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convex combination: A convex combination of two points my c- IR
" is

-

another point in IR
"

given by.

in + ( I -7) y where 0 EX C- 1

Cine se

A set S EIR
"
is convex if for every pair of points my c- s

all its convex combinations ✗n + 11 - 7) y ,
0s ✗El

,
lie in S

.

-
Convex

non - convex

Kma : If S, and son are convex then si n sa is convex .

-
-

A closed half - space of R
"
is the set ofclosed half - space:

solutions to an inequality of the form :

A
, N, + Azmat - . . + an Nn f b,

REMI. A closed half - space is convex .



Convex polyhedron:-

A convex polyhedron is an intersection of finitely many
closed half- spaces of Rn .

A convex polyhedron is the set of solutions to finitely many
inequalities of the form :

Ah Ni t 912 Nz + . . . . 1- Annan £ b)

921 NI -1 922 Nz t - - - t azn Nn £ bz

:

Ami NI t Ama Nz + - - . t amnnn Ibm

+

An E b

If a convex polyhedron is bounded , that is , it can be

placed inside
'
some large enough ball

,
it is called a

convex polytope

All Mi + 912N- Ebi

" " " "" " "

ang, n , + ayaz Ebs

Ni



-

Goal for today 's lecture :
-
-
-
-

VERTICES 4 > EXTREME POINTS

r
e

'

>

BASIC FEASIBLE

SOLUTIONS

Notions of vertices
. extreme points and bfs are same .



r

Verte: A vertex of a convex polyhedron s is a point
ne s such that :

there exists some non - zero cost vector C E R" s-t .

CTN > cty for all yes with yer .
a

.

Extreme joint : A point R in a convex polyhedrons is

an extreme point if

there are no two points g. 2 c- s

with
y ,z

different from

ns.t
. n is a convex combination of y and e.

- Extreme points cannot be written as ✗y +
11-772

for
y , 2 E s that are different from n .

- ie. , n does not lie in the segment yz .



Lemmoi Each vertex is an extreme point .

C- : suppose it is a vertex
.

There exists a c c- IR
"

sit .
Ev > CTU for all a =/ x

in the polyhedron .

Suppose there exist y ,
2=1 " in the polyhedron sit .

✗ = ✗ y 1- ( 1- f) z for some 0 I ✗ I 1

d-✗ = ✗ Ey + Ci - f) ctz → ①

NOW
, we know that cTy < Ex

d2 T CTX

✗ Ey + G -X) in < ✗ Ex + G- ✗six
-

< Ex - ②

① and ② are inconsistent . this is a contradiction
.

.
: There is no pair y ,z in the polyhedrons.tvis a combination Of g.2 .

Ilona X is an extreme point .



Lemma : Each extreme point is a vertex .

To prove this lemma , live will make use of an alternate

characterization of extreme points .

Proviso We are given
An Eb A : mxn

N : N ✗ I

b : mxl

- Each Ain = bi is said to be the hyperplane defining
the closed half - space Ain Ebi

- We will assume that not more than n hyperplanes from

Ain -b, , - - - - n Amn =bm pass through a point of IRN

For example : is not allowed since 3

hyperplanes pass through the=_ red point .
1 degeneracy )

them : A point in An Eb is an extreme point

iff

it can be expressed as an intersection of n linearly
independent hyperplanes out of the hyperplanes defining Ansb .

All Nit Anna Ibi

→q
• """" " "" " + "" " ="

9am + 92292£42 921 Ni t 92222=62

I Azi R , -1932 Nz < b3

951 Mean Nz Sbi 94171 + 942N- < by
Ati Ni 4952 Nz <by



then : A point in An Eb is an extreme point

iff
1

it can be expressed as an intersection of n linearly
independent hyperplanes out of the hyperplanes defining Ansb .

Proif: ⇐) : suppose it is a point which is obtained as the

intersection of n lineally independent hyperplanes
out of An Sb .

Separating out these hyperplanes , we can write :

A'll = b
'

where A' has n linearly
A
"
y < b

"

independent rows
.

Due to our assumption about non- degeneracy we have a strict

inequality for the second of constraints .

Notice that : A
'
: nxn matrix . and has rank n .

i. v is the unique solution to
}- ①

An = b
'

l

Lee : V is an extreme point .

Suppose v is not an extreme point .

- : ✗ = AU + (1-7) IN for u , IN satisfying An Eb .

Uchi =\ Y .



Lee : V is an extreme point .

Suppose v is not an extreme point .

- : ✗ = AU + (1-7) IN for u , IN satisfying An Eb .

Uchi =/ Y .

