
HISTORY DETERMINISM

Lure4:From 2-tokens tok-tokens, and then tojoker.

Reference:Sections 3.2.1 and 3.2.2 Of Keya Prakash's PhDtheis

Plan for the lecture:
-

Part1:Eve wins 2-token game=>
Eve wine k-token game FRY:

Patz:definition of joker games and examples

Parts:Eve wins a token games
Eve wins joker game

Part1: 2-tokens vs k-tokens.

We start Witha simpler direction, going from 1-3 to 2.

Lemma 1:Leta be a parity automaton and letk = 3.
-

Eve wins k-token game on A => Eve wine atoken game
on it.

Proof:
-

Assume Eve wine k-token game
on A, for some k>3.

Let us be a winning strategy.

- Now:consider the a-token game.
- Eve adds (R-2) extra tokens in which she simply copies

her token.

- Eve can then use or in this 2-token
game

with the

durmy' k- 2 tokens.

- This will be a winning strategy in the 2-token game. A



Letus now look at the more non-trivial direction - from 2 to k

Firstlyif at themby a similar argumentas in

atee
The nextlemma considers the care when R33. This was proved by

Bagnol and Kuperberg in FSTTCS 2018.

Amaz:Leta be a parity automaton.

Eve wins 2-token game-> Eve wins k-token
game

AR?3

Nof:Assume Eve wins 2-token game.
We will show that

Eve wins the 3-token
game.

The argumentfor greater
k

is analogous.
- Let we be a winning strategy for Eve in the a-token game.

- In the 3 token game,
Adam has 3-tokens, say 1, 2, 3.

- Eve maintains a memory token where she plays strategy 22

W.rtthe second and third token ofAdam.

- In her token. She plays 2 w.r.t. Adam's firsttoken and her

memory token.

Formally:suppose current configuration is:

Eve's token: ↑

Memory token: p Memory of 52 :Mes
I v.2.1. Adam 2 & Adam 3

Adam's token 1:91

Adam's token 2:92 Memory of 82 ·zo
W.w.t. Adam itmemory

Adam's token 3:93 token



- When Adam plays letter a in this configuration.

-Eve moves memory
token to:

p" =r2 (p';92,93, Mess

Eve updates memory M23.

- 2. Then, Eve moves her token to:

22 (p; 91, p", mo)

Eve updates memory Mao

This explains the finite- memory strategy ofEve in the 3-token game.

It is easy
to see thatthis strategy is winning for Eve in the

3-token
game.



2:Joker games

Eintion:Letit be a parityautomaton. The joker game

starts withan Eve's token and Adam's token bott

initially at90.

- The game proceeds in infinitely many round,and in round i,

Where Eve's token is at9: and Adam's token is at pi:

- 1. Adam selects a letter asEC.

- 2 Eve selects a transition 9:
Mci, git,

- 3. Adam either moves his token along a transition

pi
mi,

pitt

or

plays
Joker and selects a transition:

9: mi, pitt
and places his token atpitt

The new position is 1997, pits where round it begins.

Eve wins a play: if Adam's plays finitely many jokers and

if Adam's sequence oftransitions satisfies the

paritycondition, then

Eve's token also satisfies the paritycondition.

-



Example:consider

fa,b:= a :0

:-
Adam wins Joker game on us as follows:

- Adam plays 'a' in Round 0 and irrespective of what

Eve does, moves to91

- Adam continues toplaya, and keeps the token at9, until
Eve remains in 90.

IfEve remains in go, then Adam wins.

-

Suppose at Roundj. we have:

Eve:90->9, live moving to9,1

Then in thatround. Adam plays Joker and does the following:

Adam:90 ->90

- Now, Adam plays a 'b'followed by at where he
goes to91

- Eve cannot extend token on a 'b' and hence loses.



position:Joker games are finitely - determined.

Additionally, ifEve wins a Joker game, then she has

a positional winning strategy.

of sketch:

Joker
games can be modeled as adimensional paritygames

for which we have finite-memory determinacy. Moreover, for

2dimensional parity games,
Eve has a uniform positional

winning strategy in her winning region.

See Chapter 2, theorem 2.2 in Keya Prakash's Ph.D thesis
for more details.



: Eve wins atoken
game implies Eve wins Joker

game.

As a

preliminary step, we show that ifAdam wine a Joker
game,

then there a uniform bound on the number of
joker moves

he needs toplay to win the
game.

Emma3:setgamehe
e a parity automaton on which Adam wins the

Let us be a finite-memory winning strategy for Adam.

Let K =1 +

(size ofarena ofJoker game) x (size ofAdam's memory(

Then every play following is contains at most K Joker moves.

roof:
consides a play where the same

game position andamong

Atit-...-
~ Suppose there is a sober more in 1. Then

at(p,9, m) Adam will choose the same letter as

Eve can then move her token topl
- Then Adam goes to 9,m, as per 53.

-

Essentially, Eve can force the came p to repeat indefinitely.
- Adam loses such a play since there would be infinitely many

Joker moves.

Now, Ifa play following is has K+1 Joker moves, itwill have

a cycle ofthe above form, witha joker move in between

This contradict is being a

winning strategy for Adam.



Lemma 1:Leta be a parityautomaton.-

IfEve wine the 2-token game on ad, then she wins the Joker

game on A

Noof:We
prove the contrapositive.

-> IfAdam wins the Joker
game,

then Adam wins the 2-token game.

Here we have used the factthatbothjoker games atoken games
are determined.

- Assume Adam wins the Joker game. By Lemma 3, Adam's winning
strategy makes at most k Joker moves for some I determined by

the game's syntax.

-Letus be Adam's winning strategy in the Joker game.

- Consider the KH token game.
- Adam plays 55 on the firsttoken and copies Eve's run in all the

other tokens.

- Atthe firstJoker more, Adam follows us atthe second token.

Copies Eve's run in tokens 3 tok and makes dummy move

attoken 1.

- Atthe second Joker move, Adam follows us at the third token

and so on...

of Adam

- Eventually there will be some token
~
which will give an actual

mi of the automaton.

->This run will satisfythe paritycondition, whereas Evels run will not,
as is is a winning strategy of the Joker game.

-> This proves thatAdam wins the KH token game,
and hence the

2- token game (due toLemma z).


