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↓ASS REACHABILITY

cure 1:Introduction toVAss through examples

Reference:Involved VASs Zoo, by Nojciech Czerwin'ski

↳
CONCUR'22 Invited Talk.
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-

exponential state space

part2:YASS reachability, fastgrowing functions, shorthistory ofresults

Part3:Example 2 - doubly exponential state space

Part4:Example 3 - tower of exponentials state space

*

5:Beyond tower



1:Example 1

10,0,0) HP-Gadget

->9,50(2, -1,0
11,1,0 &e

(0,0, - 17

AYASS - introduced in Hopcroft - Pansion'Is

XASS is given by:
-

a finite set of states
- a finite setof counters - the no. of counters is called its "dimension"

-

edges:contain a vector of integers, withsize of vector equal to YAss'
dimension

- counters cannotgo below 0.

- Here is an example of a behaviour of
the HP-gadget.

-

suppose we startwithinitial "vector"(2,0,5)

(2,0,5 -p(x,4,5) -p(0,2,5) -q102

q(2,5
"-414,0,57

p (4,0,4)

- In one cycle:third counter reduces by 1. Firstcounter is doubled.



If We startinitially with(1,0,n)

p(1,0,n)
E

plz1,0,n - 12

3
p(21,0,n - 27

E

p(ze,0,0) ->We keep doubling a times resulting in

M

2 l.

Intuitively:
--

-> Blue transition transfers values from Counter 1 to counter 2.

-> Green transition value of counter 2, is transferred tocounter along
Withmultiplication by 2.

->

The red transition reduces the third counter by 1 and governe
the number of times the cycle p-9-p can be taken.

"p(1,0,n +p(2,0,n - x -p(22,0,n - x) -.... -p(2,0,0)

Remarks aboutthe HP-gadget:-
-> No. ofconfigurations reachable from an initial vector is finite.

-> size ofthis state space is atleast exponential:

p(1,0,n) ->plu,y,n) futy =n

-> can be shown thatthe reachable state space
is atmostexponential



#2:VASS reachability, fast-growing functions, a shorthistory of

results.

Rehability Ablem:
Given a XASS, and to configurations is' and it'

Does there exista run ofthe XASS from 's'to it'?

Iain eult:

YAss - reachabilityis Ackermann-complete,

What is Ackerman-completeness? We will nowsee a hierarchy of
fact growing functions.

Eastring functions:

Fi:N -N i =1

F(n) =2n

FR+, (n) =

to...Fr(1)
n tires

Fz(n) =

F0F,(z
=

#(4) =

E0FK)
=
z
=Tower (n)

Whatis (n)?



F(1) =Fz(1) =E(1) =F,(1) =2

Fp(z) =F3 0 Fz/1)

=F(27

=22

Fy(33 =F30 Fz0F3/1)

= #3 0 (2)

=5(22)

= emit tower ofheighti

Fp(4) =F3 0 Fz 0 F3 0 Fs (1)

= F3 0 F30Fz(z)

= F 0F(22)

= Fs (Tower (22) 3

= Tower of heightToxer (22)

---

Ackermann-tion:
-

AckIn) =Fo(n) =E(n)

↑

compose in a times

Fill =2 F2(2) =F0Fz/2) =
22 F3(3) =F30Fz0Fy(3)

= Tower (Tower (Tower(3)))



LEXITY ES LED Fil

Hoghly:
Fi is the class of decision problems thatcan be

solved by a deterministic turing machine in time:

Fi ( pInK
Where:

- n is size of input
- p:N-IN is a function computable in

deterministic time F,*, (n) for some

m = N.

↓

mt
power of Fi-i

Ehardness:

Aproblem P is Fi-hard ifevery problem in Ei

can be reduced to P by a reduction computable in

time
of lower order Fir, for some

m G N1.

To show Ackermann-hardness, the following resulthas been proved by

Germinski&Orlikowski(focs'z1)

Reachability problem for (21547-YASSes is Ep-hard



shortstory
of

the roblem:

Lipton'76 :ExPSPACE - hardness for
coverability:

↓

given s,
tis there a path from

sto t' for some +'xt.

