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Part1:Expressiveness

Co Buchi Buck;

I

Non-deterministic co Bichi

14deterministic colchi

So HD does notadd

expressivity compared
to determinism

e

very HDBA can be converted to

a DBA withatmost is blow-up.

For parity, non-determinism coincides with determinism. So HD adds no

power compared to

determinism.



Raz: Succinctness

colchi:AD coBuchi automata are exponentially more succinct

than deterministic coBuchi automata.

Example from Kuperberg & Skrzypazak KCAL'5

- Alphabet&1 =3C, 2, 5, # 3 4 symbols -

- These symbols stand for permutations over the set 30,1,2, ..., 2n-13

C:identity permutation

#:identitypermutation on 91,2, ..., zn-13 and

undefined on 0.

5:k i(k +1) mod an

R! 0 +1

110

c 2

identityan
-an-

Figure from the paper in the nextpage.



(n =3 x =50/ Graphld) contains an infinite path 3

Erise:Take n =2. Give an example of a word notin L.

In#*cache aton- Ahn:

X =2 1, 0, 1, 2, . . ., 2n-13

- the states 50,1,2, . . ., 24-13 are deterministic.

Reading a 5 from a state a moves tothe

successive state given by the permutation a

->or to to if a =# and 9 =0.

-

The state 1 is non-deterministic - on at 5, the automaton

can move toany state q'e 3011,..., 4-13.



Initial state: I

Acting pations:19
Priority I

Others have priority 2

So eventually I should not be visited.

=>there is an infinitepath in Graph (17.

Why is an HD?

Strategy for Eve in Letter
game.

->

consider a finite Word u =S*

-> Look at Graph (U)

W

For each i, there is a "path": starting from some earlier point
and ending at 1 after reading 4.

On 'n' if the automaton is at State 1,

the strategy chooses an sit ithas the longestpath
->For an w-word de In, Graph (a) contains an infinite path. Therefore

the above strategy would ensure that eventually an

infinite path
would be chosen and I will

never be visited again



#Brchi-inctness:
↳>

open problem

Resultat the time of writing these notes (September 2026)

-> There is a language thatcan be accepted by

an HD Brchi automaton with65states.

Every deterministic Brchi automaton for this language requires

> 66 states.

-Casares, Prakash, thejaswini-2026.



-

Part 3: characterization.
-

For Brchi&coBuchi, we have the following:

is HD iff

Eve wins the 2-token game
iff

Eve wins the Joker game.

We have seen an elaborate proof of this characterization in our course.

complexity: The above characterization also gives a PMME

complexity for deciding whether a

given

Brchi/coBuchi automaton is AD.

1-

simply build the arena for the Joker
game or the

2-token game.

Joker games are notenough for parityautomata:

b:2

a, b:1

8-9
ja a,b:1 Ob: 3
a=3

Eve wins Joben game withthis strategy:
-> If Adam's & Eve's tokens are at different states, then

Eve switches states.

->Else she continues in the same state.



-> if eventual ly both Eve and Adam remain in the same

state then Adam's run satisfice paritycondition
ifEve's run satisfies parity condition.

-> ifAdam switches infinitelyoften, then priority 1is run

infinitely often. so his token will be non-accepting and

Eve wine.

-> Adam can play boken withoutactually taking the shifting
transition. But he can do this only
finitely many times.

Hence we conclude thatEve wins plays conforming to the said

strategy.

This automaton is not HD!

↳ Adam wins the letter
game.

Firstly:every word is accepted by above automation.

Adam's strategy in letter game:

-> When Eve is at 'p' play '

When Eve is at 'g' play 'b'.

Therefore no transition ofeven priority is even taken.

=>Automaton is not HD.



↑

2-token theorem:
- -

Letit be a parity automaton.

A is HD

[=>

Eve wins the a-token game on .

↳ Proof ofthis theorem in Keya Prakash's thesis.



Pr4: Language inclusion

A, Bparityautomata

is XIA) = 2IBI?

-> PSPACE - complete in general.

Now consider this problem:

of:parity act. 17:HD parityautomation

is 2(d) = 21717?

Kama:2(A) =
2173 iff itsimulates .

Root: If it simulate , then 2(d) & CH).

suppose [(A)(21). Since it is AD,in the
game Simpy,,

Eve can play her strategy in the letter game on it.

Since 2(d) & 24), whenever Adam produces an accepting wordsin as

Eve's zun will be accepting in H.

:211) =2(7) iff Exe wins Sim (H, d)
e

deciding this is in NP.

:We getan NP algorithm for 21A) =217).



Summary:

-> This course introduced Homes and presented some of its ingredients.
-> Plentyofopen problems and insights lefttobe explored.

->see chapters ofKeya's thesis for a listofproblems.


