
HISTORY DETERMINISM

Lecture 2:History determinism coincides withgood-for-gameness
for co-regular automata

References: 1. When a little non-determinism goes a long way:
An introduction to history - determinism

Udi Boker & Karolina Lehtinen

ACM, Siglog News, Volume co, Issue
1

(2023)

2. Chapter it ofthe book "An Automata Toolbox"(December 25

version?

by Mikolaj Bojan'czyk

lecture:Plan for the
--

Part 1:Formal definition ofhistory determinism, the "letter game"
..

Part2:Good - for-games automata

2.1. Infinite duration games withco-regular winning objective

2.2. Buchi-Land weber theorem

2.3. GFG automata - definition

Part3:HD =GFG for a-regular automata



Part1:History determinism - formal definition

Si:a finite alphabet

Automaton :(I, Q, I., x (

&:finite setof states

I=a:initial states

8:0x +2
0

transition relation

2:aecondition

- varies depending on condition

- a could be a subset of states or

a subset of transitions

- A is deterministic if1819, as/II qe*
FatI

#

er
game:HD/A)

-
Letter

game
on an automaton d

-

Two-player win-lose game between Adam and Eve

· Adam builds an infinite word 'w' step by step and

Eve builds a run of a on w.

· At furn I:

- Adam chooses a letter asfrom [

- Eve chooses a transition toof ad over ai

· In the limit, a play consistsof:

a word N =ApA, 92....

and a sequence 3 4 =Yo 4, 42....

of transitions



Eve wins the play if

- either we ((A)

- 08 ↑ is an accepting run of
a over w

A is history-deterministic ifEve has a

winning strategy in the letter game over A,

denoted as HD (A)

strategy of Eve can be see as:

r: 2* x 2 -

Where is the set of transitions of
A

The strategy thatwitnesses HD is called resolver



Part2:Good-forGames automata

- Our nextgoal is to show that history-determinism

coincides with a notion called

Good-for-Gamenes introduced by Henzinger &Piterman of

- To understand this, we need an interlude on

infinite duration games and the Brchi-Landweber theorem

↳
We recall there notions from Bojanczyte's book.

*2.1:Infinite duration games with w-regular winning objectives

Games: Two players 0 &1
-

- a directed graph, notnecessarily finite, whose

vertices are called positions

- a distinguished initial position

-

partition of positions intothose controlled by
Player o and those controlled by pl. 1

-

a labeling ofedges by a finite alphabet
- Winning condition:a function from 2," - 30,13

Play:- Begins at initial position
-

Player who controls currentposition chooses an outgoing edge

-

Play moves to the new position corresponding tothe

targetofthe edge.
- If currentposition is a dead-end, player controlling
thatposition lones.

- Otherwise play continues for ever:to,O2....



- The
sequence of edge labels araian... is a word in 2

Play is winning for player;ifwinning condition

associates as a,a.... to i.

Strategy for Player i:

- a function which takes as inputa history of the

play seen so far that ends in a position controlled by i

and outputs an outgoing edge from this position
-

Strategy is winning for;itevery play

conforming to this strategy is winning for Player;

0:Pl. 0
ample
inOp 1: P1. 1

S

· 0dead end

Winning condition:pl. 0 wine if aappeare infinitely often

Winning strategy for PI.0.

S.dead end

Brinacy:A game
is determined ifone of the players
ahas winning strategy



Finite -

memory strategies:
- Consider a game withpositions y

- A finite memory strategy for Player;withmemory is given by:

- a deterministic automaton with states M and alphabet X

-for
every position veX controlled by i, a function

fo from M toneighbours of a

-suppose current position is 2 &currentmemory is in

10, m)

-Apply fo(m). Letv'=fo(m)

se;
m

(v=falm),

- Then apply the transition on tim

10,m)
v=fo(m)

↓
v

m -> m
(v)m17

P2.2:Buchi-Landweber Theorem

Let I be finite and let

Win:"-50,13 be -regular

i.e., inverse image of 0 (and = 7 is recognized by

a deterministic Muller automaton.

For every game withwinning condition win, one ofthe players
has a finite -

memory winning strategy



Proof-sketch of Brchi-Landweber theorem,

Two ingredients:

Amma: For every deterministic Muller automaton, there is an

equivalentdeterministic parityautomation.

Amma?: For every parity game, one of the players has

a memoryles winning strategy.

Consider a game
6 whose winning condition for player O is

given by a deterministic parityautomaton A

Game G -det. parityautomaton &

↓

Product game GX A

10,97
if =r' in G

ab
and q ,q'in i(0',9'

- (0,9) belongs toP1. I it a belongs to41.2

-

Winning condition in Gxd: parity

The following are equivalent:(Exercise

- 1player iwins from position win a-regular game G

- aplayer;wins from (0,90) in the paritygame
Gx A

where
go

is the initial stateof A.

Note
->

the 1->2 direction uses the fact that it is deterministic.



2.3:Good-for-Games automata

An
w-regular automaton is GFG if

for every game
G withwinning condition for P1.0 given by (1A)

Player iwins from position o in G

it

Player iwins from position 1,90 in GX A

Where go is initial stateof A

Winning condition of God is same as acceptance
condition of .

Exercise:Is the following automaton GFG?
--

: -Da acc. condition:

eventually zun remains

in 91

9: axe. d
No belongs toP1.7

!a
winning condition (IA)

Clearly P1.0 wins Falle
Winning condition for PI.0 is to

eventually reach and remain

in 10

Clearly Pl.1 has a strategy
to remain in (Wo,90) and hence

wine GX A,

: A is notGFG.



Cr3:HD coincides withGFG for
co-regular automata.

Emmas:Let a be an HD automaton withan co-regular winning condition.

Then is GFG.

Lma4: Let a be an w-regular automaton which is GFG.

Then is HD.

The proofof these two lemmas is leftas an assignment and

will be discussed in class later.


