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Recall :

Configuration C
,

Word Htc)

M=I0

{191,2-77,192,451 191,757} - { (92,3+5) Iq , ,r;)} { 19 , , r} )}

{190,10-57,191,777,193,427,194,107} - { 194,70719s, %-) } { 19s, 2,57 ,}
(9s , 5) {191,4-7} { (% ,r:B

Eqme : Assume a fixed M
.

C, ~ if It /G) = Hlcz )
H C2

Lem-ma:&. Let 9 NA ce . Then for
every time elapse 870

,

there exists 830

sic
, +8 ~µ Cz -18

hemm-az.de/-G~*Cz . If C
,

I C
,

'
then

C2 a- Cz
'

s.t.ci~
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6ny: Let Grace . If c,
a
'

then

there exists 8
'

: Ch Cz
' sit

.

Cia Cd

Next constructing
a graph whose nodes are words

of
the form 11-10 .



Graph our Alc) :
-
- -

Initial configuration Co : { ( 910,07 , 1902,07 ,
. . . 190k ,

07 }

Hlco) = { (qj.ro?f9i,ro7--.l9ok,ro) }

Ss :

i) Time successors . (1×1--10)

E; { 19 , , E) ( 9 , .rs)
} { (go.rs?7(qz.rf ) } { (9*76) } { Gs > r:B

:É
.

r,

o ri 1
rit

V78

•

"
Immediate

successor

rit
rz

ry8

{ 1% , r? ) ( 9 , , rjt) }{ (go.rs?7lqrf ) } { (9*76) } { Cgs > r:B

Ex- 2 :

-

{ 1%
,
Ñ) 19 , , v57 } { 192

,
r;) } { (9s

, r.it )}

V34

e
Immediate

V67 successor .

V34

{ ( qz , rat } { 1% ,
ri) 19 , , v57 } { 192

,
r;) }



Ei-3://t.IO

{ 191
,
No) } { (ga ,

r
,

' ) } { 193,34719 , , r ,
-3 }

I

{ Cq , , v.
2) } { 193,34 ) ( 9 , , rf ) } { ( q , , r;) }

Renmark :

starting from Htc) all its time - successors can be computed

H( c) Acc
' )

if HIC ' ) is a time - successor of
Htc) .

Time - successor of Hcc) :
- -

.
C
'

is a time successor of C if 78 : C - C
'

Time - successors of HIM = { HCC ' ) I e
' is a time - suee.ge

}

-
finite

, and can be computed .

Ii) Action successors:
- -

Htc) -9s HCC
' ) if

c -9s c
'

is defined C : { 19 , , 5.) (92,4^-16,71) }

Ha at *

c
'
= { ( 9107,192

, 4.77 }



Computing action - successors.

{ 191 , b) ( ga , ra) } { 19s , rt) (go.si ) } { ⑨a ,rÉ ) }

area ¥ f. a tie * a ta
91
→

g.
l-19s-irIIH9s.net/,l9g.of~
a
,
N73

qg
. 95

{ n }
a ,
n> 1

92
→ 93

{ (qzirolqe, .ro) } { 19s , r;) } { 19s ,r;-)} \,91
ME to 94
{ as

↳ a - successor .

REMI : Consider a word H . It __ Alc, ) = Hlcz) -
- - for several

configurations .

Pick some Ci s.t.lt - Hlci)

- Ci a- Ci
'

Then take Aki ' ) as the a- successor of H -

A
a- Hlci

'

)

- The choice of
Ci does not matter ( Exercise )



⇒on

inthegraphi.ltf- H
'

if H '
is a time successor

A a- Hi if H
'
is an a- Sncc . of It .

f)(f) Hlco7=Ho

t.lt#
Ho

' Hoa . - -
-

- Hok

£1b £1b at ↳b
Hi Hz H} Hu .

- .

"

- Bad node : every location is

µ. . .my µ
,

, n.n.am

(soundness
'

Tia '
A ,
É

, Hz → . . . HnHo →

there exists a run over config. :

co c
,

. -
- - on

s -t . Hlci 7 = Hi tie { 1 , .mn
}

(
complexion

?

Lemma :
-

For
every run over config :

co c
, . - . .

en

there exists a path :

Hi €, Hz ¥.
- - - -

É Hn

s - t
. Hlci ) = Hi

Proposition : A is not universal Iff a bad node is reachable
- in HIM



Termination '

HCC) •

* iii.

A.
☒

E Hld= {191%7} I 192 , ran 193,4T ) ] { (9 , ,
r:) }

HCC ' ) - {¢2 , 4) } { ( q , , rgs ) (97,34 ) } { 192,487,193,451 }

{ (91,457,19> , ri:)}

11-147 w-> Bad node

Ali) - - -
-- 2 .

. - - 17-67

I 1

Hcc
,

' ) - -
-
- -
I - - - r HIC

' )

it
1

HC
'

l
- I - -

.

A (D) Locations
%
"

Bad

are
contained

in

locations

"

of
HID

')

÷ If HID' ) is bad
,

then so is ACD)



The simulation relation !

- -

Hcc ' ) £ Hcc ) :

Hcc ' ) = wind . . - . Wad £ Htc) = W, Wa . - - . wn

if

there exists a strictly increasing function :

f-: [ 1 , . . . . n ] 1- [ 1 , - - n - k]

S - t.

I

Wi E Wfip

Hld= {191%7} I 192 , ran 193,4+73 { (9 , ,
r:) }

Hca ) = {Cqz , rgstqa.rs#qrI7,lqs,ra
{ (911%7,19> , ri:)}

1-

Suppose I = Power - set (Q ✗ REG) → finite . .

Then Hcc) is a word over A-

Consider the inclusion order in -11
.

-

,

- Then the simulation £ Is the induced monotone

domination ordering
lifted

from £
.

theorem: £ is a vnqo

( Higman 's lemma t C- is awqo over -12)



Result !

Modify the enumeration :

"

HCC ' )

if He ' ) £
.

Htc) for some earlier Htc)
, ignore HCC't

else explore HK' ' further
.

Since 4- is a Wgu .
there can be no infinite path . The algorithm

terminates
.

→ This gives an algorithm for checking universality of one - clock -An

complexity ? → left open in 01N '05 paper .

- Later proved to be non - primitive recursive by

Lasota , lsialukiewiez-
'

Oslin
a later class)



One-clock
Universality is decidable for one-clock timed automata

For two clocks, we know universality is undecidable

Where does this algorithm go wrong when A has two clocks?
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Two clocks

State: (q, u, v)

Configuration: {(q1, u1, v1), (q2, u2, v2), . . . , (qn, un, vn)}

At the least, the following should be remembered while abstracting:

I relative ordering between fractional parts of x

I relative ordering between fractional parts of y

Current encoding can remember only one of them
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Other encodings possible?

Consider some domination order 4

C1 64 C2 if for all C0
2 ✓ C2:

I either relative order of clock x does not match

I or relative order of clock y does not match

In the next slide: No wqo possible!
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An infinite non-saturating sequence C1,C2,C3, . . .
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C5
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An infinite non-saturating sequence C1,C2,C3, . . .

x

y

C3
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An infinite non-saturating sequence C1,C2,C3, . . .

x

y

C3
x

y

C4

x

y

C5
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Conclusion

I An algorithm for universality when A has one clock

I Can be extended for L(B) ✓ L(A) when A has one-clock
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