Rackoff' 78:coverability in EXPSTACE

Mayr' 81:decidabilityofreachability

Kosaraju' 82, Lambert 92:simplifications

Blondin et al 15: reachabilityPSPACE- complete for 2-VASSes

Leroux-Schmitz' is:reachabilityin cubic-Ackermann

Leroux-Schmitz' 19:reachabilityin Ackermann

Cervirski, Lasota, Lazic, Leroux, Mazowiecki 19:Tower-hardness

Leroux'21, Geerwinski & Orlikowski'2:Ackermann-hardness

&
an problems:

-> cheek Wojciech's webpage for a listof currentopen problems



Part3:Example 2 - doubly exponential state-
space.

& I
-- 90 (2, - 1,03

3

(-1,1,03 -

10,0, - 1) ↓
r (-1,0,+)

o -

& P-D
(2, -1,0)

(-1,1,03 -

10,0, - 1)

-

p, 9 form an HP-gadget
-

So starting from (1,0,n7 vie have:

p(1,0,n) -p(2,0,0) -q(2",0,0)

- State 'r' transfers value from counter 1to 3. Then we get:

9(2",0,0) -> v12",0,0) -v10,0,24) -p(1,0,2)

->The bottom HP-gadget then produces:

p(1,0,24) ->p) 2, 0, 0).



*

4:Example 3 - tower state space.

-- D(2, -1,0,0)
(1,1,0,0&P- 9

non I
(1,0,0, - 1)

r1 -1,0,1,02

-

p, 9, form an Hp-gadget. Suppose we startwith(1,0, 1, n)

p(1,0,1,n1
-p(2,0,0,n) -q,(2,0,0,n)

-

Then I transfers values from counter 1 to 3 and then thetransition

back top reduces 1from the lastcounter.

q(2,0,0,n) -v12,0,0,n) -v10,0,2,n)

-

p(1,0,2,n - 17

:

p(1,0,1, n) ->p(1,0,2,n -17

continuing, we get:

p(1,0,1,n) ->p(1,0,2,n - 1 ->p(1,0,2,n - 2)
↓

2

p(1, 0,22,n -37

piist", or



:The VASS shown in the previous page has 4counters

and builds a run whose counter value attain (n).

p(1,0
PC1, 0.2,
n

p(1,0, 22, n-23

3
:

p(1,0, Fz(n), o(

Remarks:
-

Notice that the reachable statespace from any
initial

configuration is finite for this XAss.



5:Beyond tower

(-,1,0,0,0) &P-> q,$ (2, - 1,0,0,0)

-

-

A

i
am

an↳
C0, 0, 1,0, -17 e

& (0,0, -1, 1,07

p(1,0,1,1,n) ->p(1,0,F5(1),0,n) -r'(1,0,5(1),0,n)
↓

r'(1,0,0,F(1),n)
-

p(1,0,1,53(), n - 1) -p(a,0,55(17,0,n- 1 -e '10,5y(), one
e

r'(1,0,0,5 (1), n -1)

--

p(1,0,1, 53(1),n - 2)

E

pla, 0, 1, F(1),n -33

:

P1, 0, 1, 5" (17,0)
=p(1,0,1, F(), 07



->

Using 5counters, we could manufacture a run attaining

value F(K) -

Exercise: design a Cd+1) - VASS withOldstates and counter update

in 5-1,0,+1,23 and produce an initial vector

which contains in itsreachable state
space

a vector with a

counter value Eq (1).



summary:

-> Intro toVASS

/

-> Reachabilityproblem
->

Examples toshow thatsimple asses can have complicated behaviours

↳
can be extended togive d-VASSes with finite reachabilitysets

ofsize IJ_, (n) where n is the size of the

source configuration.

perfund:
Leroux& schmitz (LICS' 19) showthat:

->Reachabilityin d-VAss can be solved in 7d+4 complexity

Lower bound:

Cerwinski & Orlikowski(focs'21] show that:

-> Reachabilityin d-VASS is Ed-4)/2-hard.

There is still a

gap. Several improvements have happened since then,

esp. With hardness.


