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Language inclusion is
undecidable

COMih& Next:



P

w

an arbitrary boolean program (string)

an arbitrary string

/ Yes if P returns Yes on w

N/

N

No if P does not return Yes on @



P an arbitrary boolean program (string)

w: an arbitrary string

P

\ / Yes if P returns Yes on w

No if P does not return Yes on @

Can program P; exist?



Py

/ Yes if P returns Yes on w

\No

if P does not return Yes on w

/ Yes if P does not return Yes on P

\ No if P returns Yes on P



P Yes if P returns Yes on w
\ /

Py

w/ \No

if P does not return Yes on w

If P; exists, then P, exists

/ Yes if P does not return Yes on P

\ No if P returns Yes on P

P—— P




P Yes if P returns Yes on w
\ /

Py

w/ \No

if P does not return Yes on w

If P; exists, then P, exists

/ Yes if P does not return Yes on P

\ No if P returns Yes on P

P—— P

P, returns Yes on P,



P Yes if P returns Yes on w
\ /

Py

w/ \No

if P does not return Yes on w

If P; exists, then P, exists

/ Yes if P does not return Yes on P

\ No if P returns Yes on P

P, returns Yes on P, if P, does not return Yes on P,

P—— P




P Yes if P returns Yes on w
\ /

Py

w/ \No

if P does not return Yes on w

If P; exists, then P, exists

/ Yes if P does not return Yes on P

\ No if P returns Yes on P

P, returns Yes on P, if P, does not return Yes on P,

P—— P

P, returns No on P,



P Yes if P returns Yes on w
\ /

Py

w/ \No

if P does not return Yes on w

If P; exists, then P, exists

/ Yes if P does not return Yes on P

\ No if P returns Yes on P

P, returns Yes on P, if P, does not return Yes on P,

Pp—— P

P, returns Noon P,  if P, returns Yes on P,



P Yes if P returns Yes on w
\ /

Py

w/ \No

if P does not return Yes on w

If P; exists, then P, exists

/ Yes if P does not return Yes on P

\ No if P returns Yes on P

P, returns Yes on P, if P, does not return Yes on P,

Pp—— P

P, returns Noon P,  if P, returns Yes on P,

P, cannot exist = P; cannot exist



Turing machine

2-counter machine

Py

if P returns Yes on w

otherwise

if M accepts w

otherwise



P \ / Yes if P returns Yes on w
w A N No otherwise

Turing machine

i Yes if M accepts w
2-counter machine \ P / es P
. 1

w0

otherwise

Given a 2-counter machine M and an arbitrary string w, checking
if M accepts w is undecidable

D) .
delyministic



Goal of this lecture

Timed regular languages are powerful enough to encode
computations of 2-counter machine

We will see:
If there is an algorithm for TA language inclusion,

then there is an algorithm for MP



2-counter machine M \ / Yes if M accepts w

w / \ No otherwise




2-counter machine M \

w

Timed automaton ~ A —

if M accepts w

otherwise

if £(A) = TZ*

otherwise



2-counter machine

Timed automaton

Timed antomaton

Timed antomaton

if M accepts w

otherwise

if £(A) = TZ*

otherwise

’fz*

«
if £(B) C L£(A)

otherwise



Coming next...

2-counter machine M \

Py

w

l

reduce

Timed antomaton ~ A ——

Pi/ﬂl'l)

- Yes

if M accepts w

otherwise

ifLA) =T

otherwise



2-counter machines

Read-only input tape
¢ EODBELLLL LR

]

Finite o

Counter C

Counter D control

Computation:  {go, @0, 0,0) {(q1, wj,, c1,d1) - -+ {gi,wi, ¢;,di) -

Accept: if some computation ends in (g, *, *, *)



Goal 1

Given M and w

define timed language L, s.t

M accepts w iff L0 7 1)

Words in L4, encode accepting computations of M on w



Configuration of a 2-counter machine:

<q’ll w5l 3/ 5>
\

<qv W, €, d>

I

Encoding as a word over alphabet: {4, a2, b;} j
where ¢ Qx{0...., lw| + 1}

b aAG, 2,885
C d (a,vH

b(q,/e) &Zl dz






<q07 Wiy O: O> < <q]7 (L C]7d]> e <qm7 Wiy s Cmvdm>
| . ool

@ d:

0 Ji j+1

Encode the j configuration in [7,j + 1)

» if ¢y =¢, Vajattimetin (j,j+1), 3ay attimet+ 1
> ifC]'_H = C] + 1,
Vai at time ¢ in (j + 1,7 + 2) except the last one,

Jda; at time £ — 1 \ » \ —@y
> gy =¢—1,
Vay at time ¢ in (7,7 + 1) except the last one,
Ja; attime ¢ + 1 | s . )

(same for counter d)
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L, ndec - encodes the accepting computations

Timed word (o, 7) € L, dec 1ff



L, e : encodes the accepting computations

Timed word (o, 7) € L, dec 1ff

d ~
o = bjalay biyalay --- biai"ay st

Im

<407 wio7 C07d0><417 wi17 C13d1> e <Qm7 wim7 Cmadm> iS accepting



L, ndec - encodes the accepting computations
Timed word (o, 7) € L, dec 1ff

d
> o = bjalay biyalay --- biai"ay st

m

<407 wio7 C07d0><417 wi17 C17d1> e <qm7 wim7 Cmvdm> iS accepting

» cach b occursattimej  » Q% and @t ocoun af difforend Fme Stwmpt.



L, ndec - encodes the accepting computations

Timed word (o, 7) € L, dec 1ff

d
o = bjalay biyalay --- biai"ay st

m

<407 wio7 C07d0><417 wi17 C17d1> e <qm7 wim7 Cmvdm> iS accepting

. . 1 \ . g
each b; occursat timej » Q¢ and @t ocawn af  different Bme Stamps.

if ¢y =¢, Vajattimerin(j,7+1), Jajartimes+ 1
ifep=¢+1,
Vai at time ¢ in (j + 1,7 + 2) except the last one,
Jay attime ¢ — 1
ifgp=¢—1,
Vay at time ¢ in (7,7 + 1) except the last one,
Jay at time t + 1

(same for counter d)



Goal 1

Given M and w

define timed language L, s.t

M accepts w iff Lpg.c # 0

Words in L4, encode accepting computations of M on w

Done!



Goal 2

Given M and w

construct a timed automaton .Amdec

for the complement language L,,,.4ec



Goal 2

Given M and w
construct a timed automaton .Amdec

for the complement language L,,,.4ec

M accepts w iff L(A,u) # TX*

M AL W Luec * P
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Goal 2

Given M and w

construct a timed automaton .Amdec

for the complement language L,,,.4ec

M accepts w iff L(A,u) # TX*

— reduction to universality of TA



L ,ndec: words that do not encode accepting computations

Timed word (o, 7) € L, g0 iff



L ,ndec: words that do not encode accepting computations

Timed word (o, 7) € L, g0 iff

> either, there is no b-symbol at some integer point ;

o, w0 Gk Ocomn at  Hag Same time Sm”“r‘



L ,ndec: words that do not encode accepting computations

Timed word (o, 7) € L, g0 iff

> either, there is no b-symbol at some integer point ;
o, M0  Gix Ocam &b M Same fime  gramp .

*

> or, thereisa (j,7 + 1) with a subsequence not of the form a;4;

[N # ¢ b
b ;\t—ﬂ:\a ar e’ al 4.



