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Module 1:
Adequate CTL formulae

2/22



Recap of CTLCTL

State formulae

� := true | pi | �1 ^ �2 | ¬�1 | E ↵ | A ↵

pi 2AP �1,�2 : State formulae ↵ : Path formula

Path formulae

↵ :=

� | ↵1 ^ ↵2 | ¬↵1 | X ↵1 |

X �1 |

↵1 U ↵2 |

�1 U �2 |

F ↵1 |

F �1 |

G ↵1

G �1

� : State formula ↵1,↵2 : Path formulae
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Transition system satisfies CTL state formula φ if its
computation tree satisfies φ

s0

s1

s3 s2

s3 s2 s3

s3 s2 s3 s2s3

Computation tree

...
...

...
...

...

Transition System

s0 s1

s2s3

{p1} {p2}

{p2}{p1,p3}

s0 s1 s3 s3 s3 s3 . . .Paths

s0 s1 s2 s3 s2 s3 . . .

{ p1 }{ p2 }{ p1,p3 }{ p1,p3 }{ p1,p3 }{ p1,p3 } . . .

{ p1 }{ p2 }{ p2 }{ p1,p3 }{p2}{ p1,p3 }{p2}{ p1,p3 } . . .

Traces
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A tree satisfies CTL state formula φ if its root satisfies φ

State formulae

� := true | pi | �1 ^ �2 |

¬�1

pi 2AP �1,�2 : State formulae

...
...

...
...

...
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A state s in a transition system satisfies a CTL formula φ if the
computation tree starting at s satisfies φ

Transition System

s0 s1

s2s3

{p1} {p2}

{p2}{p1,p3}

s0 s1 s3 s3 s3 s3 . . .Paths

s0 s1 s2 s3 s2 s3 . . .

{ p1 }{ p2 }{ p1,p3 }{ p1,p3 }{ p1,p3 }{ p1,p3 } . . .

{ p1 }{ p2 }{ p2 }{ p1,p3 }{p2}{ p1,p3 }{p2}{ p1,p3 } . . .

Traces
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Above transition system satisfies E X red
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Above transition system satisfies E blue U red
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Above transition system satisfies E G red

It does not satisfy A F blue
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Above transition system satisfies E G red
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Mutual exclusion

non-crit wait

critexiting

y>0:y:=y-1y:=y+1PG1

non-crit wait

critexiting

y>0:y:=y-1y:=y+1PG2

NuSMV demo
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non-crit wait

critexiting

y>0:y:=y-1y:=y+1PG1

non-crit wait

critexiting

y>0:y:=y-1y:=y+1PG2

NuSMV demo
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|||

Atomic propositions AP = { p1,p2,p3,p4 }

p1: pr1.location=crit p2: pr1.location=wait

p3: pr2.location=crit p4: pr2.location=wait

Above system satisfies A G ¬ (p1 ∧ p3)
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Goal of this unit

Design an algorithm:

INPUT: A transition system M and a CTL formula φ

OUTPUT: Does M satisfy φ?

We will answer a more general question:

Given M and φ, find all the states of M that satisfy φ
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First step
CTL

State formulae

� := true | pi | �1 ^ �2 | ¬�1 | E ↵ | A ↵

pi 2AP �1,�2 : State formulae ↵ : Path formula

Path formulae

↵ :=

� | ↵1 ^ ↵2 | ¬↵1 | X ↵1 |

X �1 |

↵1 U ↵2 |

�1 U �2 |

F ↵1 |

F �1 |

G ↵1

G �1

� : State formula ↵1,↵2 : Path formulae

4/8

Rewrite A in terms of E
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A X ( red ) equivalent to ¬ E X ( ¬ red )

...
...

...
...

...

A X φ ≡ ¬ E X ¬ φ
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...
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...
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Can we rewrite A (φU ψ) as ¬ E ¬ (φU ψ) ?

No: ¬ E ¬ (φU ψ) is not a CTL formula
CTL

State formulae

� := true | pi | �1 ^ �2 | ¬�1 | E ↵ | A ↵

pi 2AP �1,�2 : State formulae ↵ : Path formula

Path formulae

↵ :=

� | ↵1 ^ ↵2 | ¬↵1 | X ↵1 |

X �1 |

↵1 U ↵2 |

�1 U �2 |

F ↵1 |

F �1 |

G ↵1

G �1

� : State formula ↵1,↵2 : Path formulae

4/8

CTL does not allow negation of path formula!

14/22



Can we rewrite A (φU ψ) as ¬ E ¬ (φU ψ) ?

No: ¬ E ¬ (φU ψ) is not a CTL formula
CTL

State formulae

� := true | pi | �1 ^ �2 | ¬�1 | E ↵ | A ↵

pi 2AP �1,�2 : State formulae ↵ : Path formula

Path formulae

↵ :=

� | ↵1 ^ ↵2 | ¬↵1 | X ↵1 |

X �1 |

↵1 U ↵2 |

�1 U �2 |

F ↵1 |

F �1 |

G ↵1

G �1

� : State formula ↵1,↵2 : Path formulae

4/8

CTL does not allow negation of path formula!

14/22
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Coming next: Rewrite A U in terms of E U and E G
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¬ (blue U red)

. . .

G ¬ red

or

. . .

(¬ red) U (¬ blue ∧ ¬ red )

¬ (φU ψ) ≡ G ¬ ψ ∨ ( ¬ψU (¬φ ∧ ¬ψ ) )
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A (φU ψ)

≡
¬ E ¬ (φU ψ)

(Not a CTL formula)

≡
¬ ( E G ¬ ψ ∨ E (¬ψU (¬ψ ∧ ¬ φ)) )

(A CTL formula!)
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A G ( red ) equivalent to ¬ E F ( ¬ red )

...
...

...
...

...
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A F ( red ) equivalent to ¬ E G ( ¬ red )

...
...

...
...

...
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First step
CTL

State formulae

� := true | pi | �1 ^ �2 | ¬�1 | E ↵ | A ↵

pi 2AP �1,�2 : State formulae ↵ : Path formula

Path formulae

↵ :=

� | ↵1 ^ ↵2 | ¬↵1 | X ↵1 |

X �1 |

↵1 U ↵2 |

�1 U �2 |

F ↵1 |

F �1 |

G ↵1

G �1

� : State formula ↵1,↵2 : Path formulae

4/8

Rewrite A in terms of E

Done!
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All CTL formulas can be written in terms of

E X , E U , E G and E F

Moreover E F φ ≡ E ( true U φ )

E X, E U and E G are adequate to describe all CTL formulas
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Existential Normal Form (ENF) for CTL

State formulae

φ := true | pi | φ1 ∧ φ2 | ¬φ | E X φ | E (φ1 U φ2) | E G φ

pi ∈AP φ,φ1,φ2 : State formulae

Theorem
For every CTL formula there exists an equivalent CTL

formula in ENF
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