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DUAL OF AN LP
- -

- -

Got : Given an LP
,
associate another LP to it ( called its

"

dual
")

which has interesting relations to the original LP

REFERENCE:_ Section 6.1
,
6.2 Of text :

Understanding and Using Linear Programming
- Matousek B Gartner

Party: Intuition
maximize 2mi +3^2

-

subject to 74N, + 8h2 I 12 (1)

2N, + Nz £ 3 (2)

!a + 2M I 4 (3)

Nl
,
Nz 7 0

2N , + 372 I 4Mt 1- 872

⇒ cost £ 12

27 , + 372 £ 112 ( 42 , + 8h2) £ 42.72

⇒ cost I 6

Adding (1) and 127 : 6N , + 9h2 £ 15

221 + 372 I Yz (691+9212) I 5

Cost I 5



Combining inequalities by scalar multiplication and addition

gives a bound on the cost .

☒ ✗ 4N, + 8h2 I 12 Multiply with a

2N, + Nz E 3 non- negative
3N, 1- 272 I 4 teal

.

Nl
,
Nz 7 O

Yi ✗ 4N, + 8h2 I 12 Yi , ya, y, 70
+

Yz ✗ 2N, + Nz E 3

t yz ✗ 3N, 1- 272 I 4

Nl
,
Nz 7 0

⇐Y , + 2yz +3yd ni t 189 , → ya-12yd see £ 12g , + 3yz -1493

↳ ←
maximize In , +

ziiz

suppose we have y , , ya , yrs sit .

Ay , + 2g , 1- 3J } 32

Sy , + ya + zyz 73

Yi , Ye , 43 70

⇒ Cost (Lp ) = 241-3212 £ 12g , + 3Yz + 4y,



suppose we have y , , ya , Ys
s - t .

ay , + 2g , 1- 3) 3 32

Sy , + ya + zyz 73

Yi , Ye , 43 70

⇒ cost 1407 = 29 -13m £

µ-3Y2+4YÉ
:#

Suppose cost ( LP) = 2 .

an.µ. . .my,y,
-

minimize 12g , + 3yz -1 493

{ area.

g. t . 4J , + Zyz 1- 3) 3 32

Sy , + ya + zyz 73

Yi , Ye , 43 70

Intuitively optimum of above 4- gives an upper bound
on the optimum of original LP .



Exercise :

-

Write the dual for the following LPs .

1) imaximize! 12N, + 32kt b- M3

7N , + 422 1- 22h3 £ 100

2N, + 7- Rz I 50

HI , 2h21 M3 70

2) maximize 2N, -1 392

subject to :

4N, 1- 822 £ 12

2N , 1- Nz £ 3

391 1- 272 I 4

Hi , Nz 70



1) maximize: 12M + 3×2+5^3 Minimile 100g , + 50yz
7N , + 422 -1 273 £ 10° Srt. Fyi + zyz 7- 12

2N, + 723 I 50
4g , 7 3

Ni , 2h21 M3 70
2g,

+ 7-yz 35

y , , ya 70

2) maximize 2M + 392 Minimize 12g ,
+ 3)at 493µ,subject to :

4N, + 892 f 12

AY , + 2yz -1 373 32

2N , + N2 £ 3

fyi + yet zyz =3
391 1- 272 I 4

Yi , Yz , Ys 70

Hi , Nz 70



Primal:

maximize in

subject to An S b

n 30

4 Ni 1- C2N2 +
. - n t Cn Mn

Yi ✗ All N, + 912 Nz -1 - - - - -

+ Ain Rn f b ,

ya ✗ :

÷
ym ✗ Am, Ni

+ Ama Nz + - - - r t Amn Un Ibm

minimize big , + . . . + bmym

any ,
+ 921 Ya + - - . + am,Ym I 9

:
:

Ain y , 1- Azn yet -
- - t am, ym 7cm

dual : minimize b'y

subject to . Aty 7- c

y 30



Part 2 : lNeak Duality Theorem
-
-
- -

Primal Dual

maximize Ctu minimize b'y

subject to An Eb subject to A'y 3C
Uzo

y 30

For every feasible solution n
'

of Primal
,
and

for every feasible solution y
'

of dual
,

we have :

in '

£ bty '

Primal LP :

y

°"" "

" '

E
da'

CTN'
= Ci Ki + cznz' + . . . . 1- Cn Nn

'

ai e aiiyi-aziyi-i.it amiy 'm

n n

E. Cini
'

e E laiiyi -1 . -
.

amiy 'm)i= , i= ,



CTN'
= Ci Ki + Cznz

'

+ . . . . 1- Cn Nn
'

ai e aiiyi-aziyi-i.it amiym
'

n n

da
'
= E. cini

'

e E laiiyi -1 . -
. amiynini

'

i= , i= ,

collecting terms belonging to some yj

c- Carini + anti + . . . .
+ amun

' ) y ,

'

+ .
- -

+ 1am ,
ni + amani -1 . . - + amnnri )ym

'

E b
, y ,

'
+ - - - tbmym

'

= b'y
'



corollary It Lik duality :

1) If Primal is unbounded
,
dual is infeasible .

2) If Dual is unbounded from below , primal is infeasible
.

