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-

In the previous lecture, we saw some examples thathad long paths.
- For the reachabilityproblem. We are given a source configuration (s),

and a targetconfiguration (t). To show hardness, we need examples sit

's' and 't' are small and the only paths
between "s and it' are long. This

may notalways happen.

For example, consider a variation of the "tower"example:

( - 1,1,0,0) &P
--q,(2, -1,0,0)

10,0, - 1,0)!
(1,0,0, - 1)

r1 -1,0,1,02
1-1,0,0,0) &t

source config: p(1, 0, 1, n)

Targetconfig:+ (0,0,1,07

From previous lecture we know there is a path:

p(1, 0, 1, n) -> p)Towerin), 0, 1,0) -> t (Tower (n),0,107

↓
t(0,0,1,0)



However there is a shortpath:

q(1,0,1,4)
-q(1,0,1,n) -r)(,0,1,n)

--

p(2,0,1,n - 1) -q(2,0,11n -1)...

:

p(4,0,1,07 -+(n,0,4,0)
-H10,0,4,0).

- For hardness, we need some techniques/gadgets to enforce long paths
between configurations.

In thislecture, we will see three differenttechniques that are helpful
towards proving lower bounds.

The treatmentwill be focused towards providing an intuition, rather than

description of
all formal

details.
↳as in the reference mentioned.

1.Telescopic equations

#2:Controlling Counter

Part3:Multiplication triples



Par1:Telescopic equations

Consider the following gadget:
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20,1, -13 10,1,-17 (0, 1,-1)

source configuration:S10,0,0) call the counters(-,-.-3I 94&
12

B

Targetconfiguration:-10,0,07 first second third

-

Any new from 510,0,0) starts as follows:

S10,0,0) -s'(1,1,0) +s'(2,2,0) -.... -s'(N,N,0) ->Pr(N,N,0)

- The firstcounter is notaltered by the state 4ml9n.tr., 9mn.... P2, 92

Therefore at 92 the value ofthe firstcounter is N.

- To make this counter o att, the loop ata mustbe taken N times.

Therefore at92 the value of the second counter is NK.

-

Aly run ends as follows:

92 (N, Nk,0) -> t(N-1,(N-1k,0) -... .. +t(0,0,0)

- Hence the middle partofthe run looks as follows:

Pr(N,N,0) -...
... q2(N. NK, OL

-

The second counter needs to be multiplied by R.



This is where the following telescopic equation is used:

x =

. .....

The gadgetshown in the previous page implements the telescopic
equation.

Remarks:
-

- 9:does notchange the sum of
second and third counter.

pi multiplies the sum by atmost ·

Recall thatwe startwithsum N before ph and in the

end we have ork.

By the telescopic equation above, we require each pi to multiply the sun

by exactly :-

The run therefore looks as follows:

Ph(N,N-1,b)
-..... -pyCN, o,H

-

93/l,
Ear,N, .... -

IN,o,)-q)*
-
i

Pr(N, 1,07 - .....
-

p2(N,0. NR) -> 9a (N, NR, 07

-Finally, notice that the run goes via for it32,...k-13

Hence N needs tobe divisible by acaa(2,3,..., k-1).

Germinskietal. (CONCURICO) show thatI needs to be exponential in G.



summary,
--

- The gadgetimplementing telescopic equation is a 3-VASS

and itensures thatthe shortestpathfrom

S10,0,0) and 10,0,0) requires an exponential length.
- Gerwinskiet al. CCONcUR'20) use a more involved extension of

this idea toprovide a 4-VASS withshortestpaths of

doubly exponential length.



However VASS does not have the facilityto zero-tent

->

vAss + zeo tests makes ita counter machine where

reachabilityis undecidable with justa counters.

-> The question is how can we simulate "some"of the zero-tets

within a vAss itself.

-> Firstly notice thatin the example of the
previous page,

the test4 =0 is unnecessary.

This is because the final configuration has 2=0.

So we can use the final configuration to test for a counter

value tobe 0.

↳
this is sortof a "weak"zero-test.

-> We will now describe the idea of a controlling counter,which
builds on this observation.

This idea was used in Cervinskix Orlikowski'21 in the

Ackermann-hardness.

Consider a d-VAss X which has a counter a that we want to

testfor o in 3 moments during a run.

12six--Ft

G, c2,13 are configurations which can be specifically identified, letus say.

->Assume we want totestx=0 after C, and c.

Assume x= 0 at5.

-> LetX,, X2, Xs be the value of X at G, C2, as respectively.



state-Fret
XI Xz X

3

x1 =x2
=xz =0 iff x1 +x2 +x3 =0 (as counter values are

non-negative

- Let 21,62,83 be the effectof the run on counter is in

11. Pa. 83 respectively.

*t
-3

↓ x ,
=x1

xz =x1 +42

x3 =
x, +xz +43

x1 +x2 +x
=

3x1 +242+43

-> Therefore we can add a special "controlling-counter" y

->

Initially, y
=0

-> At P, each update tois by C is matched by an update
32 to y.

> At P2, updating a by C is matched with20 toy.

-> At 3, update to i is simply copied toy too.

At the end of the run, value of y would be:341 +242 + 4B

:Asking for y =0 in the final configuration would entail

x =0 in the three intermediate configurations (, c2,13.



Example:Here's
technique

Iapplicationof the controlling counter

AvAss can also be described as a counter program.

1: for i== 1 toa do

( 1,z)
1-1,27 (-1,2)

2: loop ! & &
3: x = =1y +=2 --> pi

.... Pk
1- 1,0)

4 loop ↓ ↓ &
5: x +=1y =

=1
97 92 90-> t

6: 100
j ja jaD

7. x = =1
(1, -17 (1, -13 (11-13

suppose thatinitial values are x = 1, y
=0

-> Ifall loops are maximally taken we reach qu/2", 0) and the

loop in I can be fired 2 times

to reach 10,0).
-> However there is ashortrun that avoids all the

intermediate loops.

From pi-9: We want x =0.

From 9:->pi we want
yo

-> Using a controlling counter, we could instrumentthe XAss as

follows -

*Atp1:Xhas k-more zero testsand y has a more zero tube.

:I has tobe updated with:K. 1-1 +k(z) =k

f) -1,2,k)

pi

At 9:X has Ik-1) more zero-tests, I has a more:

-I's update:(k-1(+1) +k.(-1) =-1q,x(+,
-1,-1)



*Atpi:xis waiting for k-i+1 zerotest,

for K-tailing

:.I's update:(k-i+1)(-1) + (k-i+1) (2)

= - k +i - 1 +2k - 2i +2

=k + i +1

pD(
-1,2,k-i + 1)

i

At 9:
x is waiting for k-izero tests, while y is

waiting for k-i+1 200

feets.

:2's update:(k-i).(7 +(k-i +1)(- 1) =
- 1

9,11,
-1, -12

The new counter program would be:

1: for i==1 to k do

2: loop
3: x = =1 y +=z2+=k- i + 1

4 loop
5: x +=1y =

=12=
=1

6: loop
7: x = =1

Summary:

- We have seen two techniques in this lecture.

- Telescopic equation technique has been used to show a

doubly exponential lengthshoethtpath in a 4-VASS

-

Controlling-counter technique has been used in the Ackermann-hardness proof.


