
HISTORY DETERMINISM

Eure9: Characterizing History - Determinism in "oBuchiautomata

#

hatwehave: Aco-Blchi automaton ad in which Eve wins

1 token
game

from everywhere.

SIN:A is HD

↳
i... Eve wins the letter/HD game on .

xion1:We know Eve wins

strategy be used GaA,90; 90? an menting

In the HD game: In G 1
*

190;907

-> Adam chooses letters Atround. Eve is at9i, Adam is atpi
-> Eve chooses a run.

->Adam chooses a letter an

Atround is Eve is at9p -> Eve chooses transition 9:
s

gitt

-> Adam chooses ai
->Adam chooses transition pit pitt

->Eve choose a transition

9:, qit

In G1, Adam is also required to produce a run, whereas in the

HD
game

Adam does notneed todo so.

So Adam has more flexibility in the HP game.

->Astrategy 5 of GI cannotdirectly be employed for the

HD game.



WeQuestion 2:have a stronger hypothesis on
is

-

↓

Eve wins a token game on A from everywhere

This implies of is semantically deterministic. Can we use this

property?

Semantic adminism ():

Aparityautomation A is said tobe

semantically deterministic (sp) if for all transitions:

9-9,

a
92

2) A,91) =((A,q2)
↓

Set of words

with an acc. run

starting from 9.

-

sp-ness implies that non-deterministic choice leads to
every

language equivalent states.

Lemma:

everytheered a Pality automaton. If Eve wine e-token
game

from
-

then A is SD.

Roof:Consider q
-,9,

->
a 92

91,92 are co-reachable states.

: Eve wins 91191;927 and G1719u;91)

i (1A, q2)(1A,91) and (1A19,7 [((A192)

=>

>41A,9,7 =((A,92)



Letus getback to the coBuchiautomation a thatwe have

Since Eve wins from everywhere, A is semantically deterministic.

Nation:Does this mean Eve can choose any
transition in the

HDgame?

No!Consider the following example.

%
a/I*
D

biz

All

non-seaterhad
toan ego:meanore automaton

is SD.

However Eve cannotarbitrarily choose transitions in the HD game.
->for instance on ab",90 - 9, --9, - ... is rejecting

sun.

Therefore:Even when A turns outto be sy, Eve has to

carefully choose her strategy.



the pia allwasobserve
come proportion aboutan object it

which represents the set
of

all runs

of a on a word w.

We startwithan example.

↓

⑳

any i
b:1

b:2

a:1
G- -> Notan sx automaton (why?

1b: 1 W Used only for illustrating DAG.

b :149
Automator

For aby, the
CIAG would be:

90

↓ I----- a

91 92
↓ ↓ - - - - b

9, 92
↓ --- b

9, !
↓
.

↓ i

For aab", the DAG would be:

a
9,92

↓! a

W

91 92

↓ ↓
b

91 92'

! ↓ b

92

↳ t :



Intuitively the DAG reponentsa
subset construction on the cord.

-> the "Nidth"ofthe DAG is bounded by the number of
states

of
it.

formal dition ofDAG:

Given an automaton and a word we s",

A
the DAG Runs

w
is defined as follows.

- Vertices for every prefixis of w (including 2), we have nodes:·

-

(u, 9) for all a site

909 in A (there is a run from go togonu)

-

Edge:for all a cI,

In,9) Ens Ina, 9'

a:Cifq meg' is a transition of .

Here'sdenotes the colour of the transition.



perties ofthe DAG:

Consider a word we ((A)

-> Anode (u, g) of Runs * is good if there exists

an infinite requence of edges with colours 2 starting from
In, 97

For example:consider

↓
+Word abo 90

⑳ ↓I a

Y 9,92

⑤ GD: qtXI
b

- di
b

Highlighted nodes
: :

are good.

servation:When we LIA), from every
node (u,9) in Runsthere

exists a pathtoa good node.

Suppose w =nx', denote was atw.

Since A is sD, ww is in the language of all
states

reached Oh U.

Hence there is an acc. run from a on vw.

Therefore there shouldbe a pathtoa good node.
(because

of
Bichiacceptance (

game:Back tos stay in theletter

Eve's strategy should therefore be tohita good node. But

notice thatEve does not have the entire word upfront. By looking
at the word seen so far, she has to ensure that eventually a

good mode is hitand a green my is taken from there!



He's sategy inthe Hegameasimpletempts

Our firststep is to attach a number toevery node (n,93

in Runs*.

To (u,9), associate the lengthofthe longestcontiguous sequence
ofgreen

transitions thatreach (n,97.

For example: 0

90

↓X a

00 9,92

1·tI↳· 2
: :

The red numbers indicate the quantity.