Consider A
'
:

A'u f b
'

and A' w f b
'

b' = [ ?£n )
suppose there is an i sit . A'in < b'i

✗ A' in + (1- 7) Ai'm < ✗ b' i
+ (1-5) Aiki

< ✗ b'i + (1-7) b'i

< b'
i

This is a contradiction to ✗ = Xu -111-67 IN

A:X = b'i
whereas

✗ A' in + G-D) A'inx< bi
'

Therefore : A' u =b
'

Hence U=v
.

- This contradicts Y = Xu -111-77W for Uiwtv .

⇒ v is an extreme point .



1=>7 :

I
suppose ✗ is an extreme point . We want to show that

i

v lies in

'n
'

linearly independepent hyperplanes .

INE Klin show the following :

linearly independent
If y lies in the intersection of < n hyperplanes , then we can

^

find U
,
1N I v s -t - U , K1 are feasible and

y = ✗ u + ( 1- 7) IN .

ie
. If ✗ lies in < n hyperplanes .

11 is not an extreme point .

Consider a feasible point × which lies in < n hyperplanes .

Let us write : A' x =b '

with A
'

having < n linearly
A
"
y < b

"

independent rows .

Since A
'

has < n linearly independent rows , it has < n

linearly independent columns.

Hence recall that there is a non - trivial solution to

An = 0

Let this solution be no
.

So we have Aheo =o
.

i) A
' Cvt c- no) = AH + c- A'no

=
A' x

=
b '

Adding any multiple of no to v will still satisfy
A' constraints



Iii) Now consider A" n s b
' '

b ,

"

we have A
"
x < b

"

ai<÷→
:

:

- < b"m-n

" ( v + C- no) = A
" ( y ) +EA

We can find an c- 70 sit .

A" ly -1 c- no ) < b
"

and A" C X - Enos < b
"

From li) and cii ) we get :

y -1 c- No and y - c- No are feasible .

i. 11 = 1/2 ( ✗ + c- no) 1- Yzfv - c- Xo)

⇒ v is not an extreme point .



Lemma : Each extreme point is a vertex .

Proof :
-

Let it be an extreme point .

We want a c c- R
"
. set . CTV > CTR for every other feasible x .

From previous theorem : V lies in n linearly hyperplanes , written as :

A' ✗ = b'

A" X < b
"

A
'

has M rows .

b
'

A
'

:

(
ai , ais - - . aim → A

'

,

: f. * 1¥]
a'm a'm . . . alnn → A'n

Define CT = A
'

,
+ A'

a +
. . . + A'

n

Ctx = A:X + AH + . .
.

+ Ahv = b'
,
-1b£ -1 . . tbh

Take any other feasible n .
Fist. Alix < bi

'

=
. in = Air + Alan -1 . . . + Aline . - + Ahn

< bi + . . . + big = CTU



Goal for today 's lecture :
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BASIC FEASIBLE

SOLUTIONS

since we now move to basic feasible solutions, let us

consider constraints in equational form.

An =b
,
n 30

Each Ai , N ,
-1 Ariana + - - - tain un = bi is the intersection

of two closed half spaces

Aila + Aizu -1 - - - t Ain Nn f bi

and Ai, N , 1- Ariz Rat - - - tain un Fbi

Therefore An=b ,
270 gives a convex polyhedron .



Therein : Let P be the convex polyhedron described by An -0,270 .

Let 11 be a point in P
.

The following two conditions are equivalent :

Cis v is a vertex of P

Ciii v is a basic feasible solution of the LP
.

P-mof.ci) ⇒ iii. × is a vertex .

=
.
Fc set . CTX > doe for other NEP .

We have seen that : too every NEP
,

there exists a bfs YEP
s -7 . cty = on

This is true for v too
.

ie, dy z et,

But this is possible only if Y=y ,

i. it is a bfs .



Theorem : Let P be the convex polyhedron described by An -0,270
-

Let 11 be a point in P
.

The following two conditions are equivalent :

Cis v is a vertex of P

Ciii v is a basic feasible solution of the LP
.

¥1 ⇒fi ) :

suppose Y is a bfs .

there is a basis B for × .

Deline C as follows : Cj = 0 If JEB

cj = -1 if j&B

lil CTX =D
,

as x is a bfs with basis B

Rj=O for all j&B .

Ciii CTX for some n 1=4 .

,

we have seen that Rj > 0 for some j 4- B.

: . CTR < 0
. t.dk < e'r

This is true for every nt- V.

⇒ ✗ is a vortex .
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Follows from
BASIC FEASIBLE

the other translations .

SOLUTIONS

Rene.

-

chapters 4.3 ☒ 4.4 Of the book:

understanding and using Linear Programming
Matousek Goirtner

- Lectures 7,8 , 9 Of Prof. Sundar Vishwanathan's course .


