
Theorem (Lecture 2)

Deterministic timed automata are closed under complement

1. Unique run for every timed word

2. Complementation: Interchange acc. and non-acc. states

w1 2 L(A) w2 /2 L(A) w1 /2 L(A) w2 2 L(A)
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Theorem (Lecture 1)

Non-deterministic timed automata are not closed under complement

Many runs for a timed word

w1 2 L(A)

Exists an acc. run

w2 /2 L(A)

All runs non-acc.

Complementation: interchange acc/non-acc + ask are all runs acc. ?
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A timed automaton model with existential and universal

semantics for acceptance
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Lecture 5:
Alternating timed automata

Lasota and Walukiewicz. FoSSaCS’05, ACM TOCL’2008
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Section 1:

Introduction to ATA
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I X : set of clocks

I �(X) : set of clock constraints � (guards)

� : x < c | x  c | �1 ^ �2 | ¬�

c is a non-negative integer

I Timed automaton A: (Q,Q0,⌃,X,T , F)

T ✓ Q ⇥ ⌃⇥ �(X)⇥ Q ⇥ P(X)

7/29
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T ✓ Q ⇥ ⌃⇥ �(X)⇥ Q ⇥ P(X)

T : Q ⇥ ⌃⇥ �(X) 7! P(Q ⇥ P(X))

q

a, g

q1, r1 q2, r2 q3, r3 q4, r4 q5, r5

_ _ _ _
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T : Q ⇥ ⌃⇥ �(X) 7! P(Q ⇥ P(X))

B+(S) is all � ::= S | �1 ^ �2 | �1 _ �2

T : Q ⇥ ⌃⇥ �(X) 7! B+(Q ⇥ P(X))

q

a, g

(q1, r1 q2, r2) (q3, r3) (q4, r4 q5, r5 q6, r6)^ _ _ ^ ^
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Alternating Timed Automata

An ATA is a tuple A = (Q, q0,⌃,X,T , F) where:

T : Q ⇥ ⌃⇥ �(X) 7! B+(Q ⇥ P(X))

is a finite partial function.

Partition: For every q, a the set

{ [�] | T (q, a, �) is defined }

gives a finite partition of RX
�0
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91

¥1:\÷

g. U ga vg, gives all valuations

✗ = " '"

÷⇐¥µ •+ """"ed .

Not allowed

93 as not¥¥÷¥*.a
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Acceptance

q

a, g

(q1, r1 q2, r2) (q3, r3) (q4, r4 q5, r5 q6, r6)
V W W V V

Accepting run from q iff:

I accepting run from q1 and q2,

I or accepting run from q3,

I or accepting run from q4 and q5 and q6
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L : timed words over {a} containing no two a0s at distance 1
(Not expressible by non-deterministic TA)

ATA:

q0, a, tt 7! (q0, ;) ^ (q1, {x})

q1, a, x = 1 7! (q2, ;)

q1, a, x 6= 1 7! (q1, ;)

q2, a, tt 7! (q2, ;)

q0, q1 are acc., q2 is non-acc.

12/29
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I A Non - deterministicri ?⃝ TA -

→⑨÷⑨⑧
"

ATA for C

%

-11 . fan
.

90,13 A 9, , {a }

91
"¥\an⇒T2n

91 .es /\.
91,93 ^ 92.9 }

92

73 .

ta
Aa - states { 90,9 ,

}

92,13



% (a ,
0 ) ( a. 0.2) ( a. 0.871%1.3)

-11 . fan
.

90,13 A 9, ,{a } 90,0

I

#
( 9.07

91

Tz .

"
"⇒ 90,0 91,0

91,4

'

92,13 | (910.27

92 /
73 .

90,0.z 91,0 91,02ta
-

p
92,13 § | 19,0^87A

9.0.8 91,0 91,0-6 9 , , 0.8

I / I / can ."

A
90,13

91'° 911.1 91,1 . }

9110

Accepting



% 19,07 (9,0-2) 19,17

-11 .

ti 1-

a.
90,0

90 , { 3 A 9, , { a }

I can)

91

m¥ \an⇒72 .

> 90,0Ñ9 :O
91,4 92,13

| (a, 0.27×
92

910.2
73 .

