
HISTORY DETERMINISM

Lears:Characterizing History - Determinism in Brchiautomata

Reference:Section 5.1 ofKeya Prakash's Ph.D. Thesis

Brchiautomata are [0,17-parity automata withmin-parity-even condition.

Our objective is toshow the following theorem.

Theorem:Eve wins the Joker game in a Buchiautomaton A
-

iff

A is HD.

As in the coBrchicase, what remains tobe shown is the following:

Theorem:Let a be a Brchi automaton where Eve wins the

-token game from everywhere. Then it is HD.

Here are the steps tothe proof.

↳1:Obtaining the reachabilityautomaton reach from , and the

idea of "reach-coverage"

**2:Suppose Eve wins-token
game everywhere on at

A has reach-coverage, then A is HD.

3:From , getting a simulation - equivalentautomation which has

reach-coverage

We will discuss steps 122 in this lecture.



1:From a toreach.

Areach: - same states as thatof d + an "accepting"sink state 95

-

all 1- transition of A remain in treach
a =0

- for every 9
->g'in A we have:

a. 0

9-95in breach.

-

9,7,97 ↓a.

examples:
a,b:1

& b:0

At -
a,b:1

↳At7: setof wo-words where

a,b.. 1
b occurs infinitelyoften.

Afreach i

fa,b:1

-

8.
Gas

I
⑰Da,b:o



a : 0
a,b:1

A: h
-> %-. 2184: b occurs only

a:1 finitely often.

A
2

reach:-Gait,a
(a
⑨Dajb: o

= =[x,a,b3
a. 0

As:

A :0
-

a = =G-97,95)- a!D

R

-

:
b:1

XS!
a

o
a:1

④,
b

LIA):(xa +xb)*(xaxa +xbxb)
w

C

A reach:

- a,b =0

b :

1 b:1

R

95.



A
reach is a reachability automaton:an w-word is

accepted ifitreaches the accepting sink state

Itis
easy to see the following observation.

Lama:(1Al =21Areach)

Example:Whatis dream)

- f
Rno"ane

-
b:1

95

[xa +xb)*(xa +xb). w



feach-ering

We
say

thata Buchiautomaton of has reach-covering
ifIstates 9, 5p =WCRIA,9) s.t.

Eve wins G=)9;p> in reach

Notice thatitsays G119; p) in reach.

↳
starting in reach from 19:p), if

Adam has a

way toreach the sink state, then

Eve can force her token to the sink state too.

Rark:For the definition ofsate-coverage, itwas *ig) -

Whereas here itis G119;p>

examples:

a,b:1

& b:0

At -
a,b:1

A'has reach covering-
a,b.. 1

Eve wins:G1
reach

(90,90)

G,
reach

(9,,9,7
fa =b:1strass: -abit,

sit

⑲ Go
reach

(90,917-

Ib :0 a
reach

(91,907

⑰Da,b:o



-> Adoes nothave reach-covering.
a : 0

a,b:1

A: -> Adam wins

G1
reach (90;90)

A
2

and G1
reach

(90;913reach:-Gait,a
(a
⑨Dajb: o



*2:Reach covering

Threm:Leta be a Buchiautomaton witha states, St.

- Eve wins the 1-token game from everywhere, and

- A has reach-covering.
1. Then ad is H.D.

It. Moreover, a language - equivalentdeterministic automaton with

atmostis states can be computed in PTIME.

roof:

1:From the reach-covering property, we can deduce that:

49 IpSt. Eve wine Greach (9ip) and
reach (p;p

proof
of this partis

similar tothecoBuchi case.

Reachdeteristicstates:

↳ States p's.t. Eve wins G1ream(p; p)

Therefore we can

say
that

Eg Ip St. is reach-deterministic &

Eve wine Great (9;p>



Part2:Uniform positional winning strategy.

Consider the following arena:

Modes: Abelong toAdam;0 belong to Eve

! ⑭a al
↓

a tS

for all pairs
9, p thatare NCR in A

Edges:
- -F

↓
Adam 9a,q 8.1.

a

chooses letter
in A reach

p-pin reach

Eve chooses transition Adam chooses transition

The above ecquence represents one round of the I-token game
in breach.

Dining conditionssame as I token winning condition of Areach

-> can be represented as a 2-dimensional parity condition.

: Eve has a uniform winning strategy in itswinning region.

Aiming region: contains the following hodes;

- all A S.t.
p
is reach-deterministic

- a Ip in reachdeterministic sit. 17is in winning reg.

Let t be uniform positional winning strategy for Eve in this game.



#

3:the automaton Dreach.

Similar tothe coBuchicare, we have a deterministic reachability

automaton Dreach

- whose states are all reach-deterministic states of reach (including the

sink)

~ Ireach-deterministic states p',

<(Breach, p) =2 ) dreamh, p)

Part 4:The required deterministic automaton 8.
-

We nowdescribe a deterministic Buchiautomaton of thatis

language equivalentto.

StatesD: all pairs (9, 4) s.t.

- Eve wins Greach (9, 1) and

- is either is reach-deterministic and Re WCRIA, 97

- iis or e is the accepting linkstate of treach

Initial Stata: 190, 40) s.t. to is a reach, deterministic
state in WCRIA, qol

Ifthere are multiple possibilities for so we

choose fixR one of them arbitrarily



Transitions: consider a state (9, 4) and at 2.
--

- Let i =q7,9' be the transition given by

strategy to

je, 4 (9,4,a) =0

is if= =0, ie. 5 is an accepting transition in , we have

19,r2 -
, 19' r'

Where is a reach-deterministicstatein WCR11,9'.

We fix this choice arbitrarily if there are multiple
possibilities.

ii) Otherwise we add transition
↑

a: 1

19, r ->(9',r')

where aar' is the unique transition in Dreach.

*21A):Since the colours are inherited from the

firstcomponent, the projection of an accepting

run of D toitsfirstcomponentgives
an accepting run of

1.

This
proves this direction.



21A) 2 (0):- -

Let w = 2(A)

Let Bbe the unique sun of & on w.

We show thatifIis rejecting. We will hita contradiction.

suppose I is rejecting.
w

B: =(90,907m, (9,e)e.

wo can be written as ww st. the run on visits
no o-transition at all.

Iparticular, by definition ofthe transition relation, the

projection of
the un:19,99

mi,...

tothesecond componentgives
the unique run of

Dreach on we starting from r

If w'e 2Dreach, r)=2)Areach, r, the strategy
Iwould ensure

that the first component is also accepting.

However itis not.

Hence we deduce we 2) reach, an

Since 21A,r) C21Areach, al

We conclude:

w'21A,r)-0



Now, since we 21A), there is an accepting sun, say:

wo

PA:90 men anen

Here, n'e 21A, qui

Notice that 9- WCRI , qu) and hence

r=WCRI 1, qu).

Since Eve wins I-token game everywhere
in A,

Eve wins G1A(r; qu

Hence we21A, 1)-

From I and & we get
a contradiction.

This proves thatI should be accepting.


