
HISTORY DETERMINISM

Lecture 6:Eve wins 2-token game implies there is a

simulation - equivalent subautomaton in which

Eve wins from everywhere
- Part I

Reference:Section 3.3 ofKeya Prakash's PhDthesis

the goal ofthis lecture is toprove the following theorem.

rem:Letit be a parityautomaton on which Eve wing

the 2-token game.

Then, there is a simulation - equivalent subautomator B of a St.

the following three conditions hold:

-1. For each k1, Eve wine the k-token game from everywhere in B.

-2. For states 9, p., P2, ..., pe that are weakly co-reachable in B,

EV2 wine the k-token game (9; p1, pc,...,PR) in 28.

- 3. If B is HD, then so is a

The proofproceeds in the following steps:

*1: Constructa specific subautomaton B

#2:Show that this eubautomaton satisfies a "stronger"claim.

S3:Derive items 1 and 3 ofthe theorem from Step 2.

*4: &erive item 2 from Step 2.



S41:Construct a specific subautomaton (b.

We are given thatEve wins 2-token game on it;that is:

Eve wine G2((d,90); (1,90),(A,q0))

consider an arbitrary winning strategy & ofEve in this
game.

This strategy a

may
use' only a subset of transitions of .

- We say a uses a transition pop itfor some

finite play ofthe game thatends withEve's token

atp. strategy a instructs totake p-spas the

next transition.

When We restrict ad toonly the transitions used by 2,

We geta subautomaton Br

-

Any winning strategy can be chosen to get a subautomaton.

However, keeping Step 2 in mind, a particular winning winning

strategy is chosen.

coce ofmining dogtegy:
- Since Eve wine 2-token game on it, are also wins

the 3-token game on 1.

- Let 53 be Eve's winning strategy in the 3-token
game.



i.e.:3 is a winning strategy for Eve in

G3/ (d, 90); (A, 90), (A,90), (d,90))

From 13 We can derive a

winning strategy for the

2-token game:

-> Consider the a-token game.
-> Assume a dummy 3rd token for Adam in which Eve's

token is simply copied.

- Eve Adam 1 Adam 2 Adam 3

90 909090

3 E E
At any history, 53 gives a move for Eve in this

game.

-> Get52 be this strategy (thatwas a dummy token + wi).

The subautomaton B:We choose B to be the

subautomaton Br_

-> all transitions used by U2.



Step2:A stronger claim on this subautomaton.

laim:For every finite word a and states p, U, re s.t.

- there is a run on a from go to pin
b

U

190 msp
-and there are runs on a from go tor, anda

C 9 ms)
U

n
A
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Eve wine G3 ( (B, p); (d, r,),(A,rz), (A,p)(

I
-in this game. Eve should move her token only along

-Adam can move along a in all his tokens.

-His third token initially starts at the same place
as Eve's initial token.

Proofof this claim proceeds by an induction on the length gu.



Base case:U =2. To show:Eve wins
--

G3) (B,90); (A, 90), (A,90), (1,90) >

- Consider strategy to discussed in Step 1. We cannotapply it

here because is may use transitions notin B.

-

We only know thatwe uses transitions along . So we

need totry proving the claim using r2.

We know that using
82:

Eve wins G2( (1,90); (A,90), (A,907) >

We know that ming 53:

Eve wine G3) (A,90); (A,90), (A, 90), (A,90))

-

From I. We can derive:

Eve wins G1 ( (B,90); (A,90))-

From B and 2, we can conclude:

Eve wins G3) (B,go);(A,90), (A, 90), (1,90) (

X
On Adam's moves, Eve considers the strategy is (as in)

This strategy moves the token along A. Now Eve uses the

strategy of B to determine the final move along 13.



Induction ase:Assume thatfor all words of some length k,

the claim is true.

Ret UK+ 1

=Up. a with MR1 =

k

Let

%
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9ere U.

90 meeteve
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hox: Eve will G3)(B, pC;( A; U), (A, v2), (A,p()

Let90ms prespu

Uk
90 mn, precis

A

90 mes precia

By induction hypothesis:
Eve wins G3 ((B, prelpi); (A, preloil), IA, presas), (, prespc)

suppose the nextmove of Eve at this position in this game is:

preps -> p'
This is a transition in B.