90,0-2 91,0ta
l l92,13

,o 91,08 9①90,1

Witness for

non - acceptance
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(

Acceptance Game : GA
,w

- -

Cao
,
to) Cai , ti )

( aastz) . . . .
(anti ,tk+,). - . .

Can .tn)
W := .

.

.

'

#

I . . . . - l
- - - - I i

.

Phase kti

Phase o Phase 1 .

(9k , "k)

I = He + tht, - th ¥9
9k%

Ahh i g m

-
Let o be unique constraint Srt . IT satisfies r

b = 819kt, . Anti ,
o )



- b = b ,
h bz : Adam chooses a subformula

and game
continues with the sub formula .

- b =
b , V.bz

: Eve

- b = ( girl c- ✗PIC )

(9mm v @and A 19> is)

-

Phase ends with

19kt, , 11kt,) :=
19, ,
Ñlr :-O) )
→ Play ends with Gn-nyni.it

- Eye wins the play it 9nµ is auepting; otherwise Adam wins .

- w c- L( A) if Hae has a strategy to win Gaw .

Else w ¢21s ) .



(9wq
"'

1%1--7l9i:vi"7l9ilaii(ai
v

v

AIHs.ws .

List = { w 1 Eve wins ga ,w }

Summary
- A model involving existential and universal transitions .

↳
Alternating TA .

- 1- Example

-

Acceptance game Gs ,w .



Closure properties

I Union, intersection: use disjunction/conjunction

I Complementation: interchange

1. acc./non-acc.

2. conjunction/disjunction

No change in the number of clocks!

13/29
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complementation :

9

µA , 91

IX.
( 191,817 ✗ 19am)) x (qs.rs) ✗ Haru ? A sirs)]

complementation :

9

( 9,91

In.

[cairn x 19am)) ^(9s,r,? ^ [ 19mm? ✗ (Garis )]



Closure properties

I Union, intersection: use disjunction/conjunction

I Complementation: interchange

1. acc./non-acc.

2. conjunction/disjunction

No change in the number of clocks!
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Section 2:

The 1-clock restriction

14/29



I Emptiness: given A, is L(A) empty

I Universality: given A, does L(A) contain all timed words

I Inclusion: given A,B, is L(A) ✓ L(B)

Undecidable for two clocks or more (via Lecture 3)

Decidable for one clock (via Lecture 4)

Restrict to one-clock ATA

15/29
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-

Universality problem → Emptiness problem for

for NTA ATA

B - Look at B as an ATA .

Complement it and check for emptiness
LIBI is universal ift

LCBT is empty
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Theorem

Languages recognizable by 1-clock ATA and (many clock) TA
are incomparable

! proof on the board

16/29
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Alternation 11s . Multiple Ions :

-

← For
very paint, 3- another atAlternation.

distance c .

•

•
a¥1Bn : a a¥

Interleaving .

Need multiple clock.

Example L : no a 's at distance 1 . → 1- clock ATA .

but no NTA .

Example of a language aiupted using multiple clock 7A,

but not 1- ATA ?



I

clarification

ab-outtn-eexpru-i.ve#wer-f1-A-A:Question:-LetL--{ ( aaa
,
t , tztz ) I 0 < t , < tz < 1

ti -11 < to < tats
}

a
-

t
, tz t,+ , tztl

Can you construct a 1- ATA for L
,
?

Idea :

a

'

i.
!

{a}wÉI→
"

IATA: ( go .
a. 0<n< 1) 1- ( p, , {n }) A Csi

. $ )

it a,tr☒e 7 - Cpa . 0 )

( s , , a , N< 1) 1- ( sa
, { a } )

( Pha , r >1)
→ If

,
01 )

( S2 ,
a , a < 1) → ( f , $ )

( f , a , true) '→ ( reject . 0 ) , (reject , a , true) → ( reject , 0 )



ti ta ts

÷::÷÷
{n3wFT

IATA: ( go .
a. 02ns 1) 1- ( p, , {n }) A Csi

. $ )

n >
°

( p , ,
a
,
hue 7 - Cpa . 01 )

( s , , a , N< 1) 1- ( sa
, { a } )

( Pa , a , r >1)
→ If

, 0 )

( S2 ,
a , a < 1) → ( f , f)

