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PROOF OF FARKAS
' LEMMA '

.

- - -
-

Ciii) An f b has a soln . Iff

for every non - negative yc-IRMS.tn ytA=0 , we have

y
> b 30

Proof:
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original system has a son . ist. the new system
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We will generate a system which declares that:

Max ( lower bounds of n ) £ min (upper bounds
torn )
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Proof of Farkas' lemma : Suppose An Ib has no 50th
.

- - -
-

Induction on the number Of variables
' n'

.

Base case ,
-
_

7=0

y :

0 4 I 5

0 - l I 2

O r

1

i
.

1 - -
- 0 I -1 Since An Eb has no som

.
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'

.

.
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0 14
'

c- 20

What is A ?

N=I: y :

o

A- =
-

0 Ni f f

i HiFiNi I 5

1 Ni . I 3 - i
:

O
n ,
I f

O
- n, I -1

i - n, I -2 y= [00 . . 10*-1 - • 0]
,

: i j

o
-

Ni C- 3 YTA = 0

1- - N , S - q J
ytb = -1 in this example .

In general , such a y will give ytA=o
and ytb < o



Induction case ,

-
-

An Ib n : n variables

| Eliminate some variable.

using
\,

Fourier Motz kin

A' ie f b
'

Ñ : n -1 variables
.

Since An Ib has no solution
, we know :

A'ÑI b
'

has no solution .

Apply induction hypothesis .

F J sit . J A
'
= 0 and Jb < 0

Now we need to generate y
for An Ib :

"
"

÷--
[o_0 . Ya ⇒ * a' 000 ]
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[ .
.

- .

? - a'n + . . . . . I bj

-

A
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is obtained as some : MA

b' : Mb



A
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b ' = M b

TA
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= 0

g-
b
'

< o

⇒ Ñ MA =o

Y M b < 0

T
Pick

y= JIA A : mxn

M : [m '
✗ m]

Then y
A =0

y= ma

yb so

g- = n' ✗ I

y→M =
lxm

I

cry :
- Proof of Farkas ' lemma
-

Proof of duality via Farkas ' lemma .



APPLICATIONS OF LINEAR PROGRAMMING ! ZERO - SUM GAMES
- - - -

- - -

REFERENCE : Section 8.1 Of text :
-

Understanding and Using Linear Programming
- Matousek Q Gaither

-

ZERO - SUM GAMES:
-

Two players : Maximizer Vs Minimizer

- Maximizer has M - strategies { I , 2 , 3 , . . . . m}

- Minimizer has n - strategies { I , 2,3 ,
- - n

. in }

- An mxn payoff matrix M is given

Example : -Min chooses columns
-

I 2 3

1 10 O - I

2 -2 4 0

oh!:{Is { 3|5|3#→ Nl : payoff matrix
Rows 472-254 - I 1
-

- When Max plays i and Min plays j ,
Payoff = Mig

'

MaxreaivesMijfromMi



OBJECTIVE / GOAL OF THE GAME :

-
- - - -

- Maximizer wants to maximize the payoff
- Minimizer wants to minimize the payoff

Zero - sum : one's loss is the other 's gain

- A payoff of 5 to Max is -5 to Min

- A payoff of -3
to Max is 73 to Min

#

NOTE: Many situations in economics / AI I finance involving-

strategic reasoning can be modeled as zero - sum games .

#

SOME EXAMPLES :
- -

I 2 3

I ) 1 When Max plays 1 ,
best strategy of Min is 3. Payoff := - I

fiffif : : :
472--2 4 3 -2

5 4 - I 1
,

5 2 -t
-

maxmin=

When Min plays 1 ,
best strategy of Max

is I. Payoff -- 10
2 2

433/5 I

minmax=



I 2 3

1 10 O - I
when Max plays 1 ,

best strategy of Min is 3
, Payoff := - I④

2)-212µL a t -2

353-7 3 2 3

472--2 4 3 -2

54 5 2 -I

maxmin=3J
When Min plays 1 ,

best strategy of Max
is I. Payoff -- 10

2 2

433 7

minmax=J
#

Remarks :
-

Max min : -
Max plays first .

- knowing Max's strategy Min gives her

best response
- knowing that Min will play best response ,

Max plays a strategy that maximizes the payoff .

min Max - Min plays first

- Max gives
her best response

- Min plays a strategy that minimizes the

payoff , knowing that Max will play best response .



