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Recap:

Given LP in equational form :

maximize Ctu

subject to An -_ b

n 30

- It cost C is bounded in the feasible region , the LP attains

its optimum at a basic feasible solution .

-

- l . How to check if cost is bounded in the feasible region
?Questions :

- 2 . If cost is indeed bounded
,

is there a better inlay to
find the bfs with maximum cost , instead of

just arbitrarily enumerating each of them
?

7¥ lecture :

The Simplex method - an algorithm for solving LPs .



the Simplex Method

An algorithm for solving LPs in equational form .

idea : - start with a bfs

- Deduce whether this bfs is optimum or if LP is unbounded .

- If not
, move to a bfs with bigger cost

.

Example Maximize a + me

subject to - a + Nz £ 1

N f 3

R2 f 2

NI
,

N2 30

First bring it to equational form by adding slack variables ns.na.no

- N, + Nz + Nz = 1

4 -1M¢ = 3

R2 1- Ng = 2

N't NRI M3, Ng , Ng
I 0

A = I 1 0

( Y o
° I

0 1 o o
§ ]

Notice that B : {3,4/5} gives a bfs : Nz =\ , Ne, =3, B- = 2,21--22
=D

He will start Keith this bfs
.
First Mle will rearrange ears . conveniently .



Maximize Ni t N2

subj . to
- n, + Nz + Nz = 1

4 -1M¢ = 3

R2 1- Ng I 2

N't NRI M3, Ng , Ng
I 0

Initial bfs has Nz , Rains as basic variables and ni , nz as non- basic
.

Rewriting basic variables
Nz = 1 1- Ni - Uz

g

} "" "Ms " "" b""

Ng = 3 - Ni

3 -5 Variables .

Us = 2 .

-

Nz

i.÷÷:*÷
2 = ze, + Nz → Whiting the objective .

This representation is called a Tableau

the above tableau corresponds to a bfs : { 0 ,
0
, 1,3 , 2 >

with Cost : 0

Next stop : Pivoting
-
-

If v4 or na is increased
,
the cost increases . Suppose

love consider Ni .

How far can n, be increased ?



Nz = 1 1- N, - Nz

×,

+2×43×4×5
Ng = 3 - n,

n,
=3 -

N"[3,0/4,012] Us = 2 .

-

Nz

^

[
0,0 ,

11312
]

II.

Initial tableau To
.

Next stop : Pivoting
-
-

If v4 or na is increased
,
the cost increases . Suppose

love consider Ni .

How far can n, be increased ?

- The equation as = 1 + ni - na gives no

restriction
.

- Nq = 3 - n , says ME 3
. Otherwise

,

Ng < 0 and we

don't get a
feasible soln .

Let us therefore increase N,
to 3 .

-

By doing this , 24 becomes 0
.

- INE now move me to RHS and n , to LHS .



Nz = 1 1- N, - Nz

Ng = 3 - Ni

N5 = 2 .

-

Nz

-

2 = N, + Nz
-

Initial tableau To

Pivot step :
I

N, enters basis

74 leaves basis no =
1 + 13 - Ma) - na

21 = 3 - Not

25 = 2 - Nz

-

z = 3
- Ng t Ne

t,

/

Nz = 4 - Ng - Na

N, = 3 -

Ny

Ns = 2 - Nz T,

23 ,

0,4 ,

01^2>

.+m
cost
:3

Notice that IT is an equivalent system of equations to To
.

By putting my = B- =D , Kie get a feasible Soln .
< 3) 0,4, 0,2>

In fact
,
this is able with basis { 113,5 } .

Cost =3, larger than To .



/

Nz = 4 - Ng - Na

zz ,

2,21°
N, = 3 -

Ny

Ns = 2 - Nz T,

n ,
upto

2

At Ti
,

look at 2 . Notice that increasing na increases cost .

By how much can we increase Ra
, by keeping me, __o

?

Nz = 4 - ng - na restricts Nz I 4

Ng = 2
-

Nz restricts Nz £2 .

So we can go upto 2g. As R2 E 2 is stricter
.

By setting me -_ 2
,

Kie get Ns=o .
We will bring us to RHS .

Nz
= 4 - Ra - 12 - Ns)

Ng = 3 -

my

Na = 2 - Ns

-

2 = 3 - Na 1- (2-25)

H

R2
enters

basis

Nz = 2 - Not 1- Ms

ng leaves
basis

.

21 = 3 - Na

N2=2_n#

%

2 = 5 - Ng - ng bfs : <3
, 212,0 ,

0 >



Nz = 2 - My 1-

NSR
, = 3 - Na

N2=2_n#

%

2 = 5 - Ng - ng

what next ?