Formally:
-> SetX (4,90) =

0

-> X (na, g' =1 +maxEX1u,97/(u,9) is a node 2

q, q1inA 3

↑
a green transitionFor eg:

3 5 4 loy colour 2)

(4,913 141927 14,933

↳
(ua,976

#temptat he's strategy:consider a strategy where Eve extends her

run by choosing successors witha

larger X- in case of tie she chooses

arbitrarily

For
example, in the CAG above, Eve plays go

-9,927 q2....
Here itturns out tobe an accepting run. Does this strategy always work?



Consider the following DAG:

90

· eo" no X(li) =x(ri) =i

1

·
Xi 0

3

43

:

By the strategy said earlier, Eve can arbitrarily resolve ties. Hence

a possible run Would be:

90 --lo + l -lat.....

However this is a rejecting run.

Therefore we held a more sophisticated strategy!



He's strategy in the letter game
- the adone!

Here is where we make use of the results we discussed

in the previous lecture.

Recall:
-

Asafe:safety automaton Obtained by redirecting all 1-transitions

toa rejecting sink state.

Furthermore,

for each statalepenceit, a st
Eve wins Gasate(p;g) and Gesate (p;p>

safe-deministic states:A state p of it is said tobe

safe-deterministic ifEve wine Geste (piph

operties ofterministic salesated to safe-deterministic state asuppose state 9

-> since Eve wins G1Sate (p; 9)
-> green' runs from

a can be simulated as a green run
from p

-.. 1) Asate, 97 I LIAsah, p).

P

3 -D

3
Asecond veryimportantproperty comes in the next page.



satzty
-> 2) There is a deterministic automaton safe whose states

N

consistofall the safe-deterministic states
of Asate and

A safe-deterministic states p;

2 (Asate, P) =

h) Asate, pl

The above propertycan
be derived from the following result.

Theorem (Boker, Kupferman, Strzypceak, FSTTCs'A); (Boken, Lehtinen, (Mcs'23):

Let it be a reachabilityor safely automatonon which Eve

wins the -token
game.

Then:

- I A is HD.

- 2. Apositional winning strategy in the HD game one can be

computed in PTIME.

- 3. A has a language-equivalentdeterministic subautomaton 8,

which can be constructed in PTIME.

% Asate gives a unique run for all works in the

language of sate-deterministic states in Asafe.

Asafe *safe

P

Si E



Now comes a differentDAG!

For an infinite word we so we build a DAG

using safe-deterministic states and the automation safe.

Given a word he**, a state p is said tobe

active on u if

-

p is safe-deterministic

-

Pe WCR1 , u)

ie, there is a run go my in a

and pc WCRLA, 9).

DW:
= Nodes are (u,9) sit.

- u is a prefixof w

- a is active on U.

->

(u if qe9in safe.

Lua, 9' and is not sink.

Therefore there is atmost one outgoing edge from every node.

Dw looks like this:
⑧

I can have nodes

%1. without outgoing edges

! ↓ I
-> Node may nothave

②
an edge coming from

↓ appearoperateacritO O ·
a



Claim: Du has an infinite path-

Pof: Since we (A) there is a sun which eventually visits only
2transitions.

say: wo

90 ms, queen...

:we L/Asate, 9)

=(1 Asafe, 9)

Furthermore, I sate-deterministic statep St. PENRIA,9(
and Eve wins Gate (p;9)

Hence- 1. 't L(Osate, pl

- 2. 1,p) is a node in Nw.

-3. There is an infinitepathstarting from lu, p).

This is the unique run in sate on w'starting
from po



How comes is attegy:

- Eve's strategy has access to safe.

- Eve builds the DAG Do on the fly as Adam produce the word.

- Suppose Adam produces we 21A1.

On a prefix,
-> Eve has produced a run ending in qu (say)

-> has in its
memory a safe-deterministic stateon that is

active on U.

->

suppose Adam
gives a new letter a

->Eve extends qu ,9' using strategy

G1*(qu:rn) ->as qu, on are weakly
co-reachable.

-> Ifins rua is a transition in Asatest. Una is

not sink,

then Eve updates memory
to Una.

Else Eve resets itsmemory to a state Una St.

in Dw, among all nodes (na, r), the path

ending atIna, rual has the longest length

sexercise!

daim:When weAL, after a pointthere are no 'recets'.-

Eve produces a run yes... in itsmemory

suppose Eve was atqu when memory is at u. Since

Eve plays according toG1*(quire), the run produced
from he is also accepting!



Hence, thisstrategy produces an accepting run in Eve's token

->

This proves is HD!


