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subject to Anf b for every feasible solution g- of (D) :

230

éñ £ b' g-
PRIMAL ( P )

STRING DUAI: Exactly one of the toll .
DUAL (D) occurs :

minimize bty -1 . Both IP) and (D) infeasible

-2 . (P) unbounded
,
(D) infeasiblegubjecttoATy① - g. (p, infeasible, (D) unbounded

y Zo -4 . Optimum IP )=n* , Optimum (D)=y*

Ea*=bty
-

""""*muminfeasible ✓ ✓ ☒→ is?11unbo

1- optimum /
✗ ☒ 1W ? ✓
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Exercise:

Write the dual of the following LP :

maximize 5 + 39, + 472 - 2h3

subject to Ni - 7ha -15ns I 10

22, 1- 3h2 - Nz I 15

Nz + 7-Nz €20

Nl
,
Nc , Nz 30

Dual
minimize b- + toy , + 15yz + zoyz
I

subj . to :
y , + 2yz 3 3

-7g ,
+ Byz + yz 34

5g ,
-

Yz 1- 7- yz 7 -2

Yi , Yz , ys 7- 0



Gotta Proof of duality theorem
, using simplex

REFERENC Section 6.3 Of text :

Understanding and Using Linear Programming
- Matousek B Gartner

~

Mle will prove the following :

1Nhenprimalhasanoptimumµ- the dual is feasible and
-

optimum of dual coincides with optimum of primal

stEP1:- Consider primal to be in equational form

Max in minimize bty

subj subjecttoATN 70 y
unrestricted

Primal Dual

Exercise : Primal 1 ← Dual 1 Dual 2 feasible
- c.=3

equational |, $ Dual 1 feasible
form

Primal 2 ← Dual 2 Optimal cost ldualt )
= optimal cost (dual 2)



STIPE : Elementary operations preserve the dual optimum

Max Cin, + carat . . . - + cnNn min big, + bays -1 - - - tbmym

Ai, N, + Alana + - - . tain Rn = bi ally , -192 , Yat - - - - 1- am, Ym 3 a

a. a. + a.a. + . . - + a.n.mn/,.n.a..y.+a..y......+am.ymIo.:

•

'

:

am, Ni + Amanat - - - t Amn Nn = bm Ain Yi + Aznyzt - - . + Amnym > Cn

Nl , Nz ,
-
- - r

, Nn 70 y , , ya , . . . ym
Unrestricted

ftp.ngaprimaequaionbyasaar
'

: min . .
- . + ✗bi Yi + . - - . .

✗ Ai, N, + ✗Aizu -1 - - -
i t ✗ ainnn = ✗bi

: - - - - • + ✗ ai, yi
+ - - - → 39

:
+ ✗Ajayi -1 - - - 7- a

set of solutions does not change / go :
+ ✗ ainyi +

- - - - . Zen

Yi , ya . . . .
, ym unrestricted .

-

(D1) feasible [⇒
(D2) feasible ; optimal costs are the sameExercise?

for both CD ) ) 7) CDD
-

lyi . . . ,ym
' ) is a ← lyi , . . .y÷ ,

. .
. y 'm)

soln . of
↳D

soln
.

⑤
f (DZ)



Replacing a primal equation i by
sum of equations iandj

Max Cin, + carat . . . - + cnNn min big, + bays -1 - - - tbmym

Ai, N, + Anna + - - . tain Rn = bi Amy , -192 , Yat - - - - 1- am, Ym 3 a

Az, Ni t Azz Na t
- i - t Azn an =b2 Apzy , -1 Azzyzt

- - - t Amzym I 02
:

' :
am, Ni + Amanat - - - t Amn Nn = bm Ain Yi + Aznyzt - - . + amnym > Cn

Nl , Nz ,
-
- - r

, Un 70 y , , ya , . . . ym
Unrestricted

-

! min - - - -

→ Cbi + bj ) yi -1 - - - -

+ Cai , + ajiyiu -1 - -
.

(aiitg.in, -1
- - -

-

tClintajn7nn-bis-bj@z7i.1-Cain_ajn7yii-r-iEx_erisen.lD
' ) feasible [⇒

(D2) feasible ; optimal costs are the same

for both CD ) ) 7) CDD
.

'

lyi , yi . . . , yin ) is → ( yi , . . . Ji -yi ,
- y.it , . . . .

)
.

-
a soln . to (DD jth word .

←



Min big, + bays -1 - - - tbmym

Ally , -192 , Yat - - - - 1- am, Ym 3 9

92 Yi + Azzyzt
- - - t Amzym 3 C2µ, ÷

Ain Yi + Aznyzt . - . tamnym
> Cn

Yi , ya , . . . Ym
unrestricted

→

min - - - -

→ Cbi + bj ) yi -1 - - - -

+ Cai , + ajiyiu -1 - -
.

@2)
:

+ Cain + ajn)yi+ . - . .

↳

aj , lying;) + ai , Yi
-

yityj =yÉ ⇒ gig.= yj
'

- yi
'

yi = yi
'

yi=yi
'



STEIB . Observe that simplex tableau are obtained

through a sequence of elementary operations starting
from the original system of equations

K
,a

:÷: ga: ::÷: :jf÷ff÷:)Am , Amz - - - r Amn
'

kn

§
,

elementary operations

/

-

y,
bi

""

it: bin
1

you
"

non
-

y

l ni
, =p ,

at

X

KB = p t Q na,
nie = Paris

# him-_ Isnt IT
I = Zo t TT NN

From step 2 and step 3 : Dual optimum of original system
-
--

is the same as dual optimum of
a simplex tableau corresponding to original system



Step a :

-

What is the dual when primal is given

by a simplex tableau ?