If , a. true) '→ ( reject . 8) , ( reject , a , true ) → ( reject , 0 )

90

a
- - - -1 -

O pi si t ,

a -
- - f - - - -

-
-

+

!
O

ta - ti Pa 52

1-3 - ti a - - -
- /- -

-
- - f - -

- to - 1-2<1

> 1 y ✗

f f



small modification If the tedious e_xample
:

Questions Let L2= { (aaaa , titztztc) I 0 < t , < tz < 1

1 < tz < 1-4 }t , -11 < 1-4<1-2+1
-

t
, tz t,+ , 1-2-11

Can you construct a 1- ATA for 22 ?

ti

② 1-
③

90

a#→
a / no ' ad a ten }

at
a>sat at
{n}

a- In>'
a /na

n>
off



Question: Lz = { lak
, t.bz .

. . .tk ) 1h33 :

0 < t , < tz < 1

Tj >3 s - t . t
, -1 ,

< tj < tz+ , }
tz > 1

a a aaa aa a a

#ÉÉ
t , tz titi 1-2+1

¥m :

←
•

\
,

ti t-

%÷É÷aq •

f. { a }I •

{ ii.a. a> ' !

\
. -

The Hyo ais could be different

a q
K'
a

- This is an intuition that ↳ cannot be accepted by a 1- ATA .

-

However
, proving that a language cannot be accepted by a 1- ATA is difficult

.

- We will see another example given in the paper ,
for which there is a

proof that it cannot be accepted by a 1- ATA.



L = { (ak
,
Tita . . . th ) / o s t . c ta s I

1 < too . . . . . . th s 2

there is exactly one a between

ti ti and tztt }

a a a

l
2°

t , ta
t

+,
Ia

,

- L can be accepted by a deterministic TA. with 2 docks
.

Goya : To prove that L cannot be accepted by a 1- ATA .

Step: understand some property of DFA s

step: How Step I translates to unlined alternating finite automata

step 3 ! Any 1- ATA accepting L behaves like an antimed
-

AFA in the interval ( 1,2)
,
where clocks are

useless .

Step Use slept and 2 in 3 to get a contradiction .



Steps: Understanding a property of DFAS
.

- Consider a unary alphabet { a } , and DFA D= 10,90 , 8,1=7

- For each ak
,

the DFA gives rise to a function

fkB : Q → Q

q,
--Éq

,

'

92

i
9N-> qi

- The number of functions from Q - Q is finite.

-

therefore .
if we look at the sequence :

B
f
, ,

f? , fzB ,
- - - - -

-

-

→

there exist M
,
I

,
set . m mte

try fmte

B q - ai 9, -9.

'

fB = f 9- - ai a.
- ai

m Mtl

fmtl

91 - 81g,:o)
=
fmteti

B B a -819in
- Moreover : fm

, ,
= f Hi >0

mteti



consider all DFA with d-most m stat

B
,

-

m, ,
l,

Bz - Mz , 12

: .

"nitty { ÷ :
many : ; I :

i.

Bj -

Mj . lj L

- Let m = Max (Mi , . . . . Mj )
'

l = li.la . lz . . - . lj
^

y

Then for every DFA B with £ n states
,
we have:

B

tm+i = fB
Mtlei

Kiyo

fmyyefmtkl
?
"

"Émi la
m

f-Miti = fm
, + lexi = f-

maze,+i=fm→h - i
7



¥2: Translating steps to alternating finite automata .

AFA : ( Q , 90 ,
8
,
F )

8 : Qxz - Atl Q)

91

1.a
6

IN,

9111192 93 94495 A 96

Syntax and semantics similar too ATA : with
'

no guards , no resets

claim Every AFA can be converted into an equivalent DFA .



Modified se won:

Each node : a set
of subsets of a

{ {9/1,92}
,

{ 91 . 93,9¢ } , { 92,95 } ,

{ 933 }

I. a
91:

92 ?

ta ta

/
•

11
912^9,197 94 95^96 { 91 , , 92 }

1.a

{92,9-3,94}
,
{92,93-95,96} { 97.941

,

{ 97,9s, 96 }

- Perform the above operation on each set

from the set of subsets .

