
VERIFICATION OFQUANTUM CIRCUITS

Lure 2: Rubits, Quantum Gates &Quantum Circuits

Rence:Chapter 5 of the textbook:

"Quantum computing for computer Scientists"

-

by Yanofsky &Mannucci

Plan tothelecture:

- 1. Bits and Dubits

- 2. Qubytes
- 3. Classical gates:an alternate perspective using matrices

- 4. Reversible (classicalgate

- S. Quantum gates and Quantum circuits



Part 1: Bits and Qubits
-

Bit: a unitofinformation describing a 2-dimensional classical system.

A bit can be in two state:0 Or 1.

-> We will View them as matrices:

State 0 will be represented as 10L
ketnotation

State I will be represented as 117

10) =i7!] -> row corresponding to 'has

13 =

P(9] -

row corresponding to has

- 10) and 11 are the 'basic states'

- A quantum system can be in state 10) ANDin state 12

simultaneously.

BIT:A quantum bitor a qubitis a unit of information

representing a 2-dimensional quantum system.

A qubitis given as follows:

of37 st. c.a =e

10012 +1c, =1



Arotation:When qubit (ii) is measured,

itcollapses tostate los withprobability (c1

and tostate 11 with probability(12.

Ways of writing a qubit:

[i] =

c010s +a led

For eg:(1) =10+

=le

i [-] =10 -

1

-

Notice that: 11 =(-1).0b

Imentation of bits:- Chapter 11 of the book gives some details

some examples:-an electron mightbe in one of two different

orbits around the nucleus of an atom

-> a photon mightbe in one of topolarized states

-> a subatomic particle might have one of two spin
directions



Empri. x =(*.*]
This is nota qubitsince IS+3i+loil2 * 1

To make itrepresenta qubit, divide X by its norm V,x

1x1 =1x =1,-xi)(55) =ts =Fo

I=(=o+e
A qubit

↓

after measuring the qubitt
the probabilityofitbeing found in 10) is

and the probability of it being found in 13 is b



Re:Dubytes

consider a system consisting of 2 bits:

0 1

↑ ↑
value of value of

firstbit second bit

In the quantum setting, We use tensor product to represent
combination of status

Letus see what10)*I corresponds to:

10sek =(0)*(i) =

(8)
↓

88) There is a 1I corresponding Ho

the entry or

Similarly 10& 10> * 11 will correspond to 001.

000 0

00l 1

010

&11 O

110

I · I100

101

:
111

Consider a byte /s bits):0x110101

As a qubit, itis 107 11(1)11 x 10&11 10711>

000oooo
01.110101 : a 256 x1 matrix

! 11
111111110



- Eightqubite together is called a qubyte.

A
qubyte can be written as:

00000000 20

00000001 Ci

I : I
1111111 (8255

-> It requires storing 256 complexnumbers.

days toitemqubits:

10) ⑦11 Or 10017 or 1017

↑

firstqubitis in 10) & second qubitis in IR

Examples:

- 3 101) + 21k) =

18) -

nota que,it in a

-

is() =100
-ko +

y
↳

a qubit.

-General form of a two-qubitsystem:

14)
=C00100) +20,1017 + 401103 +G,ke13

S.t 1601 +120,1 +1901 +1911 =1



Entangled bits:

suppose the state of the system is:

+100 =

111
+

I 100

->Ifwe measure first qubitand find its statetobe (1),
then the second qubitwill be in state (17

similarly it firstqubitis in 10), then second will be in 102.

->There two qubits are entangled.



R3:Classical gates

We will representclassical logic gate/circuitas matrio

n inputs

I->asiyoupona
amby - amatrix

(a"-by-a") * (a"-by -c =(2"- by - e)
I

matrix multiplication

Example 1:NOT Gate

-
I bitoutput

⑧ 1

0 IL 10 I
4 q
O

you lo
i

goes
to

1

[ii] (i)=(0] (:0)(:] =(i]

Example2:AND Gate

I outputbit-* D-
? 2'-by-22 matrix

00 01 10 11

0

L
1 11

· I10 0 0

↓ d 1
is
-00- O 01 -010-0



AND =1[ ·80i]
A 1s =

10 =?]() =(i)
=

-"AND1117 =

k>

Similarly AND 1107 =10)

Eample 3:OR Gate -
2
-
by - 22 matrix

00 0 10 11

0 1 00 0

1
[ 0 11 I

Example4:NANDgate IDo-
I

2*-by. 22 matrix

00 OI 10 11

O D ⑧ 1

-L 1 1 1 ! I

ambining Rates:

NAND: ID-Do-

NOT *AND =NAND

↓

matriplicatione



outputofAnt B

outputof Bitem.Idid Sequential combination.

