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PROOF OF DUALITY VIA FARKAS
'

LEMMA
- - - - - -

REFERENC Sections 6.4 6.7 Of text :

Understanding and Using Linear Programming
- Matousek B Gartner

FARIAS
'

CERIA :

Let A be an mxn real matrix and let be IRM .

Then
exactly one of the following holds :

1 . There is a solution to An -_ b
,
230 .

2 . There is a

y
C- IRM sit . YTAZO and yTb< 0 .

E-An -_b has a non - negative solution Iff

for every y
c- Rm set . YTA 70 ,

we have Ytb > 0



VARIANT OF FARKAS
'

- -
-

LENKA:

Let A be an mxn real matrix
,
let be IRM .

Ii) An -_ b has a non - negative soln . Iff

for every y
c- IRM s - t . YTA 30 , we have ytb > 0 .

Iii) An Ib has a non - negative son. Iff
for

every
non - negative ye Rm s-t . yTA=o, love have

ytb 70
Ciii ) An f b has a son . Iff

for every non - negative yc-IRMS.tn yTA=0 , we have

y
> b 70

E✗e : Prove that 4)
,
Ciii

, Ciii) are equivalent .



PROOF OF DUALITY :
- - -

Primal : ( P ) Dual (D) :

maximize in minimize b' y

An Eb Aty → e

n 30
y 70

Sling ÷y : If (P) has an optimum , then

(D) is feasible
,
has an optimum,

and the optimal costs coincide .

Suppose (P ) has optimum at N*€R"
.

Let V = cTn*

Consider the system:

An f b
→ n* is a son . to

on ZV this system .



An f b non - negative
→ n* is a ns.oln . to

on ZV this system -

An f b
,

no non - negativeSanin
3 Vt C-

C- > 0

Iii) An Ib has a non - negative son. Iff
for

every
non - negative ye Rm s-t . yTA=o, love have

ytb 30

An f b

- in I -V - c-

> :

A
'
= [ ¥] b'=L:-c.]

non-negative
From Iii) There exists

a y
c- Rmt' Srt . YTA

'

30

y
' b' < 0



An f b

- in I -V - c-

€-70 :

A
'
= [

A

- a] b' = [%)
non- negative

From Iii) There exists
n y

c- Rmt' Srt . YTA
'

30

y
' b' < 0

y= I÷:P "
2

YTA
'

zo ⇐> UTA 32C

¥1m - I

[
a" !

"
- " a"

3/0§] ! dimensions.

Ami - . - . amn]
-C
,

- - - - Cn

Iu. - - - um] [ A ] ⇒ ←

[÷]
UTA I 2C 270



bb' =

( → - e]
[ uh .

. . um 2 ] [
b

-he]
< °

Uib , -1 . - - tumbm < 2 (Vte )

b- u < 2 (rte ) - c*)

→ UTA I 2C

From
'

U
'

We want to generate a feasible
soln . to the dual (D) .

Natural option would be to consider ¥ .

But

we can do this only when 7>0
.

late

will prove that 2>0 .



An f b

- on s -r
( c- =o )

This has a soln
.

. : From Cii)
,

since Cui . . . um 231¥ ]
=°

-

hee should have :

Cu , - - - um 2J

[ !]
> °

b' u 32N - l #)

From 1*7 and (# 7 2 70 (otherwise

(A) says 54<0

(A) says
b' u >or



Coming back to :

btu < 2 (rte )

UTA I 2C

V =

Ig .

U

KK have : btv < r + c-

yt A 7 C

÷ µ is a feasible soln . to the dual .

Moreover ✗ has cost < 8-1 C-
.

From weak duality , cost in = bi, I v.

V E btv < V + c- - ( &:-)

→ since EDI is feasible and bounded , there exists an

optimum .

I

→ From ( *:-)
,

for every c-
,
there exists a

dual Join . with cost between [r
, rte}



ED

:-#

Suppose dual optimum is some 8D with V < 8D
,

then hee can find an Ep s -t - there exists

a dual solar . with cost in [V
,
V -1 c-D) < 8D.

→ This is a contradiction .

→ Hence, (D) Optimum equals V.



PROOF OF FARKAS
' LEMMA '

.

- - -
-

Ciii) An f b has a soln . Iff

for every non - negative yc-IRMS.tn ytA=0 , we have

y
> b 30

Proof:
-

1=>7 suppose ñ is a son . to An Eb .

Pick some y
s- t . YEA =0

Añ s b

y
>
A ñ s y

> b

-

•

0 I ytb

(⇐ 7 is not immediate
.

FOURIER- NIOTZKIN METHOD :
- - -

52 + Ay + 22 I 15

2N + 2g
- 32 I 10

- k + y + 42 I 20

✗

Get a system with
'

y
'
and

'
2
'

sit .

original system has a son . ist. the new system
has a soln .



1

With a Singh vers 2 I 4 } ⇒ 2 £4

Z E 5

- 2 I 2

y
= >

2 7- 1

- 2 C- -1

Now : when there are multiple variables?

52 + Ay + 22 I 15

2N + 2g
- 32 I 10

- k + y + 42 I 20
- N +

zy
- 22 £ 15

K I 15 - Iy - 22
-5 5 I \

" £ 10 - ay
- zz -

Give wppu
bounds on k

I I I

- N E 20 -
y
- 42

↳
n z -20 →y

'

+42

\ give lower

- 2 £ 15 -
zy -122 bounds .

c.
N 3 - b- + ay -22

/



We will generate a system which declares that:

Max ( lower bounds of n ) £ min (upper bounds
torn )

K I 15 - ay - 22
5- 5- I \ give upper

K f 10 - 2y
- 32 - bounds on k

I I I

n z -20 →y
'

+42

\ give lower

bounds .

N 3 - G- + ay -22

/

-20 + y +42 £ ¥ -

4¥ -2¥
-20 + y -142 £ Iz

-

2¥
- £2

- 15 1- 2g -22 S '1¥ -

3¥
- 21
5

10- 15 1- 2g -22 I
z

-

2¥
- £2

↳
new system with
one variable less .

Original system has a Soth
.
Iff new system has asohn .