- Node is accepting if there is a subset containing
only accepting states .

theorem Every AFA with
'

n
'

states can be

converted into a DFA with E 22
"

states .



Consider unary alphabet { af
.

An AFA A with state set Q gives a function :

A 20 2Q
f : 2 1- 2
k

ah
{ E s

,
{ 3

, { 3 . . . { 33- { I 3
, { 3,93 . . . . .

131
.

I

:{Is
,
{ I 1 I { { 3,9 1.9 11 .

- similar to the DFA case
,
let '

m
'

,

' l' be numbers

sit .

A A

f =
f Aia

Mti Mtl ti

for all AFA A with atmost 2n stales

Mti
-

starting from some {9,3 ,

A goes to an accepting node

iff

amteti goes to an accepting node .



Recall :

L = { (ak
,
fitz . . . th ) / o s t . c ta s I

1 < too . . . . . . th s 2

there is exactly one a between

ti ti and tztt }

a a a

-j_
2°

t , ta
t

+,
Ia

,

Step: understand some property of DFA s

step: How Step I translates to unlined alternating finite automata

step 3 ! Any 1- ATA accepting L behaves like an antimed
-

AFA in the interval ( 1,2)
,
where clocks are

useless .

Step Use slept and 2 in 3 to get a contradiction .



Ya ,

""

suppose it is a 1- ATA with ' n' states accepting
'
l
'

.

b

- We can assume that every transition is partitioned as :

^ °
11=0 / 0 < ✗ < , I ✗ =) / , < ✗ < 21

beyond -

a /
\+É
"

original
guard .

+9
b

b
- For the moment ,

let us ignore all transitions with ✗⇒
.

We will see later why we can do this
.

Construct two timed words w , and Wz as follows :

a a a

Wi : t•5É2
0 003

¥
* come !t.gs
att ma 's m a 's

÷.FM ,
l are as chosen before)

Wz : On top of W ,
,
add

' l
'

ais in the interval

II. 3 , 1.7)
,

but not at 1-5

W , E L
,

Wz ¢ 2 .

He will show that if it accepts w , ,
it also accepts wa

- a contradiction .



a a a

Wi :

O 0.3 0.7 I

y
,

"3 1.5 ' it

1,2
Ma 's m a 's

m ,
l are as chosen before)

consider the acceptance game for it on no , .

- Let 19, . V) be a configuration reached at t - t
.

What are the possible values of n at t -- e ?

( 91 , A- 17 Cq , n= o - 7) 191 , 2=0.3)

Pick Cq ,

n -- i ) and investigate the set of sets of configure .

reached from here after reading the

entire word .

{ 191 , a- it } -
a

^ \ } ma 's
-
13

' l

, § , . ,
I

\
-

- 1.7

2 3 ma
' '

{ { 3 { 3 I 3 l l 3 - z



-
•

.

{1%9--11}
^ \ } ma 's

-
13

' I

/ \
a.
*

\
- 1.7

a \ 2 } ma
' '

¥ . { { 3 { 3 1 3 11 }

^
â.¥

ai!
- In 1h27 transition with guard ✗=0 are never used .

- In fact
, only those transitions with

either i) I < ✗ < 2

or ii) 0 < ✗ < 1

are used .

-
i) is taken until '

n
'

is reset , Iii ) is taken after ✗

is reset .

-

therefore, if we maintain an extra bit 011 in each

state to mark whether ✗ has been reset until now
,

we can recover the behaviour of it in the interval 11,27 .



{ 19 ,
a- 1) } -

•

^ \ } ma 's
-
13

' \

I \

- t :-
- 1.7

"

}
3 ma

's

{ { } { I 1 3 11

- Therefore , starting from 19, , x-D , the rest of the

accepting run is identical to the run of an luntimed )

AFA with 2n states , starting from (q, , 0J
" demo" "+

Tact -

- From our choice of 'm '
and

'

l'
,

the same set

of
sets will be reached by this untuned AFA

on the word Wz !

- Hence
,
from lq, , ✗ =\ ) , we will also be accepted .



a a a

Wi :

O 0.3 0.7 I

y
,

"3 1.5 lit

1,2
Ma 's m a 's

m ,
l are as chosen before)

Let us now focus on ( q , a- 0.7) at t-- I

- Upto t -- I -3 the word is the same in both w , and wa and

hence the same set of configurations will be reached at

f- =L . 3

-

Configurations at t -- ins are either ( g, , n
-
- i ) or

( q ,
usos,

- From Cq , n - D , apply same argument as before .

