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Lecture 3:Characterizing HD-ness in Brchiand corchi

automata using token games a joker games
- PartI

Reference: Ph.D. Thesis of Keya Prakash

To moreget insights into the notion of history determinism,
the research community has introduced to new games:

/ -
k-token games Joker games
I Bagnol, Kuperberg' 2018] I Kuperberg & Skrzypczak'2015]

using these
games, we now have the following characterizations

ofHD-ness on different types of automata.

Characterizing HD on Buchi &coBuchiautomata

Theorem:Leto be an w-automaton witheither a
-

coBuchior a Bachi acceptance condition.

The following are equivalent.

- 1. A is HD.

- 2. Eve wins the 2-token game.

-3. Eve wins the joker game

For coBrch;this was proved in [Boker, Kuperberg, Lehtinen, Skuzypczak' 2020)

For Buchithis was proved in [Acharya, Jurdzinski, Prakash '2024)

We follow the presentation in Keya Prakash's Ph.D. thesis.



One goal is to understand this theorem across several lectures.

an or day's lecture:
-

Part 1: Revisitthe letter game and move thatit is finitely determined

Part2: Introduce the token game

Ps:Some examples of I-token and 2-token
games

suggested reading: For background on wantomata and games--

please sel Chapter 2 of Keya's thesis

-

Chapter it of Bojanczyk's "Automata toolbox"talks about

infinite duration games and the Buchi-Landweber theorem

Notation:In general, an w-automaton is (1,2,3,4,x) where I is
-

an "accepting condition". Here are some specific conditions which will

be useful to us.

Bich;adomaton: 1I, a, I, a, F) F =

a subset of transitions
-

Run P is accepting if:Inf(P) 1 F =p
X

setoftransitions occurring infinitelyoften in

coschi ammaton:(2, Q, I, 4, Fl F=X

Run P is accepting it:Infle) F

Allen anomaton:(I, a, 2, 4, 5) 7 =SF, F2, ..., FR3

each Fi =X

Run P is accepting
ifIn+lp) =Fifor come;



*1:Revisiting the letter game HD(A)

Letit be an co-automaton. The letter
game

(also called HD-gare)

on A, denoted as HDIA) is played between Adam & Eve.

- Itis infinite duration

- Atany finite number of moves:Adam has chosen a word in St

and Eve has chosen a run ofthis

Word on i

- Atround is 0

- Adam chooses ai EZ

- Eve chooses a transition tie over this letter ai

and which extends her run so far.

↳
at round o, Eve choose a transition from an initial state

King ive: An infinite play is of this form:

5 = AoS ro) (ii) (E)..--
Let w =doa, .... and 4

=4ot,.....

Eve wins if either we 2(A) or t is an accupting run

Notice that by design Eve's run would be a run of a over w.

If Eve is unable to extend her run at some round, the

loses.

Let CH*
=
E was above a is winning 3

Eve



Ine-memory determinacy ofheter games:
HD

We claim thatL
Eve

is an w-regular language.
To prove this, we will build a Muller automaton for (HD

Eve

- Notice that the infinite plays are of the following form:

(2)(ii)....
where ai=2, 4i= ofthe given

automaton&).

So the alphabetis 2x4

- Leti be a deterministic Muller automaton St. (B) = 21A).

B =(0, z, IP, Y, yB(

Assume A to be a Muller automaton (as this is more thangeneral
Buch; R coBchi)

A =(04,5,14,44,71)

HD
-

Construct automaton 2 as to l10WS:
Eve

-States Q= ⑨
B
X a

- AlphabetS =2. x

A
- Initial states I

=IPX I

- Transitions :

1p, p2) , (9B, q4) is

p*1, qB in B

and x =(p,a,q1)

-

Acceptance condition IC:defined in nextpage



*For a transition 0:(pB, p*) > 19B,q), we define

+810) =(p,a,qB)
-

+,*(0) =y =(p7,a,q1)

* For a subsets of transitions of C, define

↑P (s)
=

ETP (t) 1 0 es3

x*(s)
=34410) 1 0 es3

The acceptance condition Iis given as follows:

I=2 S=1 TP(s) = I implies

4 (s) - IA 3



: the k-token game
- Given a non-deterministic w-automatonA.

-

The k-token game is played between Adam & Eve.

- Eve has 1 token and Adam has a tokens.

-

Initially, all the tokens are on some initial state of A.

Eve's token is at 90.
j

Adam's it token is at P
- The game proceeds in infinitely many rounds. Before round iso,

Eve's token is at9; and Adam's ith token is atp
- Atround iso

- Adam chooses a letter ai-E
Ai

-2. Eve selects a move 9: -> 9i+

- 3. Adam selects a move for each of his tokens

Ai

p -> plifI
lining days:In a play, Adam constructs a word and bruns of

A on this word,

and Eve generatea run of
on the word.

Eve wine a play ifthe following condition is satisfied:

- ifat leastone of the runs of Adam's tokens is accepting,
then Eve's run is accepting.

Otherwise Adam wins the play.

ercise:Show that k-token games
are finitely determined.



x3:Examples of token games

Let Al be:
Da,b
-a
coBichiacceptance with the

green
transition

being the accepting transition.

Exe wins the 1-token game
on

1

Eve's strategy is as follows:

->Atthe startof round i, if Adam's token is at 90,

play 907,90 atround i.

-> IfAdam moves to 9, atround is Eve moves to9,
at round it 1.

This is a winning strategy for Ever

->If Adam remains in go,
then Adam's sun is notaccepting and

hence Eve wins.

->Once Adam moves to 91, then he can only play
a' and

remain in 91. This will be an ace. Mr.

However, by the strategy. Eve will move to9, as well and

hence Eve wins the I-token game on Al

Adam wins the 2-token game on ii:

Here is Adam's strategy:
- Adam keeps playing 'a', keeps token 1 at go and moves

token 2 to 9, atthe first round.

-

Suppose Eve moves her token to 9, at round i.

- Atit. Adam plays a
'b' and then continues toplaya'



This is a winning strategy for Adam:

- IfEve remains in go, the loses.

- Once Eve moves to 9, she cannotextend her token anymore,
Whereas Adam

manages
to produce an accepting run.


