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Lecture 2:
Closure properties of timed

languages
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Timed regular languages

Timed languages

L′ 6= L(A)

Timed regular languages
L = L(A)

L′
L

Definition

A timed language is called timed regular if it can be accepted by a
timed automaton
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L = L(A)

L

L′ L′ = L(A′)

L ∪ L′

L ∪ L′ = L(A∪)

A = (Q,Σ,X,T ,Q0, F) A′ = (Q′,Σ,X ′,T ′,Q′
0, F

′)

A∪ = ( Q ∪Q′ , Σ , X ∪ X ′ , T ∪ T ′ , Q0 ∪Q′
0 , F ∪ F ′ )

L(A) ∪ L(A′) = L(A∪)

Timed regular languages are closed under union
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L = L(A)

L

L′ L′ = L(A′)

L ∩ L′

L ∩ L′ = L(A∩)

A = (Q,Σ,X,T ,Q0, F) A′ = (Q′,Σ,X ′,T ′,Q′
0, F

′)

A∩ = ( Q×Q′ , Σ , X ∪ X ′ , T∩ , Q0 ×Q′
0 , F × F ′ )

T∩ : (q1, q′1)
a, g ∧ g′−−−−−−−→ (q2, q′2) if

R ∪ R′

q1
a, g
−−−−→ q2 ∈ T and q′1

a, g′
−−−−→ q′2 ∈ T ′

R R′

Timed regular languages are closed under intersection
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L : a timed language over Σ

Untime(L) ≡ {w ∈ Σ∗ | ∃τ. (w, τ) ∈ L}

Untiming construction

For every timed automaton A there is a finite automaton Au s.t.

Untime( L(A) ) = L(Au)

more about this later . . .
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Complementation

Σ : {a, b}

L = { (w, τ) | there is an a at some time t and
no action occurs at time t + 1 }

L = { (w, τ) | every a has an action at
a distance 1 from it }

Claim: No timed automaton can accept L

Decision problems for timed automata: A survey

Alur, Madhusudhan. SFM’04: RT
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Step 1: L = { (w, τ) | every a has an action at
a distance 1 from it }

Suppose L is timed regular

Step 2: Let L′ = { (a∗b∗, τ) | all a’s occur before time 1 and
no two a’s happen at same time }

Clearly L′ is timed regular

Step 3: Untime( L ∩ L′ ) should be a regular language

Step 4: But, Untime( L ∩ L′ ) = {anbm | m ≥ n}, not regular!

Therefore L cannot be timed regular
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L
L

Timed regular languages are not closed under complementation
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Timed automata
Runs

1 clock < 2 clocks < . . .

Role of max constant

Timed regular lngs.

Closure under ∪, ∩

Non-closure under complement

ε-transitions
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L6 := { ( ak, τ ) | τi is some integer for each i}

ε ε ε ε

0 1 2 3 4 5 6 7

a a a

q0

x = 1, ε, {x}

x = 1, a, {x}

Claim: No timed automaton can accept L6
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ε-transitions

ε-transitions add expressive power to timed automata.

However,
they add power only when a clock is reset in an ε-transition.

Characterization of the expressive power of silent transitions in timed automata

Bérard, Diekert, Gastin, Petit. Fundamenta Informaticae’98

12/13



ε-transitions

ε-transitions add expressive power to timed automata. However,
they add power only when a clock is reset in an ε-transition.

Characterization of the expressive power of silent transitions in timed automata

Bérard, Diekert, Gastin, Petit. Fundamenta Informaticae’98

12/13



Timed automata
Runs

1 clock < 2 clocks < . . .

Role of max constant

Timed regular lngs.

Closure under ∪, ∩

Non-closure under complement

ε-transitions

More expressive

ε−−→ without reset ≡ TA
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