
Lecturer: Basic Feasible Solutions

today's lecture

-

Understanding some special solutions to the

equational form .

Re-cut: LP in equational form

maximize in → Objective / cost function

subject to An = b }→ constraints

N 30

n c- IR
"

A : mxn real matrix

b c- IRM

C C- IR
"

N0 When we talk about algorithms & complexity ,

we will assume

all numbers are integers .

Reference :
-

Chapter 3 Ot book :

understanding and using Linear Programming
- Matousek ☒ Gartner



Terminology:

Feasible point : a vector ve R
"

that satisfies

Av =b
,

V30

→

a solution to the constraints .

Feasible region :
set of feasible points .

Optimum : the feasible point that gives the maximum

cost .



Examplesi.it
. maximize

subject to Ni + na = b-

Nl
,
Nz 7- 0

N2
471 - Nz = 1

16,5) # 4mi - na =L

"

÷ ;;i*reñOptimum : (5/0)

•
15,0) Optimal cost : 20

4N, - Nz = 4.5 = 20

2- maximize n,

subject to ai - ra = b-

M2

:t€A""*Feasible region
is

unbounded .

Cost is unbounded in

↳ is { the feasible region
unbounded



maximize N,
- Nz

subject to M - na = 5

Ns
, Nz 30

M2

:t%
"ah"" region

is

unbounded ,

'

→ Cost is bounded
in the feasible

region .

optimum : infinitely many .

-

any point in the feasible region is an

optimum .

Optimal cost : 5



3. maximize M - b-Nz + 4h3

subject to Ni + Nz + m3 = 1

Nl 1 R2 , M 3 I 0

M3 n

s

feasible region

in

a.

¥

Optimum occurs at 1010,1 )

→ Not easy
to illustrate



Next
- ¥1s :

- 1- Give a characterization of feasible points that

are
"
vertices

"

of the feasible region .

(Today)

- 2. Show that if the LP has an optimum ,
(Next

then one of the
"

vertices
"

is an optimum . lecture?

Outline of the rest of the lecture :
- -

- -

step 1: Linear algebra basics
^

.

Step 2: Assumptions about LP

step 3 : Informal intuition about vertices and interior points

step 4 : Formalizing this intuition .



Steph : Linear Algebra basics :
-

-
-
-

we will stick to real numbers .

Hector: an ordered tuple ( v1 , ya , . . . ,Xn ) c- Rn of real numbers

Ñ = ( V1
,
V2

, . . .

,
Xn )

a- = ( uh, U2
,

. . . i Un )

It Ñ = ( Yi -14 , ,
V2 -142 ,

. . .

,
Yn + Un)

t I = Itv , , tvz ,
. . . , tyn) where t c- IR

( a scalar )

Linear subspace: Of IRN
- - - -

: A set of vectors V E R
"

sit .

for all ñ
,
I c- V and t ER ,

Ñ + I c- V

TI E V

Remark:
-

A subspace contains the J vector.

Examples ,
-

Subspaces of IR
'

are {J }
.

lines passing through origin , IRIE,

*
- Line not passing through origin is not a subspace .

✗

- Subspaces of IRS are {J}
,

lines passing through origin ,

planes passing through origin , Rs



Linear dependence :
-

Vectors UT
,
ñz , . . .

, Ñk are said to be linearly dependent

if F reals Xi
,
✗z , . . - ,

✗k ,

not all of them 0

S.t. L, Ñ, + ✗<Ñz -1 . . . t dk Ñr =D

Examples :D -4=-1 ;] ñ=f ;]
2Ñ , - Ñz =O

a) ii. =

[ ;] ii. =L ?]
✗
,
Ñ
, + dz Ñz =D

✗ I 1- 2×2 = 0
- ①

2X, + ✗z =o
- ②

From ⑦ , X,
= - 222

substituting in ② : gives : Xz =0

⇒ ✗ , =O

t
. [

'

z ] and [
2

] are not linearly dependent .
1-

Linear independence:
-

TU
,
Ñz

,
- - .

