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Plan for today 's lecture :
- - - -

- l . Proof of correctness of simplex ( assuming termination)

-2 .
A geometric interpretation of simplex

- 3
. Solutions to Problem Sheetz

.



Proof of correctness of the simplex method :- -
- -

-
-

-

maximize on

subj to An = b A :m×n
,
rank m .

N 70

feasible basis : B E { 1 , 2 , - - - in }

I

B. = { i , ,
iz

,
. . . .im } s- t .

A
"

Aia .
. . Aim are linearly indep .

- 7 a feasible soln .
Where nj =0 Hj ¢13 .

Simplex:
Bio - B,
-

. . . . .
-

initial feasible next basis - - .

fans



feasible B B
'

= B){u} U {v3

Tableau 1-(B) TIB ')

Piixot

bts corresponding NIB? NCB ' )
to B

TI sh0

- 1 . Each feasible basis corresponds to a unique tableau 71137
✓

Hast lecture?

-2 . Each feasible basis gives a unique bfs . This is obtained by

setting all non - basic variables to 0
,
and deriving values

for basic variables from the tableau . ✓

! B
'

is feasible
.

! Cost at RCB ' ) is I cost at RIB?

Suppose simplex terminates at B.

- if all coefficients of variables in the cost now are

£0
,

then optimum is attained . ✓

① when simplex terminates saying unbounded , LP is indeed

unbdd .



feasible B B
'

= B){u} U {v3

VT , Ut,
Tableau 1-(B) TIB ')

Pt>

bts corresponding NIB? NCB ' )
to B

B
'

is a feasible basis .

\

TCB)

: :

- 1 . Coefficient of N in cost now is positive .

-2 .

In the column corresponding to v
,
there are negative

coefficients.

Pj
min { - - / jsrt . %. - o }

Ofyjx
U is the variable which gives the minimum value

for the above quantity .



C-(B)

÷:* .

B
'

= B) { u } U {v3 is feasible .
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t 9mn -m

mxm

I mxcrm?

9mi -1-0

0

B' =

[
to ? :

u Ñ=-9in o o :)
0 0 1

In the nth row
,

the only non - zero entry is guv

This shows that columns of B
'

are linearly independent .



9mi -1-0
U

O

B
'
=

[
to

i :

7
)

u ☒-9in 00 ::|
0 0

In the nth row
,

the only non - zero entry is guv

This shows that columns of B
'

are linearly independent .

- It can be shown that the columns corresponding yto
indices B' in the original matrix that we

started off with are also linearly independent .

( Exercise)

-

By our choice of
'

U'
,

we can also see that

the resulting basis B ' also gives a feasible soln .

↳ B ' is feasible .



Cost at RCB ' ) is I cost at RIB?

z
_Ñ

TCB) ¥¥÷l
→ In the resulting tableau

,
all variables of N

except
U are 0

.
he has been increased .

By looking at cost vector in B;

L = 20 1- . . . .
1- Aviv + . - . .

nor in T
=D in B

Zo in B
'

i. cost at B
'

is bigger than cost at B.



When simplex returns
"

unbounded
"

, Lp is indeed unbounded
.

F÷:71137 .

P2 "I:-#
"

{
m÷_

RIB) .

: call it R .

The tableau gives a WEIR
"

57 .
Aw =o

CTW > O

W : Set wlv) = 1

Wlj) =o V-j c- Nl{v3

FH:#
change all pi

's to 0
. }

An=o

keep rest the same .



W : set wlv) = 1

Wlj) =o V-j c- Nl{v3

F-
I

change an pi
's too

. }
An

!
Keep rest the same .

For all JEB ,
substitute 0=1

, and other non - basic

variables too

and derive value from the above modified tableau .

Ni = 0 - Nz -1M¢

92 = 2 - 273 1- 2N y N 2=0 - 293 + 2 Ny÷::::l 2--41=-14
N,

•

÷



* "
=

In the w that we get from the above tableau :

wcj) 70 tj .

