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Deterministic timed automata are closed under complement

1. Unique run for every timed word

2. Complementation: Interchange acc. and non-acc. states

wi € L(A) w2 ¢ L(A) wy ¢ L(A) w; € L(A)
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Non-deterministic timed automata are not closed under complement

Many runs for a timed word

wy € L(A) wy ¢ L(A)

O O O O O O O

Exists an acc. run All runs non-acc.
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Non-deterministic timed automata are not closed under complement

Many runs for a timed word

wy € L(A) wy ¢ L(A)

A A

Tu.2.0  RRB®

Complementation: interchange acc/non-acc + ask are all runs acc. ?
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A timed automaton model with existential and universal
semantics for acceptance



Alternating timed automata

Lasota and Walukiewicz. FoSSaCS°05, ACM TOCL’2008



Section 1:

Introduction to ATA



» X : set of clocks

» O(X) : set of clock constraints o (guards)
o:x<c|lx<c|logNoy| -0

¢ 1S a non-negative integer

» Timed automaton A: (Q, Qo, X, X, T, F)

T C QxXIxdX)xQxPX)

q OLzﬁ



T C QxXIxPX)xQxPX)

|

T:QxYXxdX)— PQxPX))

q

q1,71 q2,712 43,73 q4;74 45,75



T C QxXIxPX)xQxPX)

|

T:QxYXxdX)— PQxPX))

q

q1;71 N q2,72 N G353 N G474 N 5,75



T:QxXExdX)—P(QxP(X))



T:QxXExdX)—P(QxP(X))
Br(S)isall ¢ :=S|d1 A2l 1V 2
T:QxXIxPX)— BHQxPX))

ax PO = 5 (4.7,
(qﬂ—\ v2)

u%m) \ (‘iznrd)l N 4s 1) %: Yﬂf



T:QxXExdX)—P(QxP(X))

Br(S)isall ¢:=S[d1Ad2| g1V

T:QxXIxPX)— BHQxPX))

(q1,71 A\ q2,7m2) V (g3,73) V (g4, 74 /\ 4575 A\ g6 76)



An ATA isatuple A = (Q, g0, X, X, T, F) where:
T:QxTxdX)— BH(QxPX))

is a finite partial function.
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An ATA isatuple A = (Q, g0, X, X, T, F) where:
T:QxXxdX)— BHQxP(X))
= L—

is a finite partial function.

@(x\ = iﬁ\ !qb*”’“r'i

Partition: For every g, a the set (1,a:9)
(01 (419421

g5

{lo]| T(q,a,0) is defined }

gives a finite partition of R%,
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Acceptance

q
a, g

(q71 \ 92:72) \/ (@3, 73)\/ (g, 74 )\ 95575 )\ g6576)

Accepting run from g iff:
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q
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Acceptance

q
a, g

(q71 \ 92:72) \/ (@3, 73)\/ (g, 74 )\ 95575 )\ g6576)

Accepting run from g iff:

> accepting run from ¢, and ¢,
> or accepting run from g3,

> or accepting run from ¢4 and gs and ¢
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L : timed words over {a} containing no two 4's at distance 1

(Not expressible by non-deterministic TA)

tr 3 4
1
n + | LA
a X qQ R a

\ .
COW v qd 2212 af dSanu 4 apant-

a Q a
e Qe 8

)

2/79



™\

Nonm - defeyminishc

§. g g 7"

Y
ATa dn ¢
9
T l
N
9, 3 9, I
9
-, ’MaFL\a/ ‘wfp\
1,0 / \
Y %@ 1)

T3
|e

q—’k; 4(3

ACL QrM—(; 2‘{:.,0],3



T2

T2

Z

9.8y~ q, il

£ 9
N ‘y w A=\

‘1\,‘(5 9= 15

9.

qﬁ\y i)

(a, 0) (a,02) (a,07¢) (4,1-37

qo/ﬁ

\
N
A q,,0

k (@, 0.2

(4,°)
9o, 0

|
AN

q()/ 0.2 q|'o

A b e

5[,,0-?

