
HISTORY DETERMINISM

Eure8:characterizing History - Determinism in couchiautomata

Reference:Chapter 4 ofKeya Prakash's theirs.

The goal oftoday's lecture is toprove the following theorem.

Torem:For every coBichi automaton , Eve wins the Joker game
on a iff A is history-deterministic.

We have already seen this direction previously:

↓ is HD => Eve wins 2-token game-> Eve wine Joker
game.

-

Shw: Eve wins Joker game
=> A is HD

Recall to previous results:

->Eve will Joker game
on A => There is a simulation - equivalent

subautomaton & Where Eve wins

1- token game from everywhere.

-2. If , B are simulation equivalent then:A is HD iff & is HD.

Therefore itis sufficienttoshow the following theorem.

Theorem:Let A be a coBichi automaton on which Eve wins the
-

1-token game from everywhere.

Then, A is AD.



CoBuchi condition: [1,2] parity condition

recall: paritycondition asks min paritymean infinitely
often is even.

Therefore, with[1,2], this means:

-

priority, is seen only finitelyoften.

-

Eventually, all transitions are 2,in an accepting run.

uuuuuunmeanso
↓

red transitions
green transitions represent 's'

represent1.

To show:A is a [1,2]-automaton st. Eve wins I-token

game from every where.

To show that is HD.

ie, Exe has a strategy towin the HD game.

Step1:Modifythe automaton in a manner that accepting wins are

preserved.

A -G>1

↓

-

Graph whose vertices are

States of A.

- All 2-transitions of
a are

edges in G-1



Example:

a,b:1
a :2

& A ab:1
As: +0->⑲a:2

Acceptsfinitely many
an

h
G: 9-> 9, 92

Adification:For any 2-transition of
a which is not in any

sec in Gas, we change itspriority to1.

For instance, the transition 90 v2'9,
ofAs is not in an

As
Gsee of e

I

Therefore we change its priority to 1.

Modified automaton s':

a,b:1
a :2

&
↳

As:be
laim:Modification preserves acceptance of each run.



Let the modified automaton be called rd'.

The proofofthe claim follows from the following sequence of
equivalentstatements.

-1. Arun p is accepting
in it.

-2. P contains finitelymany I-transitions of .

- 3. P eventually stays in an sea of Gx1.

-4. I sell finitely many transitions in the modified automation '

- 5. A is an accepting run in the modified automation d'

Since this modification does notchange acceptance, we make the following
assumption.

Amption:The coBuchi automaton ad is such thatall 2-transitions

occur in some sac of id



Step2:The idea of safe-coverage.

A -> Asafe

- Add an extra sink state

-all e-transitions
of
A are redirected tothe sink

State.

- 2-transitions stay as theyare.

-on the sink state, there is 1-self loop on every
letter.

"
a,b:1

a :2 a,b:1 +0 ⑲ ⑰
-- - ⑰
&

a: 1

A

b:1

&

i both
A

A safe

Conly way to accepta word

from a state is by remaining in green

transitions always)

safe carage:

A has safe coverage
iffor

every states',
there is

a state'p'weakly coreachable to9 in a sit

Eve wins G1(pig) in Asafe.



*
* 3:

Recall: We have an automation on which Eve wins

I-token game from everywhere.
Our aim is toshow that is HD.

As an intermediate stays we will show thatit has late-coverage.

Recall:We have assumed thatall 2-transitions ofa occur in an

sec of G>1

emmal:For every states' ind, there is another state p

Nearly coreachable to ' in a sit

Eve wins G1(p;g) in Asafe.

Before going intothe proof
ofthe lemma, notice that

Eve need not have to win G119;9) in Asafe. Here is

an example:

- Ab
↑

a9-I
⑳D

Adam's strategy at ig': lEve is also at 9

- I. Play a '

- 2if Eve playe q9, Adam moves to r and then plays b

- 3. If Eve plays 9 , r, Adam stays at ' and then plays 'ab'.



Nrof Len1:

-

Suppose Adam wins G1(p;9) for all pe WCRI,9(
e

in Asate

weakly coreachable

states of 9 in a.

- We will show that Adam wins G119;9) in A! ↳
a contradiction to

hypothesis that Eve

wine from everywhere in

in

particular, Adam wins G1(9;9) in Asate.

Let5 be Adam's winning strategy.

- Whathappens when Adam plays or in 2119i9) in A.

·I w,e Stst.

is"E Eve is forced totake

a l-transition leading
to sink in Asate,

Whereas Adam continue

&

in
green.

In a this transition

leads to state pi (as shown above).



-

By our assumption about2-transitions, all entransitions lie

inside an SCC.

- Therefore there is a path from 9to 9 on green
transitions.

in A /Asate
Let the word be me,

-

If Eve is unable to continue on mi from
pi,

we are done.

- otherwise:

Wi In
;

ire
wi 3 ! wi

Si 9

We Eve reaches a state 5, E NCR (d, g) on wiw,

Continuing this argument, Adam is able togenerate a

green un.

Whereas, Eve's run contains infinitely many
red transitions.

-

Hence Adam wins G119;97 - a contradiction.



Amma2:For each state 9 in A;there is a state

PcWCR (, q) Sit-

Eve wins G1(p;9) and G1(pip) in Asate.

Proof:
-

-> DraI a directed graph withstates as vertices.

->Putan edge 91 -p, it pieWCR) Ay917

and Eve wins G =(p1;91) in Asate

-> From a there is a path x
-

"I
9-p1 --pz -1.

... r

in v =WcR) ,9) and

↑
-

-
4

Eve wins G=)r;g) and G1r;M)

as required.

This is became

from Lemma 1, every
recky has outdegree -1.

- Restofthe proof in the nextlecture.