No matter what Adam does tohis tokens, Eve can win fromp'
In particular, ifAdam moves his tokens to:

2, U2, p

Eve can still win from p

:Eve wins G3 ((B, p"); (A, r, 7, (A,v2),(A,p))
-

- Notice thatwe have considered two transitions of B: so far:

prep3

,
P

S

- Since preps -p appeare in , itis used by strategy be.

: there is a position 91,92 for Adam with

Eve in preps where we take the framition

prep) -p.

Recall how we obtained 22. We obtained itfrom us assuming
Adam's third token is a copy of
Eve's token.

:in the configuration:

prep);91, 92, prep
Eve plays presp)

->
p

towin.

In particular, if Adam takes the following transition on histhird token:

presp -, pl
still Ene wins.



In summary, ->
I

Eve wins G3)(A,p); (d;suclqi)), (d, sucqul), (A, p'))

Where such), suchel are some arbitrary a successors of 91,92.

From 0. We can also conclude:

Eve wins G3((A,p");(d, v,7, (A, v27, (A,p3)
-

From & and B, we conclude:

Eve wins G3((d, p); (A, r,7, (A,rn), (A, p1)

which
proves

the induction stys.



#3:Deriving items - and 3 of the theorem from skept

Step 1identified the subautomaton B and

step 2 showed thatfor every finite word u, and state

o creachable in B) and 91,92 (reachable in A) on ,

Eve with a token game

G3 ((B,p>; (A, r,),(d,rn), (A,p))
-Let8be Eve's winning strategy in the above

game.

Ishow:Eve wins from everywhere on B.

Pick a word uc S*

suppose
there are runs in a starting from 90

that lead to p, M, 2.

We know Eve wins G3)(B, p); (d, e,) (d,e2) (A,p))
=>Eve wins G3((,P); (A, Mi) (A,zl)

=>Eve win G3) (B,p); (B, r,) (8,4))

I
as required.

show.AtB is simulation equivalent:

Since I is a subautomaton of A,
A simulates is trivially.

Need to show B simulate ,is, B wins sim (B, Al.

From Step 2. We can conclude Eve wins G1((B, 90); (A,gol)

If Eve wins G1) (B,90); (1,901) then Eve wine Sim (B, A)

G1

by using same strategy, and

ignoring Adam's lasttransition

: simulates i
played in sim.



*

how:If is HD, so is A.

In the notes ofprevious lecture, we have proved that if

A and B are simulation - equivalent, then

A is HD c> B is HD.

As we have mown that , B are simulation equivalent,

item 3 follows.

Note:Item 1

of theorem I follows from these discussions,

- for R=1, k
=2, we have new thatEve wins from

everywhere in B.

By an analogous argumentwhere
we showed

that Eve wins 2-token=> Eve wim k-token, my3

we can conclude thatEve wine k-token game *k>3 too

from everywhere in B.



Parts: 'Weak co-reachability.

-> consider a parityautomation .

-> We
say states p,q are co-reachable in a it

Ive* and runs go hig
k

9ee 9,
A

-> We write (p,9) ECRin thatcare.

*WCR is the reflexive &transitive closure of the CR relation.

piqare weakly co-reachable if(p, 9) =NCR.

: If (p,9) =WCR, there are 'intermediate' states 91,92,...,9mSt

(p, 9) ECR, 19,92) ECR, .... (qm,9) *CR.

-> We a setofstatessay 9, 41, p2, ..., PK
is weakly coreachable

ifevery pair of them is weakly co-reachable.

Lemma:Leta be a parityautomation, and pig, be states sit

(p,q)GCM. and 19,2) -> cR.

Then Eve wins G1)pig) and G119,27

implies Eve win G1)p;e).



Pat shoul:If 9, p,p2, ..., pn are weakly coreachable in B,

then Eve wins

Gk((B,q); (B, pi) (B,pz) ..., 10, pal

Firstly, since Eve wine k-token game from everywhere in B,

we can conclude:

Eve wins Gk((B,9); (B,97 (B,9) .... (B,97) -0

Lemma:Eve wins G1) (B, 9); (B, pi) ( Fi

pot:As 9, pi are WCR, there are intermediate state

9 =0, 1, 2, ..., m
=

4:
St. (Ri, Miti) ECR.

As Eve wins GIfrom everywhere in B, Eve wins G1 (ri, Mits(

By transitivity, Eve wins G119, pi).

From 0and the above lemma, we can conclude that

Eve wins Gk19;p1,..., pa).