\ (Qf\‘}7

ql/\‘3

q' /OFZ



% (a,07 (a,°02) (a1)
I ) ——

TN -

9., 13 N q,, £t

i%\ q\ i
y wld\ (10 r0 q',o

1,0 % 13 \ \
(“1 0.2)

. AN N

. Gooz 40
Y PN |

qio q,,O‘Y ql,\

-

o,\

hon- acapramee



L : timed words over {a} containing no two 4's at distance 1

(Not expressible by non-deterministic TA)

ATA:

qo,a, it +— (QO, @) N (41, {x})
qluﬂux: 1 = (427(2))
41;47367& 1 - (q17®)

g, a,tt — (q2,0)

qo, g1 are acc., g, is non-acc.
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Closure properties 4 ..
q q

N )
0 U
» Union, intersection: use disjunction/conjunction
» Complementation: interchange

Tt a
1. acc./non-acc. :& a3 9 . a/
e DY
)

2. conjunction/disjunction
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Closure properties

» Union, intersection: use disjunction/conjunction
» Complementation: interchange

1. acc./non-acc.

2. conjunction/disjunction

No change in the number of clocks!
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Section 2:

The 1-clock restriction



» Emptiness: given A, is £(A) empty
» Universality: given A, does £(A) contain all timed words

» Inclusion: given A, B, is L(A) C L(B)



» Emptiness: given A, is £(A) empty

» Universality: given A, does £(A) contain all timed words

» Inclusion: given A, B, is L(A) C L(B)

Undecidable for two clocks or more (weetore3>
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» Emptiness: given A, is £L(A) empty
» Universality: given A, does £(A) contain all timed words

» Inclusion: given A, B, is L(A) C L(B)

Undecidable for two clocks or more (wamlsctiicsd)

Decidable for one clock (we-leestuet®



» Emptiness: given A, is £L(A) empty
» Universality: given A, does £(A) contain all timed words

» Inclusion: given A, B, is L(A) C L(B)

Undecidable for two clocks or more (viaLecture 3)

Decidable for one clock (vtatecture®)

Restrict to one-clock ATA



Languages recognizable by 1-clock ATA and (many clock) TA
are incomparable

(- Cosk AR NTA with
h\\M\’\"ﬂt Lo the #
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Clarification  aboud  the  txpruive power eé 4 - ATA.

Queskion: ey Ls 1 (aaa, & 63) | 0 < b <ta<4 :

vl < tas < tova

T dea:
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D
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(b1 a0 he) = Grged, f) | (vejests a, hw) v— Crejesr, @)




AN
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H\hmah‘nfa Timed  Automata:

What we fove gan a0 tM?

= Model is cdosed under union, intersechion, Cemplement
Emphines  is  wndewdable  for 30,%1 ATA

- Gnsider  4- clock.  ATA
—  EXp¥emive power v companble h Wlam(] dock NTA .

Tbole!q:

- EMPHnQM (s deddable for 1- coue ATA  (idea gt P,W.Y-)

Gmplexily "% the ampinue  problem
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Complexity of emptiness of purely universal 1-clock ATA is
not bounded by a primitive recursive function
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Lower bound

Complexity of emptiness of purely universal 1-clock ATA is
not bounded by a primitive recursive function

Emprinon o purcly wiiermt |-ATR > univcoaly g e
L

A —— A (v-um

= complexity of Ouaknine-Worrell algorithm for
universality of 1-clock TA is non-primitive recursive



Primitive recursive functions

. Q
Functions f : N+—3¥ h — N k7o
Basic primitive recursive functions:

“ L) B
» Zero function: Z() =0,  (onshani Funthon: Cn by %)