Once again , notice that T2 is equivalent to the system that we started

with .
We have only rewritten the equations, so that we have the

same variables on RHS .

- T2 corresponds to a bfs : <3
, 2,2 ,

o , o >

cost : 5

- Now , notice from 2 = 5 - 2¢ - as that increasing Noor B-
will only decrease the cost .

-

simplex method terminates here
.

Claim :

-

5 is the optimum cost for this LP -

- For
every feasible solution ☒ = ( Ii , Iz ,

5,1T¢
,
-1-5) the cost is

given by E = 5- XI - Is

since Ñe
, , Ñs 70 , I £5 .

- 72 gives a feasible point , which is in fact a bfs
,
with

cost = 5 .



Today 's goals :- -

- Exercises on simplex method to understand the algorithm .

- In later lectures , we will see a proof of correctness
,
and Why

each tableau corresponds to a bfs

E×ami.

Maximize Ri

subject to Ri - Na f n

- n, + Nz S2

Nl , Nz 30

Bring to equational form :

N,
- N2 1- Nz = 1

- Ni 1- Nz + Nq = 2

Ri , Ne
. Nz

, 7¢ 30



N,
- N2 + Nz = 1

- Ni 1- Nz 1- Nq = 2

Ri , Ne
. Nz

, 2¢ 30

Nz =
l - M + Nz

N¢=2tN|-nz_
To

2 = Ni

l
n, enters basis N, = I - Nz 1- Ra

ng leaves basis 24 = 2 1- (1- nztnz) - Na

N, = I - M3 1- 72

Not = 3 - Mrs T
,

-
Nz is the only variable that can be

pivoted .

- Increasing nz gives
no constraints on Ni

, 2¢

Both will stay non- negative .

- Cost can be increased arbitrarily high inside the

feasibie region
.

-

Simplex concludes that the LP is unbounded .



N, = I - M3 1- 72

M¢ = 3 - Mrs T
,✓

< 1
,
0
,
0
,

3>

a -1 ✗

+ ' I ;] =I:| I :]
is

'

a feasible soln . for ✗70

Cost : 1+7

At a tableau 7
,

look at the cost mine .

-1 . If all coefficients of variables are negative , then
tableau gives optimum . ( constant in

the cost now ?

-2
. Suppose there exists a variable in the cost row with

positive coefficient : I say ni )

- 2-1 . If coefficients of ni in the constraints

are all non- negative , LP is unbounded .

- 2.2
. Else pivot and proceed to next tableau .



Ex3 :

Maximize - Ni - Nz

subject to : Ni + 2ns £4

22 I 1

Nl , Nz 30

M3 = 4 - Ni - 2h2

94 = 1 - Ne Te

In

Optimum = 0

BFS : < 0,0 , 4 ,
I >



tamp :

Maximize -2N, + Ns

subj. to :
- ni t na £2

241 1- Nz I 6

Nl
,

Nz 70

23 = 2 -1 N,
- Nz

24 = 6 - 2N ,
- Nz

→
- 2N

, 1- Nz

Nz enters basis| Nz leaves basis

N2 = 2 1- N , - Nz Ny = 6 -2Mt - (2+7 -Ns)

Ng = 4 -321 + M3

2 = -22, 1- ( 21-71 - Nz)

2 = 2 -

Nl - Nz=
Optimum is z :

< 0
,
2,0 , 4 >



Exampie_5:

Maximize Ni 1- N2

subject to -

Ni + Nz I 2

N2 £4

Ni 1- Nz 5 9

24 I 6

Nl
- Nz S 5

Nl , Nz 30



-

23 = 2 1- Nl - Nz Nz= 7 - N2

kit
24 = 4 -

Nz >
N¢= 4 - Na

25 = 9 - n, - qz
271, B- = 4 +77 - Zzz

26 = 6 -

24 No = 1 1- NF - Nz

Nf = 5 - N, + Nz N, =
5 - Nz + Nz

- -

2 = 1- Me + Nz 2 =
5 - Na 1- 2h2

not / 264
✗

Nz = 5 + Ms +276 Nz = 7 - Na

Ne
,
= I -175 +376 K¢ = 3 - Nz + V6

27 = 2 - Ng
-

226 gyp Ng =
2 - 27 -226

Nz =3 - Nsr -326 Nz = I -1 Nz - Ng
B- I

N,
= 6 -216 N,

= 6 -

%

- -

2=9 - Ns - 326 2 = 7 + Nz - 226
-

f.

optimum . cost __g

bfs :< 6,3, 5/1,0, 0,2>



Emery :

- simplex method

-

Detecting optimum, unboundedness } examples