1) Follows directly from weak duality .

27 Consider the contrapositive :

If primal is feasible, dual is bounded from below .

↳
follows from weak duality .

If n
' is feasible for primal ,

cost of dual is above on
'



Parts : Writing dual for different LP forms

Primal Dual

maximize Ctu minimize b'y

subject to An Eb subject to A'y 3C
Uzo

y 70

1- Ni I 0

maximize 2N, -1 392

subject to :

y , ✗ 4N, 1- 872 £ 12

Ya ✗ 2N , + Nz I 3

Yg ✗ 391 1- 272 I 4

Hi 70

Nz £0

After multiplying with Ji , Yz . Yz :

We want : 2N, I Yi -12yd -13yd Ki

znz E (8y , + Ya + 2yz) Na

since Ri 70
,
we achieve this by :

2 £ AY , + zyz -1 393

But since nz So , we will achieve this by :

fyityztzys £3



maximize 2N, -1 3h2 minimize 12g , + 3yz -1 ay,
subject to :

y , ✗ 4N, + 892 f. 12 4J, + 2)2+393
32

y. ✗ zu , + n s , | .gg, + g. + ay, , ,

Yg ✗ 391 1- 272 I✓
y , ,

,

£ "

y , , yay, , ,Ni 70

g) Ni is unconstrained .

maximize 2N, -1 392

subject to :

Yi ✗ 4N, 1- 872 £ 12

Yz ✗ 2N , 1- Nz I 3

y, X 391 1- 272 I 4

Hi 70

Nz unconstrained

weft . of me:

we want : 322 I @Yi 1- Ya -129377s

- . Sry , + yet 2g , I 3 ✗ will not work when

Nz 70

8J, -1 yet Zyz 73 ✗ will not work when

Nz £0

fyi + yet 2g} =3



maximize 2N, -1 3h2 minimize 12g , + 3yz -1493
subject to :

Yi ✗ 4N, + 892 f 12 4Y , + Zyz 1- Byz 32

Yz ✗ 2N , + Nz I 3 8y, + Yz 1- Zyz =3

y, X 391 1- 272 I 4

• unan.name.

Ni 70 Yi , ya, yo
30

3- Ai ni z bi

maximize 2N, + 3h2 minimize 12g, -1392 -14g >

subject to :

Yi ✗ 4N, + 892 I 12 4y , + Zyz 1- Byz 32

g. m, , a. §yy, , , , , ,
y, X 391 1- 272

Hi
,
Nz 70

S

Yi £0

Yz , Yz 30

4) Aiki = bi

maximize 2N, -1 372

"* . ÷:
"

;÷÷÷:Yi ✗ 4N, + 872 = 12 4Y , + Zyz 1- Byz 7- 2

g. a. + a. , , | -

y, X 391 1- 272 5 4

24
,
Nz 70 YI Unconstrained

ya, y } 70



Primal

maximize city

s - t . An S b

N 70

/ I ¥n=bi\hi £0 Ni un const. Ain =bi

Aig sci Aiy = Ci yi so yi unconst .

\ I 1 /
Dual

minimize bty
s -t . Aty > c

y 7-0



Primal : Dual

minimize bty maximize da

s - t . Aty 3 C
→

sit .

An Sb

y 30 n £0

If we had started with the above primal , and
we wanted a dual LP that can give a lower bound

to the optimum ,
we will

get the CP on the right .

→ We call these two LPs as primal - dual pairs .



Write duals :

1) maximize 5N , + 392

s - t . 42, + 2h2 I 4

Ni - 392 3 3

54 1- 272 = 2

Hi I 0

22 Anant .

2.) minimize 2g , + 4g - + 3g }

S.t. Fy , + Byz + 493 34

2g , + yz = 2

Yi + ye + yz £3

y, so

Ya 70

yrs clnwnstn



1) maximize 5N , + 392

{
" """ "" + "" " °

s - t . 42, + 2h2 I 4 4y , + yz 1- 5y3 75
Ni - 392 3 3

54 1- 272 = 2 2) I - 3yz 1- 2yg =3

Hi I 0

Yi 30 , ya £0 ,

sea nnwnst .
yz

Unconstr .

2.) minimize 2g , + 4g - + 3g } Maximize 42, -1272 -13ns

S.t. 7g , + Byz + 493 34 7-Ni t 222+93 % 2

2g , + ya = 2 371 t Nz + 93 f 4

Y , + ye + yz £3 491 -173 =3

y, £0 21 30

Ya 70
Nz uncouth

y, clnwnstn M3 I 0



Partei DUALITY THEOREM
-

Primal (P) Dual (D)

maximize in minimize bty

sit . An Eb s- t . A'y 7- e

n 7-0
y 30

Only the following can occur :

-1 . Either both ( P) and (D) are infeasible
.

-2 . ( P) is unbounded and (D) is infeasible .

-3 . (P ) is infeasible and (D) is unbounded .

- 4 . Both Lp ) and ID? have Optima, and

optimal cost (P) = optimal cost (D) .

comes
from

strong
duality

(p )

'

bounded



Summat:

-1 . Primal- dual pairs , examples

-2 . Weak duality thm . + proof

- 3 . (strong) duality thm statement .


