
VERIFICATION OFQUANTUM CIRCUITS

Lure 1:Introduction toQuantum states and transformations

Reference: Chapter 3 of the textbook:

"Quantum computing for computer Scientists"

-

by Yanofsky &Mannucci

some priminary in that wewill beusing:

-

please refer to chapters, 22 of the textbook

· complex numbers

·

complex vector space,
e

· Matrices over complexnumbers

· Adjointoperation

· Hermitian matrix

· Unitary matrix

#an for the lecture:

-1. An example ofa classical deterministic system

-2. A probabilistic system

- 3. Quantum systems - differences from probabilistic systems
↳

come examples



1:classical deterministic systems

Here is an example of a classical system and itsstate - transformation dynamics.

Consider a graph withsix vertices:

00 1 o 2 o

38 48 5o

27marbles are divided and placed on the vertices in the following way:

b 2 1
00 1 & 2 o

38 48 5o

5 3 10

state:26, 2, 1, 5, 3, 103

!
state can be succinctly represented as a

column Vector.

How do the marbles change position?Here are the edge of
the graph, withthe condition thatevery vertexhas

exactly one outgoing edge.

b 2 1
00

ix
⑳

5 3 10
M(i,j) =1

if ji

0 2 3 4 5

Adjacency matrix N: 0

I
0 0 0 0 O 0

II 0 O 0
0

0 0

2 0 1 D 0 0 1

3 0 0 0 1 0 0

0 01 0 0 0

I 1
0 0 0 1 0



sitions: M. X
e

4
currentstate at it'

↓state
att+ 1

So if x =(6,2, 1, 5, 3, 103is statsat't',

State at t+ 1 will be

M-X =000

I ·00eo) ():(l0

↑
8 1

0

-> State after'steps would be M4X

Bomline: -states represented as column vectors

-

dynamics corresponds to matrices

↳
one step transformation obtained by
multiplying state witha matrix

-> Multi step dynamics by repeated matrixmultiplication.



Part2:Probabilistic systems
-> Assume a graph as before.

-> There is a single marble.

↳
there is a probability associated toeach vertex

for
example, ifwe have a 3-vertexgraph, a state could be:

(5,.)*
-

sum should be 1.

State:vectors whose values sum
up to1. Give a probability

for the marble to be ateach mode.

- Transitions are

· rie,brinee
At each vertex:-sum ofoutgoing edges is 1.

-

sum of incoming edge is 1.

-> marble mustgo
and come from someplace.

Eacerity matrix:(e I
->

doubly stochastic matrix

M =

sum of colums

- Sum of rows =>

Evolution of a system in a steps:Mr. X- given probabilitythatthe
marble is

present
in each

state.



-Transpose MT:corresponds tograph withedge reversed.

suppose X is a roxyvector with sum of entries:1.

M*xT =(x M)

I
multiplying a state tothe leftof M

takes IN from -to t-1-

mple:Stochastic billiard ball

Consider the graph:

"
2

starting stak:(1,0,0,03 initially marble at0.

Transition matrix=

I I
M =

bear inthe
After 1 click, state would be 20142,',ob

After a clicks, - (Y2,0,0,423

Then, this repeat. The marble bounces back and forth between

(1,2) and 10,37



Example: Probabilistic double - slitexperiment

Ie ⑧
is

- ⑧

-

1
x0

-

⑧

Bulletsbeing shot. 50% chance the bullettravels through top lit,
50%chance itgoes through bottom slit

->once a bullet is through a slit, there are a target
tothe rightof each slitthatthe bulletcan hit

withequal probability.

Graph model of the problem:
113 &

↳

..
0 0000 0 0.0

Matrix B =
"2 0 ooooo

O

42 0 O 00 00 0

0 43 D 1 00 0 D

O 1 E 0 DI : i i : 0 1 O D I
0 0 1 0

& ⑧ 0 D 7

Computing BC, we will see thatB(5,0) = "y+1 = 1/3

-> there are two ways
for the bullet to reach

positions, hence they get added up.

Bottom line:- States are vectors whose values sum to 1

-transitions are given by stochastic matrices.



