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The main contribution ofthe paper
is the following theorem:

Theorem:For each R1, reachability for 6k-VAsses is En-hard.

Using this theorem and properties
ofcomplexity classes , one

concludes that VASs-reachability is Ackermann-hard.

In this lecture we will take a known En-hard problem and

reduce to VAss -

reachability -

E-reachability for counter automata:

Input:Three-counter automaton , a number neIN

Output:Does a have an Ep(n)-bounded accepting run?

A run is said to be N-bounded ifall the counters are

bounded by N.

Reduction:
-

src:source contig
3-counter automator A

->

61- VASS
tgt: targetconfig

suc, trg
+ne N polynomial

time

src ->trg iff

A has an Ea(n) bounded

accepting run.



allenges in the duration:

callengetrouve hathe countervaluearebound isthe
lecture:an for therestthe
-

Part 1:Imposing boundedness ofthe counters

Part 2:Simulating the zero-tests

Part 3: Putting things together

-1:Imposing boundedness of the counters.

-

Suppose (2, y, 2) are the counters of
A and

suppose thatwe wanttoimpose a bound
of
M

on each of them.

- For each counter a Ne add an auxiliary counter

-

- x - 2

y -> I
2 -I

- Maintain an invariant c +I =M

Initially c =0;assume c
=M

C +=1 in A -
in YASS

c -=1 in A -
c = =1 in XASS

i +=1



This transformation preserves the invariant.

Furthermore:

When c
=M, i =0

..ct=1 will notbe possible, since

itis coupled with -= 1.

This invariantensures that the counters are bounded by M.

So we have:

1.2, a2
original their "duals"

Gowlers

Rirement:somehow start with 5
=y =z

=
M

and n
=

y =z =0

When M =Fr(n) as will be required, we will introduce a

gadgetthatbrings the dual counters tothe

required value.



az: Simulating the zero-tests

- In the previous lecture we saw how tosimulate a fixed

known number of zero tests using a controlling counter.

- Now we are looking for a run of
the 3-counter machine

which could have an arbitrary number of zero tests.

- The idea is toguess the number of zero tests and then

simulate them in some way.
The controlling counter technique is

not applicable.

run 3-counter·need11 a of
automator

11/
zero tests

-> Guns thatthere are 'zero tests

-> Have two special counters which somehowhave initial

values;

1 2x, 26. M7

counter a
↓

b
↳

is the bound on the

counter values.

- For a zero test c =0', do the following.
I==1,+=1 c=1,2 + =1

o
b = =1

8
b ==1

->

P ->-
a = =2



- For a zero test c =0', do the following.
I==1,+=1 c=1,2 + =1

o
b = =1

8
b =1

->
->-P p

a = =2

· From p-g, counters' is reduced by 2

· In a contentsof I are transferred to c

Itcan loop at mostin times.

·

In p'contents of
a are transferred to 5. This can loopatmost

M

·Each transition reduces 'b' by 1.

in oberation: value of
'b'can reduce by 2N iff

c =0 atthe startof 'p'.

:In the tgtconfiguration of the VASs. we ask for a =b=0.

-> There will be a run in the vAss only if the initial

guas (22,24.M) is correct,and

-> each zero-testof the counter automaton has been

faithfully simulated:in, there should be the loops on 'p'
and N loops on p



43: Putting things together

From the previous to pard, we
require.

-> 3 extra counters 5, y, 2

-> a counters a, b

The goal is toconstructan initial gadgetas follows:

a new counter

↑
0 =N

all ->Initial gadget
->

a =e-EEcounters 0 b =2a.M

y =N

z =M

In the end we have the required values to simulate the

3- counter machine.

What is the M?For FR-reachability, M =Fr(n).

-> Therefore we need an initial gadget thatcan

produce large values for
8andIandalso queste

->In this lecture we will show how to do this for Fe

the paper explains itfor Fr.



ling to12",C):

-
To show Ez-hardness, given 2, we require M = 2"

- Letc be 24

:We need a gadgetto attain (2, c, 2".)

- The idea is touse controlling counter toenforce this.

- Let

."ixalyalomaRewaterin↑

- Now we need todouble m, and my in' times. We use an

auxiliary counter

20 for this.

x, =
=1 20 =

=1 nz =
=1 No - =1

x, +=1 No t =2 xz +=1140
+ =2

I Cu h

81-p1-42 ->91 ->92 ->

en
-

doubles doubles value

value of 2, of My

If we do this in times, we get le", c, 24.ch
as needed.

->to enforce thatevery loop is taken "exhaustively", we can

S

use one additional controlling counter

↳ details of this are leftas an exercise.



Summary:
--

->

We have sell some seemingly "simple"looking techniques

thatenable showing the required hardness.

-> In the paper, the
authors mention thatunderstanding

hardness for low dimensions still remains widely open.


