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Re:Quantum gates as tree updates

We illustrate the key ideas using an example.

consider the following gate:
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quantum version of

NOT gate

If there is a single qubit(2,3 = c010> + a, 17)
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flips the numbers

Now we have a2 qubitsystem.
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The action ofthe gate can be represented by the following matrix:
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tapsamplitudesofstatementinavalue isthe



: If T =C00.100) +c01 101) + 40.110L +4.1117

Then x(T) =4,0.1003 +211.101) + 600.1103 +201(11)

Viewed as a tree:
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The subtrees below us are emapped
by this operation.

by idea:Define symbolic tree-update operations that

capture the effectof a circuit.

Erjection &Restriction:

Consider the tree as a function: -

Tutum statee

Projection:-

Tr, (b,bz....by...bn)
=T)b,bz........bu)

T (b, bz.... by ... bu)
=T(b, bz....0...bn)

Explanation ofthe projection operation comes in the nextpage.



Tr, (b,bz....by...bn)
=T)b,bz........bu)

T (b, bz.... by ... bu)
=T(b, bz....0...bn)

Te e

/
no au Thycopies right subtree

!
of me to its left

xz

02

*E

.

*
we ne

x

x
=
=0 x= =1

x
=
=

0 t =1

:
&

Example:
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Similarly. Icopies leftsubtree
of at to its right.

see as a state: itT=200, 100) + c01. 1017 +40.110) +2.111)

Tx, =2,0.100) +C,101) +40.110) + 4.111)



Reaction:

But (b, bz...by ...br) =b=-> simply returns bitbe

B5(b, bz....by ... br) = ->returns the complement
of bt

Now, suppose
T =200. 100) +(0,101 +40.1102 +cr. 1117

Tn, =40.100] +40.1013 + 40.1103+ cr. 117)

B. TM =40.1007 +40.1017

Reiting He Xircuit:

X(T) =40.1007 + 40.1017 +40.110) + 2.111)

Notice that:

X(T) = B. Tap to Bus. Thi

Therefore We have written the effect of the circuitin terms

ofthe two updateoperations



Example:The Coe gate (controlled Not gall

targetbit
1x+-(x, y u+ 7

1
ise in.

control bit

00 1 000
CNOT:

01 0 1 0 W
bit 1 is c

10 I
0 0 0 1 I bit2 is ut

11 00 1 O

If n =
1 then it flips 27

Else maintains itas itis
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The tree update formula for exoT is as follows:
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CNOT(T) =BT + BoBTn +But.Ti)
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wood as a cando a 11C01 0 21 0



Interpretation ofthe formula:

CNOT(T) =BT + BoBTn +But.Ti)

↓ ↓
If xc =0 then If ne =I

targetremains same apply Xgate totargetbit



Raz:Tree automata to capture the tree update operations

Example:The X- gate

Assume it stands for the target qubiton which the X gate
is

applied.
The tree updatecharacterization is as follows:

Xt(T) =

Bi T+ Bux. T

↳
sap

the left and right subtrees of it.

->

suppose of is a tree automation representing an input set of
quantum states

LetAty)
- represents a tree automator

be obtained as follows:

every:92, 190,9,) -> 9 Ex 19,903

in A in At

-all other transitions remain the same.

Essentially:Tu
->
a

" ·Y



Example: The CNOTI gate

CNOT(T)
=

B:
T +Bus. (But Tat + ButTr

Assume c < t. Then:

·
Na

--**X
remaine ↑

same
mappedat

I automation forNOTE:

->

suppose it is a tree automaton representing an input set of states

-> The automaton for COTEis constructed in the following steps:

-1:A,
=X+ (ud) [the automaton constructed in previous example)

-

Step2: !=1, 2, 4, Ri

↳
obtained from , by priming all occurrences

of states.

-

3:
AR = =<&Ua!, , 4ux!, RY where

<R =39,190,91) (9*, (90,917 -> 4 xk =c3

~3 q *, (90,9,) 192 (90,9,7 = 33 vSt1150
latransition.
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so itswaps
left and

remaine ↑
right subtra

uapped o Pt.
same subtrees -

Example:Consider a gate UIT) =a,Bux.T
+90. But I

***
scale by no tan

->UIT) scales leftsubtree ofMe by no and rightsubtree by as

9
Idea:

Nt
-

90 / X al- a primed version where all the

AA leat transitions are multiplied by an

↓

all leaf transitions of

original automaton are multiplied by 90.



full consuction:

-> A =11, 2, 4, R) the inputtreeautomaton

-Al=< a', 2, 1, R' where

xi =4iu3q,(9=xex)
↓

primed version

of internal

transitions from

- A=caux', , 4ux1, R7 where

xP =3q -,1q-x=xe)

02 qa,190,91719, 190,9,7e*RFt S

v 3 9 ma, 190, 9, 19, 19091) ** and b
=+3



Part 3: Patting things together-

- In fowthe
paper they provide formulas

many quantum gates

including the universal one Toffoli

ditional apa forgeneral formulas:
- The formulas me projection, restriction, adding/subtracting terms,

and multiplying by scalars w2' and t
Tz

- Given a tree automaton reprenting inputstate,

they give
a tree automaton representing the application of

projection and restuction.

For example:X'(T) =BiT+Ba, in

Given TAAp for inputstates

->constructTA for 3BiTn, (T) I T =21Ap)3

-> constinctTAfor 3 Bus. Th (+) 1 T = 21Ap13
-> Then apply construction for the t

- Automata for I and multiplication by no are also presented.

↳
refer tosections - 26 ofthe paper

for further details.



Summary:
-

- Quantum status as trees

- sets
of quantum states as a tree automation

-> Quantum gates as "symbolic update"operations, whose

effectcan be emulated wing
tree automata

->

Using a compositional approach,
the tree automaton representing

the effectofthe full circuitis computed.

-> Paper presentsnon-trivial and encouraging experimental results

↳
cases when existing circuitequivalence checkers failed,

the current method produced bugs

->

Exciting link between quantum circuits & automatatheory.

More lefttobe explored.


