
HISTORY DETERMINISM

decuel3:characterizing History - determinism in Buchi automata - Part II

Reference: section 5.2 ofKeya Prakash's Ph.D. Thesis

In today's lecture, we will show thatthe rank-reduction procedure
preserves

the following invariants.

11: simulation - equivalence to the original automaton a

12:Eve winning the 1-token
game

from everywhere

Recall the rank-reduction procedure.
A =o-> do-A,--A-z -> ... Ai-i!- it... An

Step 2 Step 3

Step 2 removes transitions a *c91st.opti (q) < optila"

Step 3 changes priorities of get, alst.optila) > Optila') to1.

To
prove

thatinvariants 11 and 12 are preserved throughoutthe
computation, we will assume A satisfies the invariants,

and steps 2 & 3 preserve the invariants.

Part1: Invariants are preserved after step 2

Part2:Invariants are preserved after step 3

Part3: stabilization



Part 1. Invariants are preserved
after steps.

-

Ai- Ai

Step 2

As is a subautomaton withcome transitions removed from Ai.

- To show Ifitis sufficienttoprove:

Eve wils G1( A!:90; Ai:903

This will entail thatEve wins the simulation game

Sim (Ai;i)

Hence is simulates di

As Al is a subautomaton of Ai, Ai simulates istrivially.

- To show I2 itis sufficientto prove:
Eve wins 21 (Cdi:9);(Ai:p>) 7 q, pthatare

weakly co-reachable.

This would entail thatEve wins G1(A,:9;Ai:p>.

From the discussion above, we will show the following.

Eve wins G1) (d1,92, (ri, p)( for all q,p thatare WCR

of idea:

- We will consider the game G, (ri). Eve wine from every
Vertex.

-

Using the strategy in y, (Ai) we will develop a strategy for Eve in

G1) (Ai,9), (Ai, pil



- Let
tbe an optimalpositional winning strategy for Eve

in G. 1 il

- - satisfies the remarks listed in the end of Part - of Lecture 12,

and the properties aboutranks in Partz of Lecture 12.

-

Theg,mainissue isaboutthathappens
when Igivethe

Eve Adam

9 P

3 ↓, a, E
9 1 =4 (9,a,p> pi

E I am
92 =+ 191,92, p,3 Pa

:

Problem:What happens when 4 196,9571, pj) has beendeleted

- to deal withthis situation. Eve maintains a memory token.



Initial configuration:

Eve's token Adam's token Eve's memory toben

90
=

9 po
=

p Vo

ro -> WCR( Ai, 90) sit.

opt190) =rank (90, ro)

To corresponds to the statewhich witnesses the

optimal rank for 90.

Strategy.After Irounds assume the following configuration.

Eve's token Adam's token Eve's memory token

9j Pj rj

9j, pj, tjare all weakly co-reachable.

-> Suppose Adam chooses letter aj

-> Eve plays from
9imagining

Adam's token is at rj.

Aj: j
->Suppose

-

(9j,9j,vi) =Jj==9;95+1



1: ⑫2: 3:

Jjis a 0-transition 5jis a 1-transition Jjis no-longer a transition

that has notbeen in ;
removed yet

- Eve takes this transition - Eve moves token to -Eve finds an sj s.t.
togo to 9541 on her 95 + 1

token opti(95)
=rank(9j,5j7

- Eve resetsmemory token-Eve updates memory to 8 =
=4 (9j,aj,5j) =9j-,9j

to

j+ - (CR(d;,9;+1) yj +1
=4(uj,aj,4j) am1:8exists in Ail

S. t.

- Eve moves to 99+
rank(9j+1,5+7 =opt: 195+17

- Eve updates memory to

-j+1 =+(5j, aj,pj)

Rotofaim1:We have opti (9)= rank (9j,si?

! 112
/2

asignal- u

U3 ↳
·Le

Firstly:ranklu) -rank luz)

Recall from definition of , that

c is either 0 or 2.

:rank(nz)- ranklug).

Finally, since Adam's outgoing transitions from us have priority 1002.

rank(nz) -ranklul) for all successors u'



... rank 19j,5j) - rank199,5j7
↳

A successors Sjt.
.. opt; (9j) ->

opt;(9)

=>

9j - 97 is notdeleted.

Now

posegheed to showning
that thestrategy, thathas been

G= ( (di, 9), (Ai,p>

- call this newly proposed strategy t'

A play ofG1) (Ai, 9), (Ai,p)) according to 'would look as follows:

190, Po, vol

1,90
191, p., rib

↓a

192, p2, r27

↓

.

