
Parti : From negative cycle to the test

Recall that :

2 Efnaz
'
⇐ FR . Rnz -1-01 and Rnz

'

=$

⇐> FR
. Rnz 1=10 and Fm , YEXU {03 sit .

Éxy + Ryx < (ED)
(from previous proposition?

Now
, we will show one side of the main theorem :

FR . Rn 2=101 and FM , y c- ✗ u {03 sit .

Éxy + Ryx < (ED)

⇒ Fn , ye
✗ u { 03 sit .

- 1 . 2×0 + (E
,
Mn) 7 15,07 and

-2 . 2'×y < Zxy and

-3
.
2'×y + (C

,
- My) < 2×0

PNof : Let R be s -7 . Rnz -1-01 and Roz
'

=D
.

Tos,① .

Since 2 '×y + Ryx is negative , Ryx t Cao)

⇒ ✗ C- Bounded (R) ( recall that there are no incoming edges to
unbounded clocks in R

,
that is ,

incoming edges to unbdd . clocks have (< ' • )

weight ?



This implies : Rox £ (£ , Mn)

Adding Zno to

both sides : Rox + 2×0 E CE , Mn) + 2×0

As Rnz -1-0 , the
cycle Rox -12×0 in min ( GR

,
Gz) is non - negative .

i. ( Sio) £ Rox 1- 2×0

This
gives : ( 5,07 £ IS

,
Mn) + 2×0 ( condition ① )

.

To show ② :
-

We have 15,07 I Zxy + Ryx as Rnz # $

2'×y + Ryx < CEO) by hypothesis .

Adding : Z '×y < Zxy (condition ②)

TOSh01N③:-

We will distinguish between two cases :

either
y

C- Bounded (R) or y ¢ Bounded ( R ) .

We start Klim the second case .



Case :
y ¢ Bounded (R) :
-
-

Ryx = K
,
- My)

+ Rox lby definition of GR)

[ notice that ✗ could as well

be the 0 Yariable
,

in

which case live have Roo -_ (Fo)]

26g + Ryx - CE ,o) by hypothesis .

-

-

. 2'×y + K
,
-

My) + Rox < ( f , 0)

1<-10) I Rox + 2×0 as Rn 2-1-01

Adding : Z '×y + ( < i - My) < 2×0 (condition ③)

Case :

y C- Bounded 427 :

K ,
-

My) < Ryo Cas y c- Bounded IR))

Ryo I Ryx + Rxo ( as Gp is canonical )

Z '×y + Ryx < C-907 ( by hypothesis?

Rxo £ 2×0 ( as we will show later )

Adding : Z'×y + Ki -My) < 2×0 (condition 3)

Remains
'

to show Rxo I 2×0 .



TO show:
-

Rxo £ 2×0

Suppose Rxo = Is , - c) Then Rox = ( s
,
c)

We know : ( E. 07 £ 2×0 +

Roxie
.

, 15,0) £ 2×0 + (£ , c)

Adding CE
,
- c) on both sides :

( f
,
- c) I 2×0 [ done]

Suppose : Rxo = ( <
,
- c) .

Then Rox = ( < , cts)

we know: (Sio) I 2×0 +

Roxie
, 15,0) I 2×0 + ( < , Ctl )

Suppose 2×0 = Ca , Cio) Where a c- { <is }

live have: ( 5,07 E la
, Cxo ) + ( <, cel)

ie. , ( E ,o) £ ( < , Cxo + c -11) → ⑦

Recall the ordering on weights : →
[ £10) ← 11) ⇐yl )

- - r

since the RHS of ⑤ has strict inequality < , we also have :

1<11 ) S ( < , go + CAD



We have shown :

( < , 17 E ( < , Cxo -1C -11 )

Adding ( < ,
-c- 1) to both sides :

( < ,
- c) £ ( <

, Cxo)

: ca - c) E (<I >

by ordering on weights

⇒ K
, - c) I 2×0 no matter what

a is .

( recall 2×0=(410×07)

ie. , Rxo £ 2×0 .