L ,ndec: words that do not encode accepting computations

Timed word (o, 7) € L, g0 iff

> either, there is no b-symbol at some integer point ;
o, o @'k O at P Same hme  gram
E3

> or, thereisa (j,7 + 1) with a subsequence not of the form a;4;

> or, initial subsequence in [0, 1) is wrong



L ,ndec: words that do not encode accepting computations

Timed word (o, 7) € L, g0 iff

either, there is no b-symbol at some integer point j
o, o @'k Ocam &b W Same hme Sham
or, there is a (7,7 + 1) with a subsequence not of the form aja;

or, initial subsequence in [0, 1) is wrong

or, some transition of M has been violated in the word



L ,ndec: words that do not encode accepting computations

Timed word (o, 7) € L, g0 iff

either, there is no b-symbol at some integer point j
o, o &'k O &b M Same hme  gram

*

or, there is a (7,7 + 1) with a subsequence not of the form aa;
or, initial subsequence in [0, 1) is wrong

or, some transition of M has been violated in the word

or, final b-symbol denotes non-accepting state



L ,ndec: words that do not encode accepting computations

Timed word (o, 7) € L, g0 iff

either, there is no b-symbol at some integer pointj A,
o, hio &' Ocun @b e Same hme stam Al
or, there is a (7,7 + 1) with a subsequence not of the form ajaj A,

or, initial subsequence in [0, 1) is wrong A,,,;;

or, some transition of M has been violated in the word A, for cach
transition t of M

or, final b-symbol denotes non-accepting state A,



L ,ndec: words that do not encode accepting computations

Timed word (o, 7) € L, g0 iff

either, there is no b-symbol at some integer pointj A,
Wyi0 a'IA Ocamn &F Mg Same hme  gram A /
or, there is a (7,7 + 1) with a subsequence not of the form ajaj A,

or, initial subsequence in [0, 1) is wrong A,,,;;

or, some transition of M has been violated in the word A, for cach
transition t of M

or, final b-symbol denotes non-accepting state A,

I
Required A,,,,4,.: union of .Ao',ﬁ:éll, Ainits Aty - - 5 Agyy Agee

A
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With our encoding, can timed automata express that 7 # 72 ?
1. Jajattimet € (j, 7+ 1) s.t thereisnoay at t + 1, or

2. Jajattimet € (j+ 1,7+ 2)s.t. thereisnoag att — 1
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Jajattime s € (7, 7+ 1) s.t there isno a4y at £ + 1
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Jajattimer € (j+ 1, 7+ 2) s.t. thereisnoay atr — 1

b
.
T
Ji ~ j+1 7+2

y>1Ax<1



Jajattimer € (j+ 1, 7+ 2) s.t. thereisnoay atr — 1

b
.
?
Ji j+1 7+2

y>1Ax<1

Need only two clocks!



L, ndec: words that do not encode accepting computations

Timed word (o, 7) € L, g0 iff

» cither, there is no b-symbol at some integer point j A,
;o @'k O &t M Same hme shamp )

> or, thereis a (7,7 + 1) with a subsequence not of the form aja} A,

> or, initial subsequence in [0, 1) is wrong A,,,;;

» or, some transition of M has been violated in the word A, for each
transition t of M

> or, final b-symbol denotes non-accepting state A,

Required A,,,,4. can be constructed using two clocks

) Y » N » % » Q Q R
Q AO \AB A \A'\q.\- JA‘_\ Ah’ Tt ‘Ah" k A‘lu



M accepts w  iff  L(A, ) # T

The universality problem is undecidable for TA with two
clocks or more

A theory of timed automata

Alur and Dill. 7CS$’94



/ Yes if LA)=T%*

\No

Timed antomaton ~ A —— P,

otherwise

reduce
Timed automaton A \ / Yes if L(B) C L(A)
Pinc

B/ \No

Timed automaton otherwise

Put B as the trivial single state automaton accepting 7Y

L(A)=Tx* iff L(B)C L(A)



The problem £(B) C L(A) is undecidable when A has two

clocks or more

A theory of timed automata

Alur and Dill. 7C$*9%4



