
UNIVERSALITY PROBLEM

iH

1-clock timed automate



Let T⌃⇤ denote the set of all timed words

Universality: Given A, is L(A) = T⌃⇤ ?

Inclusion: Given A, B, is L(B) ✓ L(A) ?

Universality and inclusion are undecidable when A has two
clocks or more

A theory of timed automata

Alur and Dill. TCS’94
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A decidable case of the inclusion
problem
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Universality: Given A, is L(A) = T⌃⇤ ?

Inclusion: Given A, B, is L(B) ✓ L(A) ?

One-clock restriction
Universality and inclusion are decidable when A has at most

one clock

On the language inclusion problem for timed automata: Closing a decidability gap

Ouaknine and Worrell. LICS’05

In this lecture: universality for one clock TA
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Step 0:

Well-quasi orders and Higman’s Lemma
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Quasi-order

Given a set Q, a quasi-order is a reflexive and transitive relation:
v ✓ Q⇥Q

I (N,)

I (Z,)

Let ⇤ = {A,B, . . . ,Z}, ⇤⇤ = {set of words}

I (⇤⇤, lexicographic order vL): AAAB vL AAB vL AB

I (⇤⇤, prefix order ✓P): AB ✓P ABA ✓P ABAA

I (⇤⇤, subword order 4) HIGMAN 4 HIGHMOUNT AIN [OW’05]

6/33



Well-quasi-order

An infinite sequence hq1, q2, . . . i in (Q,v) is saturating if 9 i < j : qi v qj

A quasi-order v is a well-quasi-order (wqo) if every infinite sequence is
saturating

I (N,)

p

I (Z,)

⇥�1 � �2 � �3, . . .

I (⇤⇤, lexicographic order vL):

⇥ B wL AB wL AAB . . .

I (⇤⇤, prefix order ✓P):

⇥ B, AB, AAB, . . .

I (⇤⇤, subword order 4)

?
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Higman’s lemma

Let v be a quasi-order on ⇤

Define the induced monotone domination order 4 on ⇤⇤ as follows:

a1 . . . am 4 b1 . . . bn if there exists a strictly increasing function
f : {1, . . . ,m} 7! {1, . . . , n} s.t
8 1  i  m : ai v bf (i)

Higman’52

If v is a wqo on ⇤, then the induced monotone domination order 4 is a
wqo on ⇤⇤
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Subword order

⇤ := {A,B, . . . ,Z}
v := x v y if x = y

v is a wqo as ⇤ is finite

Induced monotone domination order 4 is the subword order

HIGMAN 4 HIGHMOUNT AIN

By Higman’s lemma, 4 is a wqo too

If we start writing an infinite sequence of words, we will eventually
write down a superword of an earlier word in the sequence

9/33



Subword order

⇤ := {A,B, . . . ,Z}
v := x v y if x = y

v is a wqo as ⇤ is finite

Induced monotone domination order 4 is the subword order

HIGMAN 4 HIGHMOUNT AIN

By Higman’s lemma, 4 is a wqo too

If we start writing an infinite sequence of words, we will eventually
write down a superword of an earlier word in the sequence

9/33



Subword order

⇤ := {A,B, . . . ,Z}
v := x v y if x = y

v is a wqo as ⇤ is finite

Induced monotone domination order 4 is the subword order

HIGMAN 4 HIGHMOUNT AIN

By Higman’s lemma, 4 is a wqo too

If we start writing an infinite sequence of words, we will eventually
write down a superword of an earlier word in the sequence

9/33



Subword order

⇤ := {A,B, . . . ,Z}
v := x v y if x = y

v is a wqo as ⇤ is finite

Induced monotone domination order 4 is the subword order

HIGMAN 4 HIGHMOUNT AIN

By Higman’s lemma, 4 is a wqo too

If we start writing an infinite sequence of words, we will eventually
write down a superword of an earlier word in the sequence

9/33



Step 1:

A naive procedure for universality of one-clock
TA
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Terminology
Let A = (Q,⌃,Q0, {x},T , F) be a timed automaton with one clock

I Location: q0, q1, · · · 2 Q

I State: (q, u) where u 2 R�0 gives value of the clock

I Configuration: finite set of states

{(q1, 2.3), (q0, 0)}

q0 q1

x < 1, a

{x}

1  x  3, ⌃

x � 2, b
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Transition between configurations:

{(q0, 0)}
0.2, a���!

{(q1, 0.2)}
2.1, b���! {(q1, 2.3), (q0, 0)} . . .

q0 q1

x < 1, a

{x}

1  x  3, ⌃

x � 2, b

C1
�, a��! C2 if

C2 = { (q2, u2) | 9(q1, u1) 2 C1 s. t. (q1, u1)
�, a��! (q2, u2)}
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Labeled transition system of configurations

...

...

0.4, a 3.6, b . . .. . . . . . . . .

Bad: all locations non-accepting

Is a bad configuration reachable from some initial configuration?
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Labeled transition system of configurations

...