Alternate

ueg-antproof-givenb-yNiranja-ohiscaseicasei.geBounded (R)

Ryo £ Ryn + Rao ( by canonicity of Gr)

Rox + Rxo £ ( < in Cbg defiininition of GR)

2'×y + Ryn < ( Sio)

Adding all three:

Z'×y 1- Rox -1 Ryo < ( < , , )
-

⇒ 2'×y + Rox + Ryo £ ( Sio) [ due to ordering on weights]
- ①

1<-107 E Rox + Zxo [ as Rn 21=01]

-②

(< ,
-

My) < Ryo [as y c- Bounded 1127 ]
- ③

Adding ① , ② ,
③ gives :

Hy + ( < ,
-

My)
< 2×0 ! !



Party.2: From the test to a negative cycle .

Gin : Fury c- ✗ u { 0 } sit .

-1 . 2×0 + ( E
,
Mn) 3 ( E. 07 and

- 2 . Ziy <
Zxy and

- 3 . 2 '×y + (<
,
- My) < 2×0

To show:
-

FR . Rnz =/ § and 3-niy c- ✗ v90 } sit .

Z'xy + Ryx < (I ,o)

Pirot : We will do a case distinction depending on the

inequality present in 2×0 and Zxy .

Case 1 :

-

2×0 = ( £
,

- c)
, Zxy = CE

, e)

¥2 : 2×0 = ( <
,
- c)

, z✗y = ( < , e)

Case 3 :

-

2×0 = ( <
,
- c)

, Zxy = CE
,
e)

Case 4:
-

2×0 = CE
,

- c)
, Zxy = ( <

, e)

Ime will describe cases I and 2 . The other two are left as

an exercise .

Moreover
, we will assume that n , y c- ✗

,
that is , neither n nor y is 0

.

The case where one of them is 0 can be argued similarly .



¥ : 2×0 = ( E
,
c) and Zxy = CE , e)

a y -
+Ee

e ,
,?µ "

consider the point v marked with

the blue dot .

1. >
VIN = C

, vly) = e
C

✗ 7C

bile claim that the region containing u witnesses a

negative cycle with 2
'
.

Let R be the
region containing v.

- Claim: N E Bounded (R) -

By ① ,
2×0 + ( £

. Mn) 3 (E.07

i. (E
,
- c) + CS

,
Mn) 7- ( E. 07

1. ( £
,

-c + Mn) 7- 0

⇒ c. Stan . ☐

-

y can either be bounded or not .



Suppose y
is bounded

. Then R will be :

€e+o( E, e) s

"

CS
,

-e- c)

Ryx = If, - e)

We know : 2'×y < Zxy = C E. e)

i. 2'×y + ( E , - e) < ⇐ 10) ( done) .

Suppose y is not bounded . Then R will be :

°i÷÷÷°y
( < , - My)

Ryx = ( <
,

- My + c)

From ③ :
2 'xy + ( < ,

- My) < 2×0

ie .
, 2 '×y + ( a - My) < ( Sc)

Adding (f , -c) : Z '×y + K,
-

My -1C)
< CEO)

⇒ 2'×y + Ryx < ( Sio)



¥2: 2×0 = ( < ,
- c)

, Zxy = ( < , e)

^ y - ✗
< e

,*
!
"

"

"

"

consider the point

e.
'
'

!
I ✗ = C -1112
y

l
>

Y = etc
C

✗ > c

-Claim : There exists we Z st. VIX) = c -1112

rely? = etc

To
prove this

, we will show that min ( G
, Gz) has no negative cycles

where G is :

" "

i
,

÷÷
It is sufficient to show the following cycles are non - negative

¢

i) ⇐
,
c -1427 + 2×0 Why ? (Exercise)

ii ) Zox + CE
,

- c- 1127

Iii ) ( E
,
etc) + Zyo

iv ) Zoy + CS
,
- e- c)
- (Exercise ?

V7 Is
,
c -1427 + Zxy + ( E

,

- e-c)

Vi ) ( E
,
etc) + Zyx + ( E ,

- c- 1127



Now , we will show that the region containing u will

satisfy Z'×y + Ryx < CEM .

As in case I
,
we can show that ✗ is bounded.

Suppose y is bounded :
- -

ie
, etc £ My .

The region
R will look like :

.

( Recall that both

(f
,
- e-c)

e and care

integers, and

hence this is the

region
)

.

Ryx = ( < ,
- et)

we know : Z'✗y < Zxy = ( < , e) ( from ② )

I

i. 2 !×y £ CI
,
e- 1)

Adding Ryx :

Zlxy + ( < ,
- e -11) I ( <

,
07

⇒ 2 '✗y + Ryx < ( 5,07 [negative cycle]