Gate A Gate B

↓
↓

2
-
by - e matrix 24-by-2" matrix

sequential combination given as: B *A

#11 Parallel combination

*I

A ④ B

A: 2"-by - 2m
A* B = 2.2"- by - 2M. 2M

B:2"-by-2m'
(n +n's

=2 - by -ememic

· BYA is almostequal toA Bexceptfor rows and

columns interchanged.

So we say: A* B =B* A

I

(withoutformally going into details of thisequivalence)

->

Try an example togetan idea.



scaruitbe a combination ofate

can be appropriately written as matrices using

matrixmultiplication *and terror product&

reful fact:

[B* B' *(A* A =
(B* A) * (B'* Al)

Interpretation for circuits:

- 11-
-1- 1

We can do the sequential operations
B** and B'* A

and thentake theparallel combination.

02

firstdo the parallel combinations B&B, A4A' and

then combine sequentially.

-> Both result in the same matrix.

ample.
I**
A: n inputs, m outputs

B:taken the firstp bitsof A's outputand produces 9
output?

:A: eM-by-2", B: 2"-by-24
Combination:(BIm-p)*A

↳ Identitymatrixwithmup rows.



Example:

*IX-
OR* (NOT R ANDY

Part4:Reversible gates

- Consider NOT gate. It output is 1) Theyknow inputis low

outputis 107 117

NOT is reversible.

In fact, Not is reversible by applying itself.

NOT *N0T =I

↓

itsown inverse.

- AND is not reversible. If outputofAND is 10), we do not know

whatwas the input. Itcould have

been 1003, 101 or 110).

Reversible gates:From the outputs, one can determine the inputs.

Example:Acontrolled - Not gate

1x-- (n)

H 1n y>
4
XOR operation

2 inputs, a output:if 1)
=107, bottom outputis came as lyt

12) =11), bottom outputwill be opposite (3>



correspon tocontrolled - NOT:Matrix ding

00 1 0 0 0

I
00 01 10

I01 0 1

100 0
8-

A

11 0 0 10

controlled - Not gate can be reversed by itself:

1n>

I10(x+y))
= I (nn)0y>

=10Dy >
=ly >

In fact, matrix A above has itself as itsinverse.

88*8i8:)=(88)I ↓ I I I 0 0
0

Example:Toffoligate
In>

kee

-
1-
120 (xxy)>

-> I controlling bit (a) and ly>

-> Bottom bitflips it both(a) and lys are kh



inthe

112(n xy))* (n xy)7

=(2 ((nxy) (ng))>

= 12>

Matrixcorresponding totottoligate
is itsown inverse.

act:Tottoligate is universal. Every logical gale can be made ming
Toftoligates.

For
e.g. ANDgate:1x-1n>

1-
13!

10)- Inxy)

copying input

oneubi,ly>
10-ly>



sample:Fredin
1xly'I
le's

if (n) =

0 then 1y' = ly> and 1/3 =12)

lab =1 then ly' =12) and 121 =1y>

10,y,2) -10, y, 23 and 11,y,2) -> 11,2.y >

-> Fredkin
gate can also be reversed by applying

ittwice.

(fredkin gate is itsown inverse).

-> fredkin gate is also universal.

Example:

Importate
ring on
are

10)- (4x27

12)- ((in) x 2)



Part5: Quantum gate-

Aquantum gate is an operator thatacts on qubits.

such operators will be represented by unitary matrices

Notgate, controlled - NOT, Tottoli, Fredkin gateare
all quantum gates.

some more amples ofmumgates:

· Hadamard gate:
H -

???7=["Ye Y]
H
*=
A

[*] (?)=(i**a]
·* qubit

alsoa qubit
1co1+ 1c=1

· Paulimatrices

x=[i! I x =(:" ) = =(:2]
x all unitary

· s =.
T = I 0

[ I [
0 -i4/4 I

· For:(i) The gate is notitoven inverse.

Moreover on - Vos =7 '] Isimilar towas gate
sea nextpage.



Putting qubit lo and 11) through whos twice:

10) =31,03" (Fe 2] >10113= 11)

13 =20,13( - ] ->E-1,05 =H) 10L
-

same state as 10)
in the quantum setting

call scalar multiple
representsame state).

Summary:
-> Quantum gates are unitary matrices. There are some gate which seem

to be not unitary. Butwe will

ignore them for now.

-> Quantum circuitscan be formed by * and