NB = p + Q NN

B = { i
, ,
iz
, . . . im } M =

'{ ji , ja , . . . jn - m }

Exons : [
9" 9" " -91in-

my?::
Ni
,
-

9111 Nj ,
- 9,12 Nj,

-
- - i - 911in -m) kjn.mn

= P ' 9mi - -
- -9mn.m i

:

Nia - 912, Rj , - 922Uja - - - -

-

Gun .my kjn.sn
= P2

i.

Nim - 9mi Kj , - 9manja - - - -

- 91min -my Yin-m = Pm

Lost : C
, N , + Czrkz -1 - - - t Cn Mn = Ci

,
Ni

,
-1 Ciidiz -1 - - . + cimrkim

1- Cj, Rj, + - - - + cjn-mkjn.in↳
can be rewritten using ji . - • jn-m

g.

gµ,ygµyI÷,.gµ,,,,,÷÷,,.÷,,g"y
"

1- ( cjn.m-ciiqiin.my -1 - - -
- + cim91min-mpkjn.in

Iud constraints: É

Yi 30 , yezo ,
- - -

- Ym 70

- 9" y , -92 , ya + - - - . 1- 9m , ym
7 "

\

:
- 91in

-my ,
- -

i

- 9min -my Ym
→ M -m



Equations :

Nii - 9111 Nj ,
- 9,12 Nj,

-
- - i - 9111mm, kjn.mn =P '

Nia - 912, Rj , - 922Uja - - - -

-

Gun .my kjn.sn
= P2

:
Kim - 9mi Nj , - 9manja - - - -

- 91min -my Njn-m = Pm

Lost : C
, N , + Czrkz -1 - - - t Cn Mn = Ci

,
Ni

,
-1 Ciidiz -1 - - . + cimrkim

1- Cj, Rj, + - - - + cjn-mkjn.in↳
can be rewritten using ji . - •

jn-m-ici.pi-ci.pe- - - +

cimpml-kii-49m-GYY.in?+cim%d7i-- n n r
izo~T-tcjn.m-ciiqiin.my#---cim9mn-m)kjn-mN-ual

constraints:

Yi , Yz , - - - , Ym 30
-

Gi , Yi - 92 , ya - - - - - 9m,ym
> N

i

-

911mm, Yi
- - - - -

91min .m,Ym > rn-m

STEPS: Main Observation : Assume primal has optimum .

- -

In the optimal tableau , coefficients ri
,
ra , . .

. rn-mare negative
!

Hence Y , , ya , -
. .

, ym =D is a feasible solution to the

dual constraints .

Dual cost :
- -

Zo + pig , + Payet - - . tpmym

= 20 when ya , ya , - . - sym
⇒



By analyzing the final simplex tableau of the primal we get :

yi=0 , -
- - ym=o is a feasible soln .

of dual

with cost 20
.

Primal optimum is Zo
.

-

By weak duality , dual cost 3 zo .

- We have a point in the dual with cost Zo
.

⇒ optimum cost of
dual = Zu

.



⇒

1Pñm - 1T¥What does this show ?

elementary
- 1

When primal has an optimum : |d- 1Diae]tableau
__→→. -→⑦

- consider the final tableau

- Write the dual constraints for this system
- Dual optimum equals the optimum if this system corresponding to

final tableau

But
,
we have seen that elementary operations preserve the
dual optimum .

We can also reconstruct the dual feasible solution giving the

optimum for the original system .

- Proves duality theorem !



PROOF OF DUALITY USING FARKAS
'

LEMMA
- - -

- - -

REFERENCE:_ Section 6.4 Of text :

Understanding and Using Linear Programming
- Matousek B Gartner

FARKAS
'

LEMMA:

- -

Let A be a real matrix with m rows and n columns
.

Let b c- IRM be a vector .

Then exactly one of the following two possibilities occur :

11=17 There exists a vector NER
"

satisfying AN=b and n > 0 .

11=27 There exists a vector
y

c- Rm satisfying YTAZO and

yTb< 0 .

A

an air - - -

am

]
Cy, . . - . Jm] [ :

Am ,
- -

- 9mn

(
Yla" + yzaz, → - - - ymam

):

y , aint
- - . ymamn



Non-
negative solutions to An=b :
- - -

Ri Al t na AZ + . . . t an A
"

= b

Ista : non - negative linear combinations of vectors



-

Non- negative combinations of vectors

"

% A',yA7...,A"arepoirnthen°+ - generated by the lines joining origin
6-

A' , A2, . . .

, An

5-

I:] =

'

[ :] -'
'

[ :]
•

(4,3)

[ :] = ¥ :] -¥ :]
° 1 2 3 4 5 6 7

WN EYE :

Given vectors A , , Az , .
. . , an c- RM

, the convex cone

generated by ai , az , . . . , an
is the set of an

linear combinations of the ai using
non -

negative coefficients :

{ ti ai + tza, -1 . . . . + tn an / ti , . . . .tn 30 }



1

An = b has a non - negative sobs ? ai , . . . an are columns

of A

i , I
: ,

,

!

I \

\

\
/

-

.

a.

÷:*: i ÷:*.
hyperplane

,

,

b

b lies inside the b lies outside the

cone cone

An=b has a

non - negative son . Separating
'

hyperplane:
- -

There is a hyperplane
passing through 0 :

Variables : Ni , . . . nm Yin + .
- - -

.
+ ymnm = O

s- t -

y ai 30

Y b < 0



y
:

- Proof of duality through simplex

- Proof of duality through Parkas ' lemma :

- statement of Farkas
'

lemma

- Geometric interpretation of the statement

- Proof of duality from F- L
. } next class

.

- Proof of
Farkas ' lemma

'
-