Here are some properties aboutsuch a play:
Each move falls under either cae1, caez or cas. 3.

We



case3:
Let US closely look at a case 3 more.

starting position: 18;,9j, 43

Adam plays: 9j

Eve looks at the game G, (di) and the vertex:

Sij,vi.- rank =x

-!
1957, 5j,95) -rank =y

But95Z, git has been deleted because

itaoptilait?- Q

Suppose rank (9j,9j,vi) =x, rank (95+1, vj,ai7 =y

Since 9;*,95 has been dekled, its priorityin Ai is 1,

hence priorityof above transition in by, (Ai) is a (marked in

blue above)

By monotonicity ofranks:15y -> Q

How: optil9;) =x

opti 19;+1) - y

Ifoptila =2, they from 4 we get2 <optila;n) =Y
↳

a contradiction toG

We deduce:Niall- ⑭



By construction: we pick S,St. Opti 19;) =rank (qj,si)-

and consider the transition 9;1,954 given

by + (9j, aj,5j7
In proof
ofclaim 1, we showed:

rank 19;,si) Y rank (95x, Sit A succucors

Sjt0f Sj

:Arank (dewith
where itis the

particular more in

the memory token.

From * and 5

x > rank (9+1, with

:rank19j, vp) >a x rank (9jn, til

ie rank (9;,5j) > rank 197, 4H7

↑ ~



Cale 2:
-

A case a more looks like this in , (di)

Fi
Serj

↓ 1

tri,as

112

1+

Priorities of intermediate transitions are indicated in blue.

:rank) oj, ejh]rank last with

Cale 1:Case I involves a more withpriority 0.
-

Here there is no condition on the rarls.

Conclusion:Ifcame 3 moves appear infinitely often, then

Cave I moves need to happen infinitelyoften 100

in order torevetthe "ranks"toa higher value.

-> Ifcane I moves happen into often, Eve wins the play
->

Otherwise, after a point, only case a move happen starting

from 195, 45: 5j).



-> since Eve wins G1(rj,pj), the run generated in

memory token is accepting.

-> since Eve win G1)9j, 5j), the run generated in

Eve's token is accepting as well.

:Eve wins the play.



-2:Invariants are preserved after Step 3.

Recall:

Step3:Obtain its from it, by changing priorities oftransitions

97t,q
S.t. optila) > optila)) to0.

- some ofthe priority -edges are changed topriority 0.

- To prove 13, it is sufficienttoshow that:

Eve wins G1((wix , 93, (Ai+, p)) for all

pig that are Nck.

We already know thatEve wins G1)(Ai, 9), (Ai, p1)
:It is sufficientto show the following:

Claim: a run is accepting in oil ifitis accepting
in Ai+y

-

-> then Eve can play the same strategy as in oil in itas well.

Roofofclaim:Ifitis accepting in vil, then clearly itis accepting in its

suppose a run is
accepting in it.

-> We will show thatedges whose priorities were modified from

I too can occur only finitely often.



Letp:90 co, 9, P,qe,... -

be a run of it

If itis accepting, there are infinitelymany i st.c =0

-> Due to
step 2, for

every
transition

9;
,

95t withpriority I

opti (9j)- opti 19 in

Otherwise itwould have been removed in

step 2.

-> If9,An, 9it is atransition which was modified in Step 3, then:

optilaj) > Opti19;n)

:These transitions cannotoccur infinitely often unless

there are o-prioritytransitions of adi'occurring infinitelyoften,

as opti is bounded.



: stabilization

Let Ax be the automaton withwhich the rank-reduction

procedure terminates.

That is: Step 2 /steps cannotbe performed anymore on AN.

daim:opty (9) =0 for all Stata 9.

Nof:
suppose 79 sit. Opty (9)

>0

:for all states p & WCRIAM, 97

rank19,p) to in the game G, (A).

Since II and 12 are proerved during the rank-reduction procedure,

We know thatEve wins G119, p) in AN-

->

since rank 19,p) so, there will be some priority I

edge in theplay of 41(d) before a priority edge.

- Recall priority edge in , Cr) look like this:

aj,pi
↓

195, 1j,9j)----> C9;, j.

9:i,9;is a transition of AN

->By monotonicity of ranks,

ranky(95, pj) > ranky 19; Ps



Since we started with (a,p) sit. ranky (9,p)=optr (9)

along the play, opty should decrease along a priority -

transition

-> Butsuch transitions would be made pnority of by

Step 3.

->

since dy was stable, this is not possible.

Hence rank19,p7 =0 =

opty 19) =0.