- NB? + ✗w satisfies A>c=b

N 70

- ÉW = ru : ( coefficient of ~ in the cost

now Of B)

- To > 0
.

e-
. CTW > 0

- CTCNCB) -1 Aw) = 0h43? + Dru

→

Increasing ✗ gives feasible points with increasing
cost

⇒ Lt is unbounded .



feasible B B
'

= B){u} U {v3

Tableau 1-(B) TIB ')

Piixot

bts corresponding NIB? NCB ' )
to B

TI sh0

- 1 . Each feasible basis corresponds to a unique tableau 71137
✓

flast lecture?

-2 . Each feasible basis gives a unique bfs . This is obtained by

setting all non - basic variables to 0
,
and deriving values

for basic variables from the tableau . ✓

Y ! B
'

is feasible
.

! Cost at RCB ' ) is I cost at ✗ IB)

suppose simplex terminates at B.

- if all coefficients of variables in the cost now are

£0
,

then optimum is attained . ✓

✓ ① when simplex terminates saying unbounded , LP is indeed

unbdd .



Geometric interpretation:
-
-

consider IR
"

closed half - space
: { N EIR" l ai R , -1 arena + . . - tanks S b }

,p,µµurYi°
"

convex polyhedron : Intersection of finitely many
closed

9 halt- spaces
.

Equational
gym

resat
"
Interior point : a point K sit . Fw c- IR

"

and KEIR

in
a

convex

µynedw^
'

i n -1 7W is in the convex polyhedron
for all ✗ c- [- K ,

K]

Vertex : a point in the polyhedron that is not an interior point
.

→¥É•\
..NO#.0NtkW,

•

\
.

:/

Edge : n belongs to an edge if it is an interior point s.tn there is

is exactly one went lmodulo linear dependence)
and some K C- IRS

.tn
-1 kW is in the polyhedron for all ✗ c- C - K

,
+ K]



Edg An edge is a of feasible point .

- To
every edge , we can associate A unique
"
w

"

coming from the definition . This is the

direction along Ilxhich We can move to stay
inside the edge .

A vertex v is a corner point of edge e (with associated w)

if u + ✗w is in
'

e
'

for either ✗ c- [Oi . -
K]

or ✗ c- C-K , o ]

for some K e- IR

"
•

•

v2

I %

Any vertices : vertices that are corner points of
an edge .



Simplex method : Each pivot step moves to an adjacent vertex .

- -

B?

B

un •

B"

TIBI :

=¥¥÷i13

pm

Consider the tableauÑÉ replaced wino .

↳ (B)
w : wlvl -_ I

wlj1=0 tj c- N\{ u}

FJEB : Wlj) = value obtained by above values

to N
,
in tableau 1-01137



- Aw =D
,
Ew >0

RIB) + ✗

w.it#i--*-t--.t:
NIB ' ) : consider the biggest value for ✗ that keeps

NCB? + ✗w feasible .

This will correspond
to the variable that is

removed from the basis in the pivoting
step .

RIB) =

RCB't = RIB) -1 *W

E= { RIB? +7W I o < a < ✗
* }

↳ is an edge .

→ YE E . We can move around
"
W
"

.



E= { RIB? +7W I o < > < ✗
* }

↳ is an edge .

→ YE E . We can move around
"
w
"

.

-

y
= RIB ? -1 X , W .

↳ 0 < ×, < ✗
*

Take K to be some value < min ( X
, ,
H - X , )

w

•

°

RIB
' )

NIB?

- For
any yet . }

B

#
To

value
of HIV } = 0

i. For
any

other w
'

which is a potential
candidate to move around , we require

W' lj ) = 0 ltje Nyu}



W
'
= JB¥
j
}Nl{v3

But then : fixing a value for U derives the

values for Variables in B.

From tableau 1-
°

( B )

since we need Aw'=0

This implies that W (from the edge) and

"

w
'

are linearly dependent -

÷ E = { RIB) + ✗WI o < ✗ < 5*3

form an edge .

→ It is also easy to see that RIB ? and

KCB
'

) are corner points of
this edge E.

÷ '

RIB' ) is adjacent to RIB )
.



sugary :

-1
. Proof of correctness of simplex

-2 . Geometric interpretation: simplex start at abfs
,
and

moves to an adjacent bts with

"

better
"

cost.