> Successor function: Succ(n) = n+ 1

)
. . . M o) ( 3‘ ! 0)1'
> Projection function: P;(xy,...,x,) = x;
Operations: gl ) el nﬁ,,,( )
d L
ho (w I 4o )
> Primitive recursion: if f and g are p.r. of arity k and k& + 2, there is a
p.r. hofarity k + 1:

h(0,x1, ..., x) = fx1,...,%xz)
h(n+1,x1,...,x¢) = g(h(n,x1,...,%8),7,%1,...,%)
l

» Composition
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Addition: :]
h L=
Add(0,y) =y J

W Add(n+ 1,y) = Succ(Add(n,y))

Addin, 3’1 )
G

£ Svx o ¥\

o))
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Additi;)n:

D)

Add(0,y) =y #M\\mtﬂ,‘n,
Add(n+1,y) = Succ(Add(n,y)) Q&
b

Multiplication:

Mult(0,y) = Z()
Mult(n +1,y) = Add(Mult(n,y),y)

- ny)
FI(N\u\HmJ\, noy) ot it

Py (Mudt (ng) 9 = \j

Ada 0 (P., By) - (N\u\Hn.u_Ap. n :ﬂ
C o Y 00)
= Add (Mt by, y)



Addition:

Add(0,y) =y
Add(n +1,y) = Succ(Add(n,y))

Multiplication:

Mult(0,y) = Z()
Mult(n +1,y) = Add(Mult(n,y),y)

Exponentiation 2”:

Exp(0) = Succ(Z())
Exp(n+1) = Mul(Exp(n),2)

. \‘F’*\;\“\ , 1

z

Gy

Muly- © (?l 1 ('7—1_7
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Addition:

Add(0,y) =y
Add(n+1,y) = Succ(Add(n,v))

Multiplication:

Mult(0,y) = Z()
Mult(n +1,y) = Add(Mult(n,y),y)

Exponentiation 2”:

Exp(0) = Succ(Z()) o
Exp(n+1) = Mult(Exp(n),2) M(mw\km - ) 5
\2) 2
o A >
Hyper-exponentiation (tower of 7 two-s): WY CAEE
Vv
HyperExp(0) = Succ(Z()) e © 7f

HyperExp(n + 1) = Exp(HyperExp(n))
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Recursive/Computable

Primitive recursive

HyperExp

Exp

Poly

Recursive but not primitive rec.: Ackermann function, Sudan function
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Coming next: a problem that has complexity non-primitive
recursive
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Channel systems

) cta (q/’, ®@w)

®
C1: ? '
(grwa) S0 @b ¥
cila e o
2RO

channel ¢; ——> [p]alala]s] —

channelc, —— ‘ a ‘ ¢ ‘ —

Finite state description of communication protocols
G. von Bochmann. 1978

On communicating finite-state machines
D. Brand and P. Zafiropulo. 1983
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Reachability in channel systems is undecidable
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Coming next: modifying the model for decidability



Lossy channel systems

Finkel’94, Abdulla and Jonsson’96
Messages stored in channel can be lost during transition

} s a subwo"vlnt aw

(q. w) e (q. »)  whee ©
where ’\-3“ s I8 mbwﬁw( \% w

?
ciR (qlr W“

(q/, wa)



Lossy channel systems

Finkel’94, Abdulla and Jonsson’96

Messages stored in channel can be lost during transition

Reachability for lossy one-channel systems is non-primitive
recursive
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Reachability problem for lossy one-channel systems can be
reduced to emptiness problem for purely universal 1-clock

ATA



v

v

1-clock ATA

closed under boolean operations
decidable emptiness problem
expressivity incomparable to many clock TA

non-primitive recursive complexity for emptiness



v

v

v

1-clock ATA

closed under boolean operations
decidable emptiness problem
expressivity incomparable to many clock TA

non-primitive recursive complexity for emptiness

Other results: Undecidability of:
» 1-clock ATA + e-transitions

» 1-clock ATA over infinite words



