
VERIFICATION OFQUANTUM CIRCUITS

Lure3:An automata-based framework for verification

&
Bug hunting in Quantum circuits

Reference: Paper with the same name as above

- by Chen, Chung, Lenga'l, Lin, Tsaiand Yen (CAC25)

anfortharequestion;its applications;and an idea ofits solutee

-2. Notations for quantum states &

gates

-3. Tree automata

-4. Sets of quantum states as languages oftree automata

-5. Quantum gates as tree updates 3 next lecture
- 6. solving the verification question



Part1: The verification question and its applications

[P3 C [03

↓ ↓ ↳
Set ofinput a Quantum Set of output
quantum circuit quantum states

States

Pre-condition Post-condition

Question:Given the setp ofquantum states as input to circuits,
-

is the outputincluded in Q?

Edea tothe aution:

- 1. Represent3P3 as the language of a tree automaton Ap
↳
each quantum state is encoded as a finite tree.

-2. The operation ofC on an inputquantum state is modeled

as an update tothe tree representing
the states.

-

3. Given up and C there is an algorithm that output a

tree automation up: this represents the setof output states
thatcan be obtained on applying
C to P.

-4. Check ifpI o
↳

Treeautomatonrepresentare



delication antur iruit alence:

Atypical challenge in hardware design:

circuit C

↓

optimized circuit C

Are C, cequivalent?

Bing 34,303 Aounder-approximatetheqivalencetest:

- Pick a set p (created by user or

automatically
-

Constructtree automaton to representing the output of

applying C top.

As-d

Similarly construct d

Ap-1)-As

If <IAx) = 21A's) then there is a bug:c' isnot
equivalentto
C

Else, we can say that bothcircuits behave the came on p.

-> Try multiple p's to catch bugs. This is a bug-hunting procedure e
nota complete equivalence test.

-> see the
paper

for more applications &experiments
&context.



Artz:Some preliminaries on quantum gates a circuits.

-> In a quantum system with in qubits

->
basis states are 31j)1j = 30,13"3

-> a quantum state is a superposition ofall the basis statu

Z aj 1j>
j = 30,13

where aj eDand 2, 1951 =1

j= 30,13

function representation of a quantum state:

T:50,13" - C Where T(j) =ajfor je 30, 13"

Example:
Quantum state ↳100 +t

I (i,0,0,]

= function 7 =500k, 01590, 2010, 114423

Representing amplexnumbers:
-> We consider a subsetofcomplex numbers that can be

expressed by the following algebraic encoding:

(2)*(a +bw +c2 +dwY)

Where a, b, c, d, k e R, w =eit (unitvector thatmake an

angle of 45" withfive real axis)



-> Acomplexnumber is than represented as a 5tuple:

(a, b, c,d,k)

Remark:Notice thatthe subset of complexnumbers that can be
-

represented this way
is countable. Whereas K is uncountable

However, the paper states thatthis subset is sufficientto

describe a set of quantum gates thatcan implement
universal quantum computation.

-> Withsuch an encoding, a quantum statecan be represented as

↑:30,13" -> 25

- Restof the concepts aboutquantum gatesand
circuits are as discussed in the last lecture.



Part3:Tree automata

-> We consider finite complete binary trees.

Ahabet: &is a "ranked alphabet"consisting of to kinds of
symbols:

binary symbols:f, g, ...

constantsymbols:c,c,...

Binary tree:

-g
->Internal nodes are

binary symbols

T = ! C,
-

- leaves are constants -

C2C3

-> Internal nodes have two branches.

Tree T above can also be written as a term:

-> (f(x,x),g(f(x,(),a))

Yes ofbinary trees
fe -> Rootis e

·/ -
gi

-> For a node 'al

f itsleft child is no

so,fo-, 11
rightchild is as

-
100
2 C3 101



Labeling function:

- call the set ofnodes of a tree tobe NT

- The labeling function ( maps Ne to

For example:
E

·
-

g2
T:

so,fo
-

C,
11

-
10022 33401

Nt =2e,0,1,00,07, 10, 11, 101, 1003

Lt =2e 1-f

0 r f

1 -g
00 1-C

01 1-C

10 1- f

11 1-c,

100 I c2

10 1 123 3



I

automata:
an acceptor ofa tree language

Example:E = E -; 23g

binary constant

L =
3 balanced trees ofheight 2 that contain 'f'3
-

#each pathcontains
2 internal nodes

90
>

(p,, p1) p,
*,

(propel pet(7

9 , (9, 413 9=(P2, pal0

E
90 -(p1, 9,2
!
Since firstnode is not 'f', Example of

a run:

the transitions
guess

where

- Would
appear. 90

q
Top transition guesses 'f'appears 9- Pon the leftbranch

Bottom transition guases
ifappears q

on the
rightbranch- 17 I Ipr c

P2
C C

p2 42

->A tree where 'f' does notappear will nothave a run atall

in this automaton.



Example 2: 21
=

E x1, 42, 43, 0,13
e -

binary symbols constant symbols

consider the automaton is given as follows:

9-190, 9i) 9=192, 92) 92, 190,917 901

9 197,90")
9=19,,902 9,, 19,90) 9,1,1)

90", 19,902)
902 190,90)

↳
accepts balanced trees ofheightsone"***ing 1.

9
x

9,
us n9"

92
I do as "

23

good

In the above tree, say T,
node OO is labeled, every other

leat is o

.T1001) =1

-(j) =0+je50,133750013



Formal definition:

Non-deterministic Tree Automaton:

A =(0,2,4,R)
↓ I ↓ ↳

finite setof states finite transitions root states

alphabet (initial states

X: Xi U -
l

↓ A

internal Leaf

transitions transitions

↓ ↓

q 2, 1992) q=

->No separate acceptance condition. Any tree thathas a run

is accepted.



94:Encoding sets ofquantum states using
tree automata -

We explain this encoding using examples.

Example 1:All basic states of a a-qubitsystem:

100), 102, 1907, 11x

x1
001- 11003:

1:]
Too:0710 ne un

10 10

111 0 "A
10 00

ne

-

as a function e

as a vector as a tree

00 -> O

1017 Ton =01 1- 1
"

10 1> 0:]
111-> 0 .

001- 0

nos:(:] Tro: 01 11 0 "
101- 1 22 Re

11 1- 0 !

00 18 x

011-8
1.() T11 i

101-0
meun

11 - 1 !

Tree automaton is representing the tra representation
ofE1007, 1024, 1903,

11173:

O

9
, 1909, 9* 190, 90) 9 -- 13

9 =19,907 9.I (9,,907 912

9
, 190,917



This idea can be generalized toany in

↳Part 3 - Example I gave
the automaton As for n = 3.

-> We can constructautomaton on:representing all basic states of an

n-qubitsystem.

Eye2:Consider the finite setofstatus:

P =+100 +111), 110k + 110)}E Ez

-=(i)(1 +0w +0.w2 +
0.w3)

:Encoding oft =(1,0,0,0,17

Automaton Up: two initial states 900,and 901,10

900.In 1900, 917 900, 190, 907

91 ,190,9c)
901,10 =s 1901, 9107

90 , (90,923

900 , (90,907
-

9-12 I stands for (0,0,0,0,0)

(1,0,0,0,17
9. -- 17

Remark:In the paper, they consider only finite sets of states, and hence

finite tree languages.