...

0.4, a 3.6, b . . .. . . . . . . . .

Bad: all locations non-accepting

Is a bad configuration reachable from some initial configuration?
13/33

C , a

checking universality of A

reduces to this

question :



...

...

. . .. . . . . . . . .

Need to handle two dimensions of infinity!

14/33
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...

...

. . .. . . . . . . . .
abstraction by equivalence ⇠C1 C2

C1 ⇠ C2 iff:

C1 goes to a bad config. , C2 goes to a bad config.

15/33

O9w#ulimpilym:zgaB@y



...

...

. . .. . . . . . . . .

finite domination order 4

C1

C2

C1 4 C2 iff:

C2 goes to a bad config ) C1 goes to a bad config. too

No need to explore C2!

16/33

/

Bohdanould imply :



...

...

. . .. . . . . . . . .

finite domination order 4

C1

C2
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Step 2:

The equivalence

Credits: Examples in this part taken from one of Ouaknine’s talks
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Equivalent configurations: Examples

C1 = {(q0, 0.5)} ⌧ C2 = {(q0, 1.3)}

q0

q0 . . .

. . .

. . .

. . .

. . .

. . .C1

C2

q0 q1
x > 1,⌃ ⌃

C2 is universal, but C1 rejects (a, 0)
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q0

q0 . . .

. . .

. . .

. . .

. . .

. . .
⇠

q0

q0 . . .

. . .

. . .

. . .

. . .

. . .
⇠
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q0

q0 . . .

. . .

. . .

. . .

. . .

. . .
0.7 1.2

1.80.3

⌧
C1

C2

q0 q1
x < 1 _ x > 2,⌃ ⌃

C2 is universal, but C1 rejects (a, 0.5)

20/33
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Let K be the largest constant appearing in A

Define REG = {r0, r1
0, r1, . . . , rK , r1K }

0

r0

1

r1r1
0

2

r2r2
1

K

rK r1K· · ·

C = {(q1, 0.0), (q1, 0.3), (q1, 1.2), (q2, 1.0), (q3, 0.8), (q3, 1.3)}

{(q1, r0, 0), (q1, r1
0, 0.3), (q1, r2

1, 0.2), (q2, r1, 0), (q3, r1
0, 0.8), (q3, r2

1, 0.3)}

{(q1, r0, 0), (q2, r1, 0)} {(q1, r2
1, 0.2)} {(q1, r1

0, 0.3)(q3, r2
1, 0.3)} {(q3, r1

0, 0.8)}

H(C) = {(q1, r0), (q2, r1)} {(q1, r2
1)} {(q1, r1

0)(q3, r2
1)} {(q3, r1

0)}
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Let K be the largest constant appearing in A

REG := {r0, r1
0, r1, . . . , rK , r1K }

⇤ := P( Q ⇥ REG )

We can give H : C 7! ⇤⇤ that remembers:

I integral part of the clock value (modulo K) in each state of C,

I order of fractional parts of the clock among different states in C

22/33
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Equivalence

C1 ⇠ C2 if H(C1) = H(C2)

It can be shown that ⇠ is a bisimulation

C1 goes to a bad config. , C2 goes to a bad config.
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...

...

. . .. . . . . . . . .
abstraction by equivalence ⇠C1 C2

C1 ⇠ C2 iff:

C1 goes to a bad config. , C2 goes to a bad config.

24/33

Hcc?

I 1 HI 4

Heep
t.IN#

+ this



Associating teach configuration :

K= 10

Ci : { (91 , 5 - 7 ) . ( q , ,
2.3)

, (92,7-3) , (92.10-4) ,
(93. 2.9)}

t.

{ (q. . 431 , Cga, of ) } { (oh , r! )} { 193 , r: ) } { 192.4573En' "" '

'

X
.Time - Successors of Htc) : Il

-
- - in Ciii Ciii )

( iii) Ii ) Iii )
T

Hla) → { 193,8373 { (q, , 823 ) , 192,878 ) } { Iq , .rs
' ) } { 192,45 ) }

It iit

{ 193,834 ) } { (q, , 823 ) , 192,878 ) } { Iq , .rs
' ) } { 192,81573

t. ' Iiit

{19/1,861} { ( 93 , 834) } { (q , ,q3) , (ga , r;)
} { 192,45 ) }

IT

{ Iga , rf ) } { 193 , 834) } { 19, , ,q3) , Cge , rat)
} { 192,45 ) }

t.in

i

:

{ Cq , , Hoo ) , ( ga, 451 , Cgs , shoo ) }



Claim : Let Ha ,
Hz be encodings at .

Hi Ha

Then : for every Cz E Ha
,
there exists G E H , sit .

C ,
I

ca for some 8 > 0

This claim is false !

- consider Hd) : { ( 9g , Ko ) } { (92,4573
Ii
,

-

Hi { (oh , 997 , 192
, rug ) }

iii:÷i*÷ .
.