- from Lg,,nE? only < net ) transitions will be taken
,

so it behaves like an unlined AFA with ' n
'
States

.

-

By our choice
of

'
m
' and ' l

'

the same set of set of
states is reached after reading no , and we.

Hence from 191,2--0.77 at t=l
,
it w , is accepted , we

is also aeupted .



a a

" : •-¥:÷:÷.0 003 0.7

I.
✗

ma 's m a 's

m ,
l are as chosen before)

Finally consider 19, , n= 0.37 at t=1
.

-

upto 1=17
,
A will take only 0<n< 1 edges .

- Hence the behaviour is similar to an AFA
,
and the same

set of
"

states
"

will be reached for both W , and wz at 1- = 17

The value
of ✗ may be different . However

,
it will either be

✗ = 1 for both words
, or some value with ✗ Ci in both .

0C

-

.

From configurations with ✗ < 1 at 1--17
, the actual value

remains 0 < ✗ < i for the rest of the word . Hence

the true value does not matter .

- This shows that the set of set of states reached alter

bolt w , and we are the same !

If W, is accepted by A , Wa is also accepted by it .

- Contradiction



Summary Of Parts :

-

Expressive power of 1- ATA 11s many clock NTA

NTA

j
jno trap a's at

distance 1

Contains 1- clock NTAS

and some 2- check HTAs too
.



Alternating Timed Automata :
-
-
-

- What we have seen so far ?

- Model is closed under union , intersection , complement

-

Emptiness is undecidable for general ATA

- consider 1 - clock ATA

↳ Expressive power incomparable to many clock NTA .

today:
- Emptiness is decidable for a - dock ATA (idea of proof

)

-

complexity of the emptiness problem



Algorithm for the emptiness problem
- - - - -

to A :

Given a 1- clock ATA A ,
is LCA) empty ?

-

Algorithm similar to Ouaknine- Worrell algorithm for universality of 1- NTA

- Now we need to handle both universal and existential transitions .

Ass#on :

- boolean combinations in the transitions are in

disjunctive normal form

( . A • A .
.
. ) 11 ( . 11 . A - A - . ) 11 . . . V1 - A - n - - - n )

9

tag

AI
(9.machine cyan

C) nc?



Labelled
'

transition system
: TIA )
-
-

configuration P : { (9, , , V , ) (ga . V27 , . - - , (9k, Vn) }

t a set qf states

t
( location of automaton ,

value of clock
)

Transitions between configurations :
- -

t,a
P - P

'

p -_ { la , ,
v17 Ga

,
var }

tia µ 1haFor each lq.ie) c- P
@

b ,
be

- let Y
'
= v -1 t biilbivb? BIVBE

-

let b = 81g,, a , 07 for the uniquely determined or

satisfied by V
'

- choose one of the disjunct of
b : (

qq.r.in/9nrz7n..tl9rin7-Nextcq,u,:--{ 19, i. 11
'

Cri :=o ] ) I i =L , . . . . k }

then
,

P' = Ucq ,u,←p Next
Cqau ,

' bi
bi b? µ Next

bi
Next
yin

b '

.

Nextiq, Nextqu
,

(gun,
Next
Geun



9

Ii:-.

9%11%1.1%1.
news

§
"

¥§Ñg



{ ( q. .
UM

, Cgz , Va) } 9h

1. a

1. a. t Ii,
( p , ,r,)

( Ps, 837

•

Alps , re)
N para)

{ ( pi .
. ) ( pa , o )

,
( Sz

.
. )

, Csz , . )
3

.

92

1a

j
in.

(Si , r ,
' ) ( Sz , re

' )

nlss.rs' )
One

possible transition in TIA)

Goode : All States are accepting

non

theorem as) is - empty ¥
'

iff

TCA ) has a
path to a good node from

the initial configuration

Rest of the Algorithm similar to 0W - Os .