More formally :
-

Given a game represented by payoff matrix M :

Max - min - pure ( M) = Max min Mij
i. c- { 1 , - - im} j c- { 1,2 ,

- - in }

min - max - pure CMI
= min Max Mij

f. C- { 1
, . . . ,h } it { 1 , . . . ,m }

Pure strategies : - The choices 1 .
. . . m for Max are called

her pure / deterministic strategies
-

Choices 1 . . . n of Min are called her

pure / deterministic strategies

Later we will see other kinds of strategies
#

Le-mma: Max - min - pure 1M) Emin - Max
- pure 1ha) HM

Proof For each i c- { 1,2, - - . m } ( a pure strategy of Max) :

Min

je {1,2 ,
. . .my

Mij £ min Max Miji ¥111
j i

☐Hence may mijn mij
f min Max Mij

j i



Saddle points :
- -

we saw that Max - min -pure (Ml Emin- Max -pure Cml

In some cases , Max- min - pure = min - max- pure

1 2 3 (3 ,
3)

1 10 O - I

' /## → Least in row
3 5 3 I

4 Greatest in column

5 4 - I 1
-

M is a saddle point if m = min M

ke ke
j kj

= miax

mie-max-min-pure-min-max-pureitftnereisasaddkpoi.nl
-

!
Prove this statement : Exercise .

✓



r

NASH EQUILIBRIUM ( over pure strategies)
:

- - - - -

When max- min - pure ( AA) = min - Max - pure CM )

the game is said to have a Nashpeu9rY"bnsYfafeg?
- In this case , there exist strategies i, j for Max l Min

sat.

and::÷i::::::::::::::
1 2 3

1 10 O - I

' µ2##→ Least in row
3 5 3 I

4 Greatest in column

5 4 - I 1
-

Nash equilibrium strategies: 3 for Max

3 for Min

- Max does not gain anything by deviating
-

Similarly . Min does not have an incentive to deviate .



Sammy :

- 1 . Zero-sum games , Pure strategies

- 2 . Max -min - pure and min - Max- pure

- 3 . In general : Max - min - pure £ Min - Max - pure

-4. Nash equilibrium , when max - min -pure = min -max - pure .

Where is Linear Programming in all this ?

- Next : different kind of strategies ,
↳
Max min and minimax over such strategies

↳
significant use of LP

.



ZERO-SUM GAMES - Part 2
-

LIST -10Mt. Max min
,
min Max over pure strategies

this past
:

--Mixed1randomizedstrateg#

nExample:

Rock

"
"

Rock

f I.
Mpps Paper scissors

Max { paper µ|F|I# -

Scissors

↳ Payoff for Maximizer

Max - min - pure ( Mpps ) = -1

min - Max - pure ( Mpps) = 1- I

consider a different strategy for Max :

- Max plays each strategy with 43 Probability

t://sktktyzpaperpygq.gg#MiXedStrategy&
If Min plays pure strategy Rock

,

"

Expected Payoff
"

= 113.0+43.1+113.1-17
Paper , = 431-17+43107+43.1
Scissors

,
= 43-1 + 43C-17+113107

When Max plays mixed strategy o and Min plays some pure strategy ,
the expected payoff = 0



- But Min can also play mixed strategies . Suppose Min plays:

T:YzRockt4zPapert4z8cissor
- What is the expected payoff when 0 and T are played ?

*
its

go.it?o.ssorsYz::::::FH:t-:-
1 Scissors

b

4g [ Co
- l + 1) +4 +0 - 1) (-1+1+0)] = O

t, t,
↳
Row 1 Row, Row 3

MÉragy:iapbabiydnbuwpumaqu
-

Maximizer 's pure strategies :
{ 1 , 2,3 ,

- . -

,
M }

c- [0/1]

Mixed strategy for Max : Ri
,
Ra

,

- - r
, Hm C- RIO

M

s - t . I, Ni = 1
i=

,

Minimizer's pure strategies : { 1
,
2 , 3 , . . .

,
n }

Glo
,
I ]

Mixed strategy for Nh : Yi , Ya ,
- - - yn C- Rao

ns.t
. £ . -

j= , Yj
- 1



Pay-off : Given 0 :'-(Ki , Na, - - - , nm) and T :=( Yi , ya , . . . ,Yn )

payoftlo.PI-EZni.yj.tn#tic-El,...m3jc-Ei-..n3
↳
= set My

We are interested in the following quantities :

Max min ( M) = Max min Payoff Cat)
mixed strategies or

mixed strategist
of Max of Min

Min Max (AA) = Min Max Payoff (at)
mixed strategist mixed strategies 0

Of Min of Max

@

Notice that there are infinitely many mixed strategies .

Goat : Given 11A
,
how do we compute

Max min (M ) ?

- This does not look like a linear optimization problem
since there is a mix of objectives and the

cost that needs to be optimized : set My has

bilinear terms

- We will now see that computing Max min ( M ) can

be reduced to an LP problem .



1- Suppose we fix a strategy (ni , nai - - - i am > for Max

- For example : Llb , 113,437 in MRPS .

2 . Given the strategy Lai , - . - nm > we want to find:

Min n' My
mixed strategies
of Min

3
. This can be written as a linear program ( as ni's are constants)

minimize d- My

subjecttoyi-yu.n.iq ( *'

Yi , ya . -→ yn
> 0

For example, with Gg , 113,43> in RPS :

minimize - IbYz t
'bys tlfgyl - lizys -↳Yi +11342

subject to y , + yaxys =L

Yi , - . - , Yz ZO

4 .