¥ : Let Hi , Ha be Inco
dings s - t .

Hi Is Hz

Then : for
every

C, EH , there exists a Cz C- He sit-

8
G → Cz

.

for some 870

( Bketch)
.

Proof : Given It, = W , wz . . - Wn Woo Is H2
-

. :

i'
Il

H2 : - I . If w, is an integer :

Ha -
- w ! wz . - n Wn wa

'

i.

11 11

- 2 .

If w , is not an integer

Hz = Wn
'

w , wz - n . . Wu Woo

-

In each case , find a specific 8 based on the given

configuration G E Hi .



Reflexive - transitive closure of T
:

-
-
-
-

T : immediate successor

It, Ha to Hz Is He → - - . .

Is H

¥.

txt Hz

*
Txt : reflexive transitive closure of T : i t

The previous lemma carries over to p* ,
it

F Cz

edyemma: Let It, , Ha be encodings s - t .

+
*

Hi → Hzinen:an%÷7e:÷:::÷
Morel:

- Time successors of an encoding can be effectively computed

- Above lemma
.



Discrete - successors of
HIC )

- - -

{ ( oh , y ) ( 92 , ra )} { ( q, r: ) , Cgs .VE ) } { (94,4573

÷÷÷ . .it .":i.st:.!
There can also be multiple edges on

'

a
' from a state

.

Same lemma as before applies to discrete successors as well .

Lemma: Let Hi , Ha be encodings s - t .

a
H, → Hzqen.g.e.ayaqqy.qeree.is.ae.eu

Moral :
-

- discrete successor computation is also effective

- Above lemma



Construction of
a tree : -

"

Encoding tree
"

-

-
-

HCco)

t*, y,p*\i** finitely many
•

a guerdon
-

• 0

k¥ His aunt
• .

p*
- finitely

'
*

*
.* #tr . branching

a

tree
.

all: all:
,

n

[

"

i

- : .

Soundness :
-

Pwpon : For every path Ho It , titty. . . . . than

there exists a run : co Ia '

C, ez → . . . . .

¥, on

set. Ci C- Hi

completeness :
-

Proposition For every run a e
, ↳→ .

. . . . on

there exists a path : HCA ) ¥, -9 Hcc,)
-4 Hk) → . . .

. Alon)



Theorem: Automaton is not universal
-

iff

a is reached in the encoding tree
.

#

M tree can be """""d °" " - "
Y '

Termination ??

>

A bad node in the tree is an encoding where

all the locations are non- accepting .



Step 3:

The domination order
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...

...

. . .. . . . . . . . .

finite domination order 4

C1

C2

C1 4 C2 iff:

C2 goes to a bad config ) C1 goes to a bad config. too

26/33



Look at H(C1) and H(C2), the words over ⇤⇤

⇤ = P( Q ⇥ REG )

Let ✓ be the inclusion (quasi-)order on ⇤

Consider the induced monotone domination order 4 over ⇤⇤

{(q0, r0)} {(q1, r1
0), (q0, r3

2)}

4
{(q0, r0), (q1, r1)} {(q2, r3

2)} {(q1, r1
0), (q0, r3

2), (q2, r2
1)}

Theorem: If H(C1) 4 H(C2), then 9C0
2 ✓ C2 s.t. C1 ⇠ C0

2

✓ is a wqo as ⇤ is finite. Therefore, 4 is a wqo due to Higman’s lemma
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Final algorithm

I Start from H(C0), where C0 is the initial configuration

I Successor computation is effective

I Termination guaranteed as domination order is wqo

A is universal iff the algorithm does not reach a bad node
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- Before each sucessor computation, check if there is a

schaller ward. If yes, do not explore this mode.



One-clock
Universality is decidable for one-clock timed automata

For two clocks, we know universality is undecidable

Where does this algorithm go wrong when A has two clocks?

29/33



One-clock
Universality is decidable for one-clock timed automata

For two clocks, we know universality is undecidable

Where does this algorithm go wrong when A has two clocks?

29/33



One-clock
Universality is decidable for one-clock timed automata

For two clocks, we know universality is undecidable

Where does this algorithm go wrong when A has two clocks?

29/33



Two clocks

State: (q, u, v)

Configuration: {(q1, u1, v1), (q2, u2, v2), . . . , (qn, un, vn)}

At the least, the following should be remembered while abstracting:

I relative ordering between fractional parts of x

I relative ordering between fractional parts of y

Current encoding can remember only one of them
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Other encodings possible?

Consider some domination order 4

C1 64 C2 if for all C0
2 ✓ C2:

I either relative order of clock x does not match

I or relative order of clock y does not match

In the next slide: No wqo possible!
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An infinite non-saturating sequence C1,C2,C3, . . .

x

y

C3

x

y

C4

x

y

C5
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Conclusion

I An algorithm for universality when A has one clock

I Can be extended for L(B) ✓ L(A) when A has one-clock
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