Lower bound

Complexity of emptiness of purely universal 1-clock ATA is
not bounded by a primitive recursive function

) complexity of Ouaknine-Worrell algorithm for
universality of 1-clock TA is non-primitive recursive
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Emptiness of purely universal 1- ATA → universality of 1-NTA

d

A → A
'

( 1- NTAI



Primitive recursive functions

Functions f : N 7! N

Basic primitive recursive functions:

I Zero function: Z() = 0

I Successor function: Succ(n) = n + 1

I Projection function: Pi(x1, . . . , xn) = xi

Operations:

I Composition

I Primitive recursion: if f and g are p.r. of arity k and k + 2, there is a
p.r. h of arity k + 1:

h(0, x1, . . . , xk) = f (x1, . . . , xk)

h(n + 1, x1, . . . , xk) = g(h(n, x1, . . . , xk), n, x1, . . . , xk)

19/29

- INK
1- We KZO

=
=

a
Constant function : Cnk In , .

. . Nr) = n

ho (gi.ge
. - -9m
)

i

911M . - - Yk) gzlni . - - Nun .
.# Mi - - - nie )

I 1 It

h ( y , ya Ym )

2

h ( n , n , . . . 4h7 , n , µ , . . -
Nk )



Compositing
,
: INK → IN g , In , , . . Mn) → y ,

'

:

yirr { gm , ,µk _ µ gm g. . . . µ, → ym

h : Nm → IN

ho Cgi , . . . gm) [ a . . . na ) ) → h [ gilni . - %) ,
get 91 . - . 2h7

:

f. gm la . . - nut]

will be p
- r . obtained

by composition ,



Addition:

Add(0, y) = y
Add(n + 1, y) = Succ(Add(n, y))

Multiplication:

Mult(0, y) = Z()
Mult(n + 1, y) = Add(Mult(n, y), y)

Exponentiation 2n:

Exp(0) = Succ(Z())
Exp(n + 1) = Mult(Exp(n), 2)

Hyper-exponentiation (tower of n two-s):

HyperExp(0) = Succ(Z())
HyperExp(n + 1) = Exp(HyperExp(n))

20/29

h fly) = y
=

h

sun
(Pi (

Addlniy ,
n , y))

h: Sncc 0 P,
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(P ' #

ddlniy) ,
my))

Pt (Mutiny ) , n , y
) = Maltin , y )

Ps
.

( Mutt ln.gl , n , y)
= y

Add 0 ( P , , Pz ) : (Mutiny) , ni y)

= Add ( Pic
11

,

P ) )

= Add ( Mutiny? , y)
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Addition:
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Poly

Exp

HyperExp

Primitive recursive

Recursive/Computable

Recursive but not primitive rec.: Ackermann function, Sudan function
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Coming next: a problem that has complexity non-primitive
recursive
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Channel systems

q1

q2

q3

p1 p2

c1!b

c2?c

c2?a

c1?a

c2?a

c1!a c2!c c1?b

a a ab b

a c

channel c1

channel c2

Finite state description of communication protocols
G. von Bochmann. 1978

On communicating finite-state machines
D. Brand and P. Zafiropulo. 1983

Example from Schnoebelen’2002
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19, , w)
19,1 , aw)
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Theorem [BZ’83]
Reachability in channel systems is undecidable
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Coming next: modifying the model for decidability
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Lossy channel systems

Finkel’94, Abdulla and Jonsson’96

Messages stored in channel can be lost during transition

Theorem [Schnoebelen’2002]
Reachability for lossy one-channel systems is non-primitive

recursive

26/29

( 9 .
W ) ( g

'

.
w
' ) where w

' is a subword of aw
aw

(q ,
wa)

(g
'

,
w
" )

where w
" is a subword of

w



Lossy channel systems

Finkel’94, Abdulla and Jonsson’96

Messages stored in channel can be lost during transition

Theorem [Schnoebelen’2002]
Reachability for lossy one-channel systems is non-primitive

recursive
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Reachability problem for lossy one-channel systems can be
reduced to emptiness problem for purely universal 1-clock

ATA

27/29



1-clock ATA

I closed under boolean operations

I decidable emptiness problem

I expressivity incomparable to many clock TA

I non-primitive recursive complexity for emptiness

I Other results: Undecidability of:
I 1-clock ATA + "-transitions

I 1-clock ATA over infinite words
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