (λI1 , λS1 , λS2), (pr1 , pr2 , pr3 , pst)} with each entry a propositional vari-

able. Each vX denotes whether the variable X is currently holding its default value or not.

This representation works here since each variable has only one non-default value, but can

be extended to a general case using binary encoding. Each λX on the other hand, denotes

whether X was one of the variables to have changed value or not, on the transition from the

previous state to the current one.

We also have additional variables to denote whether a state is stable or unstable (pst), and

whether or not a row ri has matched (pri).

At the initial state, we have

I(s) := (¬vX ∧ ¬λX)∀X

Recalling the semantics of a row matching, we represent the transition relation. In this

case,

vI1 ∧ λI1 ⇔ pr1 (A.1)

pr1 ⇒ (v′I1 ∧ v′S1
∧ v′S2

) ∧ (λ′
S1

∧ λ′
S2

∧ ¬λ′
I1) (A.2)

vS1 ∧ λS1 ⇔ pr2 (A.3)

pr2 ⇒ (v′S1
∧ ¬λ′

S1
) ∧ (vI1 ⇔ v′I1) (A.4)

vS2 ∧ λS2 ⇔ pr3 (A.5)
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pr3 ⇒ (v′S2
∧ ¬λ′

S2
) ∧ (vI1 ⇔ v′I1) (A.6)

pr1 ∨ pr2 ∨ pr3 ⇔ ¬pst (A.7)

pst ⇒ v′I1 ∧ λ′
I1 ∧ ¬λ′

S1
∧ ¬λ′

S2
∧ (vS1 ⇔ v′S1

) ∧ (vS2 ⇔ v′S2
) (A.8)

T (s, s′) := (1) ∧ (2) ∧ (3) ∧ (4) ∧ (5) ∧ (6) ∧ (7) ∧ (8)

Let us consider a case where we are looking for a test case for the third row of the EDT,

with bound k = 2. For a path s0, . . . , sk to be a valid path of the Mealy Machine, the following

formula must be satisfied

M2 := I(s0) ∧ T (s0, s1) ∧ T (s1, s2)

The path (with bound 2) is a test case for r3 iff the following formula is satisfiable

Test2 := M2 ∧ pr3(s2)

In general, we can construct Testk for any bound k and given row ri of an EDT T (after

associating a unique output corresponding to each row, with oi for ri).

A.3.2 General case

As in the example, each state is represented by vectors of propositional variables

{(vI1 , . . . , vIp , vS1 , . . . , vSq), (λI1 , . . . , λIp , λS1 , . . . , λSq), (pr1 , . . . , prn , pst)}

The initial state is constrained by the formula

I(s) := (¬vX ∧ ¬λX)∀X
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Formulae for EDT semantics:

n∨
i=1

pri ⇔ ¬pst

pst ⇒
q∧

i=1

((vSi
⇔ v′Si

) ∧ (¬λ′
Si
)) ∧

p∨
j=1

¬(vIj ⇔ v′Ij) ∧
p∧

j=1

(¬λ′
Ij
⇔ (vIj ⇔ v′Ij))

∀ri = (Gi ⇒ Ui),

pri ⇔ (
∧

X∈Gi

vX ∧
∨

X∈Gi

λX) ∧ (
∧

¬pr′i)∀i
′ < i, r′i#ri

pri ⇒
∧

X∈Ui

(v′X ∧ λ′
X) ∧

∧
X/∈Ui

((vX ⇔ v′X) ∧ ¬λ′
X)

The first formula marks a state as stable or not depending on whether a row has matched.

The second formula handles updates if the state is stable; it constrains local variables to re-

main unchanged while at least one of the input values must change and be marked as newly

changed.

There are two formulae for each row ri, the first describing the conditions for it to match

and the second dealing with the update function. The first formula essentially checks if all

the requirements for the row are true, with at least one of them becoming true on the last

step, and that none of the higher priority rows in conflict with ri are currently matched. The

second formula simply updates all variables mentioned in the row output, marking them as

newly changed, while others remain the same and are marked as unchanged.

The formula for the transition relation of the Mealy Machine, T (s, s′) is given by the

conjunction of the formulae for the semantics.

We then define Mk constraining s0, . . . , sk to be a valid path in the Mealy Machine MT

corresponding to the EDT T

Mk := I(s0) ∧
k−1∧
i=0

T (si, si+1)

The path of length k corresponds to a test case for ri if the following formula is satisfiable

Testk := Mk ∧ pri(sk)
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