The answer to above LP gives the best response of Allin to

Max 's mixed strategy <ni , na ,
- - . > nm ?

Each LM , Nz ,
- - - nm > → No (answer of

above LP )

bye want the maximum possible no
.



5. Let us first write the dual q
(* ) :

minimize a' My 7: ]subjea-toatt-yt.j.at?ng--to#.n "
"

min .is

A'y
-
-

c

ja E
y 27

Mat b

ant
maximize no

subject to : No S M
, ,
Ni t Mz, Mzt . . -

t Mm, Um
No S Miz M t Mz

,

Nz T - - - t Mm, Nm
'

:

No f Min Ki + Nlzn Mzt - - - t Mmm Rm

maximize no

subieu-bn.w.fi?nos-'c**7
6 . Primal is bounded ( feasible region is contained in unit hypercube)

Hence : optimum of primal = optimum of dual

- For a given strategy og Max (ni , Nz ,
. - r , nm > , the payoff

obtained when Min plays her best response is given by
the optimum cost of LP (* * )

.



7- We want to maximize the optimum of LP l**) wir - t . all

mixed strategies of Maximizer.

- Hence we consider thine,
- - , nm > as variables and add the

m

constraint Ini =i to Ctx#7
i 21

s:::÷:i÷iese, + Mzt . .
. t Nm = 1

NI , Nz , - - n , Nm Z O

Lp for Max Min Cha) cover mixed strategies ]

Illustrational
--

foot paper scissors
-

Maximize no Rock

Paper /t#/
subject to : No E O . M t 1. Nz -1.93 scissors

No £
- l - Ni to . Nz T l - Nz

Mo f th N, - 1. Nz 1- O - Nz

Nit Mzt Nz =L

Nl , Nz , Ms 70

←
Lp to find Max min .



APPLICATIONS OF LP : ZERO - sum GAMES - Part 3 :
- - -

-

-

Recall :
-

- For pure strategies , Max min Emin max
,
and equality is

attained if there are saddle points ( Part ⇒

- Mixed strategies, and an LP to compute Max min over

mixed strategies .
( Part 27

Today we will prove that over mixed strategies : Max min - min Max .

#

LP for Max Min :
- - y, y- Y'

fo
't paper scissors

maximize no
-

M Rock O - I tl

subject to : No E O . M t 1. nz -I. Nz na Paper /tl/#
No £

- l - Ni to . Nz T l - Nz n, scissors

No f th N, - 1. Nz 1- O - Nz

Nit Mzt Nz =L

Nl , Nz , Ms 20

LP for min Max :
-

minimize yo

subject to : O - y ,
- l - ya -t l - y, s yo

1. y ,
+

Oya
- l -
yz E Yo

- I y , -11 ya toys S
Yo

Yi + Yz t Ys = I

Yi , ya , y ,
do



Dual of the LP for Max min :
- -
- - poet paper scissors
-

maximize no Rock

Paper /t#/
subject to : ye x No E O . M t 1. nz -1. Nz scissors

Yz x No f
-l ' 24 to - Nz T l - Nz

Yg x No f th N, - 1. Nz to - Nz

Yo x Nit Mzt Nz
=L

Nl , Nz , Ms 20

I

minimize yo

subject to : yet yet yrs = 1 (no )

O
- y , t

t -

ya
- 1. yrs + yo Zo (M)

- l - y , tonya + 1. y, + yo Zo 12h27

+ l - y ,
- l -

ya to - y, + yo 30
( Ns)

Yi , Ya , Ys 30 ( inequalities in primal )

I
This is exactly the Lp for min - max !

- Since primal is bounded and feasible, there is an optimum .

Hence primal - optimum = dud - optimum , ie . . Max min - min max !



In general : Given game M
-

Max - min LP : Min - Max LP :

- - -

maximize no minimize yo
subject to : subject to :

No S Mi, n, + Me, net . - it Mm, nm yo Z Muy, t Nlizyzt . - -
t Min Ybn.sn?n.+....a........mm.nm/.y...m..?.+*..y......+m.ny.No E Minn, -1 Man Mzt . . . 1- Mmm Mm Yo 3 Mm, y , + Nlmzyzt
-
--tMmnYn

Ni + net . -r t Nnn - t y , t yet . . . tyn =L
Ni , Na , - -

-

. Mm 30 Yi , ya, . . .

, Yn 30
⑧

These two LPs are duals of each other .

Minimax theorem : Max - min = Min -Max over mixed strategies
-

There exist mixed strategies 5 and g- for Max and Min sit :

- g- is the best response to T and

- E is the best response to g-

There is a Nash equilibrium over mixed strategies for zero-sum
games

.

⑧