#3:Quantum systems

statea state would be a vector ofcomplexnumbers

x =(x,, x2, . .
. . an]

S.t. the sum ofthe moduliis 1.

ie., ni

For example: I.VE)

-> An interpretation:the square of the modulus represents some

probability.
-

Using this representation allows to cancel outnumbers

leading to smaller probabilities on adding (we will see

an example later)

sition amics:Transitions will be specified using graphs having
complexnumber weights.

Yz -Y1z iz
ene I
O ⑧

·

1
-

Yz

2.i

Matrix u = "ve "z 0
-> a unitary matrix

/fire i · I ie ut.u =
v.ut =I

↳

adjoint

Matrices will have special properties:



module of the
consider the matrix representing the equare of each all. We

denoteitas I URij]R

"2 42 0

Iain=1
.
"i IYe

0

I
will be a doubly stochastic matrix.

fact:Forany unitary matrix, the modulve squared of each ofthe
a doubly stochastic matrix.

->

suppose X is a state, U is a unitary matux:

UX =Y
will also preserve property thatsum o
modulus 1quared is 1.

raph interpretation of untary matrices:

For v =

("free I
ut =

/isiti I
d

1152 - "I52Yz -Y1z iz &
Yrz

ene I .-
O ⑧

·

1 -
1

-

Yz Yz

·D-i
2.i

↓

U takes from + to ++1 Ittakes from + to t-,

reversing a computation.

Notice thatU.V =W.Ut =Is (identity)



Example: Quantum billiard ball

i-Yrz

··Matu'x A =

I YVz 00 1
-> unitary matrix.

o -2"o

Initial State:[1,0,0,07* -> single marble on vertex 0.

- After one click system will be in 0.2 talo
50% in 1, 50%in 2

-> After two clicks, state comes to[1,0,0,03"again

I I
1

so i ](ii)e I
-

↓

cancel out

models a physical phenomenon called interference



Example: Double-slitexperimentwith photons
Here is a graph model:

"i
·

Fir,
2

-
-

->There is a 50-50 chance
of photon passing through each Mit

↳
this

explains
the t outof a since (i)

- similarly ()
=

I =Y

there is a y probabilitytohitany of the three measuring
devices.

-> However notice the
prob. of going

to 5:

itwill be la where

c =

() () =

-> the numbers canal outleading tosmaller probability of hitting 5.

↓
is

4
models the notion of interference.

is quitea deviation from "probabilistic systems"that we

saw in Part 2.

Note:refer
to the book for an explanation of the physics behind.



->

same experimentcan be carried outwith a single photon.

similar "canceling out"ofprobabilities happens.

-> Refer tobook for an interpretation of the state

->

Photon is not in a single position, itis simultaneously in

all
positions in some sense

↳ hence itis in a superposition.

Hiketly:

A system is in a State x =100,9,...cm)" means that

after measuring itit will be found in positioni
withprobability (ci12.

1line:

- Quantum states are represented by column vectors of complexnumbere
whose sum of modulisquared is 1.

-

Dynamics represented by unitary matrices and is therefore reversible.



art4:Combining systems

suclose tiredwarble
whose dynamics is givethe

M = isis t

and there is a blue marble whose dynamics is
given as:

an: . """]

A state of the "No-marble"system can be seen an

0a

ob X

X =
thatred marble is in s Rslist, poor

blue marble is in a

->

dynamics of the combined systemis given by the tensor productof
M, N.

MON =01,?] Y[i] *s(2,"]I
I

113 1."] il?"]"(I
"s(2 ]"(sis]"Ce"]
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The graph corresponds to a cartesian productof Gi*Gr.

Entangled state:

- sometimes a combined state (a vector) can be written as

tensor productof two vectors.

- If we cannotwriteitas a tensor product, andth

o example:

I: I -(i)0/)6

↳
not entangled (called separable)

0 cannot be written as a tensor productof a vector1)8 from Kand KP

4
an entangled state.



mary ofelecture:

-> Quantum states, dynamics
-> Tensor product, entangled states

-> Ideas of interference, superposition, measurement.