,
Ñk are linearly independent if

for all reals d) , da ,
- - n , da

✗i Ñ + ✗zÑz -1 . - . + true =D ⇒ ✗ , = ✗a -_ - .
. =Xr=O



Basis

of-a-linemsub-pace.lt
set of vectors Ñ, , Iz , . . . . In forms a basis of a subspace V if

-1 . they are linearly independent .

- 2
. every

vector to c- 11 can be Written as a linear combination of

It
,

- - -

,
Ñk

ie.
,
Ñ= ✗, I + data + . - i. + qty

n : Let {Ñ , ,
Ñz

, . . . , Ñm } and { UT
,
Iz
,

. . .

,
in } be two

bases of a subspace .
Then m=n .

Dimension of a subspace : cardinality of its basis
- -

Rank of a matrix :
-
-

A = An 912 - - - - Ain

]
MXN

:mll.MNAm ,
Amz -

- -
- Amn

n columns

Romi 's : A ,= Ian . -
. am ]+ c- IR

"

i
.

Am = [ Am, .
. -

. am , ]
"

E R
"



m

Row space :
{ Edi Ai I ✗i c- IR tie { ii. .. ,m }

}
i=i

This is a subspace

Roxy rank: dimension of row - space

= Maximum No . of linearly independent rows

among Al
,
A2

,
. . . . Am

columns : A
"'

=

fan
c- Rm - " A

"'

=/ 9in ]
c- Rm

9121

: amn

a

:|
n

column space : { % Xi Ai lai ER Yi c- { Ii . . .
. ,
n }

. i=i

Column rank : dimension of column space

= Max . no. Of linearly independent columns .

Kem : For every matrix A : row - rankl A) = column rank CA )

-

called rank of matrix A



I

Step: Assumptions on the equational form

2N, 1- Nz 1- 573 = 10 2N, 1- M2 -1523 =D

- Ni 1- 392 = 5 - Ni -1392 =5

NI 1- 472 + b-Nz = 15

Nl , Nz
,

M3 70 ✗ Ii Nz , Ky 70

Rz = Ri -1122 rcmoverd Rs

- Both the systems have the feasible region .

2N, 1- Nz 1- 573 = 10

- Ni 1- 392 = 5 No solution to An__ b
N, 1- 472 + b-Nz = 12

Nl , Mz
,

M3 70

NIK : Whether An __ b has a solution can be found efficiently
using Gaussian elimination .

Therefore , we can assume that An=b has a solution .

- Hence , Yxe can assume that all rows of
A are linearly

independent

A : mxn

- all the m rows are 1in . independent
I

⇒ row - rank (A) =m "

[ 111 ]÷
⇒ Col - rank (A) =m m

-

i 2-
- m

⇒ n zm



Stepan An informal intuition about vertices of the feasible region .

M3 n

N2

.

✗

10,511
•\

a.¥%÷ a.
•\to
a a 9 p•× >

µ
,

•
15,0) /

Nl

In the interior points , we can

draw a line
"

around
"

the point that

stays entirely in the feasible region .

- We cannot do this at vertices .

W :[-0.1 -0.1 to .2]
•

to -1W

•

Ut w
[ 0.4

,
0.2

,
0.4]

1
interior of V |

[ 0-5 , 0.3 , 0.2] •

/
of

An =b V - W

R 70 I
[ 0.6, 0.41 °] • v - w

[+0^1
,
to -1 ,

-0.2]

-1 . We want a w st . Aw =D

'

: Alutw) =ob A- to-w1=b

Are -1 Aw =b
"

b
⇒ Aw =D



W :[-0.1 -0.1 +0.2]
@

to -1W

1.
+ w

[ 0.4
,
0.2.0.4]

1
interior of V |

[ 0-5 , 0.3 , 0.2] • 0
An -_ b w - w

• 70 |
[ 0.6, 0.41 °] • v - w

[+0^1
,
+0.1 ,

-0.2]

-1 . We want a w st . Aw =D

'

: Alutw) =ob Atu-w1=b

Are -1 Aw =b
"

b
⇒ Aw =D

-2 . We want VTW 70

u - W 70

So
, he don't want W to disturb the 0 coordinates

of u -

W : [+0.1 , -0.1 , 0]

Vfw : [0.7 , 0.3 ,
0 ]

re : [ 0.6 ,
0.4

,
0 ] Vi=0 ⇒ Wi =D

V - W : [ 0.51 0.5 , 0]



To draw a line around v EIR
"

we look for a '

W' C- R
"
s- t .

- 1 . Aw = 0

- 2. Vi =o ⇒ Wi - O

r

g

ith coordinate of 0

If we have such a vector ,

y [
70 >° 70 70

- i
- i - , - ,

0
,
0
,
0]

w :

we can scale W so that V -1 ✗w 70

re - ✗w 30

Al v -1 XW) =b

An -_ b

N 70



Step : Formalizing the intuition : Basic Feasible solutions IBFS)

v s -t . Are =b a feasible point
re 30

"

1:11
":]V2

bm

On

[ ai, Ar - r - Ain

1=1:]1:11::Aml Ama -
- . Amn

Un

"

I :/
+
"

1)
" - + "

1%1=1 ;]
Am, 9mn

v1 A
'

+ v2 A
"

+ . . . On An = b

Consider non - zero coordinates in v. So all of them are strictly 70

Vi
,
A
"
+ . .

. v A
"k
= b

in

-

suppose A
"

- . . .
Air are linearly dependent .

✗i
,
A
"

.
- di

,

Aik = o
Ivi

,
-1£;) A

"

't . . . Wirt dint
"

= b

w : Wi = di if i c- { it
,
iz

, . . ik }

^

0

0be : Aw =D
,

Vi =0 ⇒ Wi =D . We can find a ✗ s- t .

Ut Yuzo
v- ✗no 7,0



- What happens when Ai
, . . . , Aip are linearly independent .

V : it , iz ,
. . . ,

ik are the non - zero coordinates ofv .

Suppose Ai , , . . - , Aik are linearly ind
.

✗
1 Ai , 1- . -

.
+ Xi

,
Ai
,

=D ⇒ ✗ i =o

Kk cannot find a w sit . Aw =0

Vi =o ⇒ wi=o .

I

v= [ ii. . . ik ! 0 00 0]

w
, / 0000 ]w = [ Wi

,
. . - . ie
-

Aw = O

Wi
,

Ai ' + - n n
. twin A

""
=D =) Wi

,
=Wi< = - . = Wipe =o

since Ai' n
- .

Aik are linearly independent .

÷ We cannot move around a line at such points .



BA-sfct-EA-SBLESOZ-UOH.si

A basic feasible solution of the LP

maximize in subject to An __b
, NZO

is a feasible solution u c- IR
"
sit .

there exists an
'

m
' element set BE { 1,2 , . . . ,n } s -t -

- 1 . the columns indexed by B are linearly independent .

- 2 . Kj=0 Tj 413

il

n : ci.m-ii.ie/.j-
" III. . ;]

Eiampe :

221 + Na t 993 = 8

Ma 1-94=4

Nti 72
, - - M3

, My 30

1 : : : :]
✗ ✗

m=2

[ Mi Na 0 0 ]



221 + Na t 493 = 8

me 1-94=4

Nti 92
, - - M3

, My 30

•
i : :][

2

✗ ✗

m=2

[ Mi Na 0 0 ]

i : : : :'( ÷ ]=
""

271 1- Nz =L

72 24

NI = 2

[ 2 4 00 ] is a bfs .



Exercise : B
-

.i÷÷÷
A= [ I 1 I ]

[0.6 , 0.4 ,
0]

is not a bfs .

( check with the defn .
)

consider the 2P ixiith constraints

Ni 1- Nz 1- Us = I

21 1
72 1 M3 70

-

Verify that [ 0.610.4
,
o ] is not a bfs .

soimmary :

- Notion of vertices in an equational form

↳
informal definition : cannot move around in a line

still staying within feasible region
-

"

Moving around
"

no means : 3- w sit . Aw=0

and Wi =o ⇒ wi=o

i. V -1 XW 70 for some ✗

b- 7W 30

and vtrxw
,
v - ✗w are feasible

- Definition of basic feasible solutions .


