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1310512021 Broden Shee_t1 : solutions

1. Cost per barrel of light crude oil = $11

heavy crude oil = $9

"mLight oil 0-4 0.2 0-35

Heavy 0.32 0.4 0.2

Requirement : 1,000,000 barrels of gasoline
400,000 barrels of kerosene

250 , 000 barrels of jet fuel

LP to find no . Of barrels of light and heavy oil that meets

demand and minimizes cost .

Variables :
-

l : no .
of barrels of light oil ( fractional barrels allowed )

h : no . of barrels of heavy oil

LI:

minimize me + 9h

subject to : 0.41 + 0.32h 71000000

0.21 + 0.4h I 400000

0.35h 1- 0.2 h I 250000

l
,
h 30



2 . Variables:
-

for each edge ij a variable Nij

Nij denotes the no. of units of the product
transported along edge i → j

LI:

minimize 4NAB + BRAC +10 NBC + 2 NBD + b- RBE +

3 NCE + 2 NDE + 7 REC

subject to :

NAB + NAC £50 →

supply constraint

Upp - NDE É 30 } → demand constraint

KBE + NCE + NDE - NEC 15

I

° £ RAB £ b-

}
→ capacity constraints

0 £ apse £4

:
0 £ NEC £4

NAB = NBC + NBD → MBE }→ flow
NAC + NBC + REC = NCE constraint

Assumption : - No node can store the product beyond its demand



3.

step 1 :
-

- Ni + 6Nz - Nz + s , = -2

524 + 7- Nz
-

2h3 = -4

NI t Sz = 0

Nz 30

¥52: Put 24 = y , - 2, , Nz = Y3 -23

-

y , -121 1- 622 - Nz + s, = -2

5y , -52, t 7ns -223 = -4

Yi
- 21 + Sz = 0

Yi , 21 , R2 , Yz, 23
50

5115230

Objective function : 8y , - 82, + 322 -

223-1223
-

Alternately : Put ni = -n,

maximize -8N,
'
+322 - Zyz -1223

subject to : N,

'
1- 6m -

yrs -123
+ si = -2

- 5mi + 722 -

zyz -1223 = -4

24
'

,
N2

, Yz, 23 30

s, 70



4. Set Comer problem:

Variables : For each subset Ii, we associate a variable Ni which

can take value 0 or 1 .

m

II: minimize £ Ni
i= ,

subject to:

£ Ni 71 for each e ED

e c- Si

Ki c- {oil }

D

e
,
: Sz

,
Sp, 57 → Nz -1 My -19771

ez Si
, § → Me -123 71

r

a n

[
,

en .



5. a) ILP for min cost perfect matching in bipartite graphs with edge weight :

Input :
-

Graph G= (V
,
E

,
W) w : weight function .

Variables :
-

Re for each edge e.

IL minimize % We ne
EEE

subject to :

£ Me = 1 for every vertex we V
e is

incident once

0 E Ne E 1
,

Ne E Z te

b) Relaxed LP is obtained by removing the integrality constraint .

Let Ñ be a non - integral feasible solution
.

- Suppose Ñe
,
is non - integer . Let ei be between

vertices a, and bi

e, : ai - b
,

There exists an edge
eat bi - a- sit.

Ñe
,

is non - integral due to the constraint

Se Ne = 1

e incident

on b
,



For the same reasons there exists edge

e3 : Az - bz With ÑE
,

non - integer .

Since the graph is finite
, continuing this process gives a cycle of

edges for which ñ is non - integer .

At •9- • b ,
Me ,

.

-
- News

a. b- g#€¥
ezn

8min Smax
an •

•
bn

Let 8min be min over Ñe
, ,

i-i.to an

8ma× be Max over Ñei

We have 0 < 8min £ 8ma× < 1

Pick C- s.tn 0 < c- < min ( 8min
,
1- Smay )

This value of c- ensures that Ñe; + c- and

Ñei - c- are in the

interval 10,1 ) Hei



Define two vectors Ñ
, and ñz as follows :

ñ
,
(e) =

{
ñle) it e¢ { ei , - - . ears }

Tele> + c- if e c- { eiiez, . . . ezn-, }

Ñ / e) - c- if e C- { ez
, e4 , - . . ,ezn }

Ñzle' =

{
ñle) if e¢ Een - - - seen }

Tele) - c- If e c- { ei.es , . . . ,ezn -, }

(e) + c- if e c- { ez , . . . seen }

Notice that :

I = yzñ , + 42 ñz .

Moreover : ñ
,
and Ñz are feasible solutions .



6
. Constraints that ensure that a path from s to t is selected :

s •→
exactly one outgoing edge from S is selected

no incoming edge to s is selected

•→
t exactly one incoming edge to t

no outgoing edge from t

For every other vertex v:

at most 1 incoming edge=¥:

q¥- utmost 1 outgoing edge

•#_ no - Of incoming = no - of outgoing

Claim: Every such selection gives a path from '
s

' to 't '
.

s • D-•r-•7-•j



ILP : Minimize £ We Re
-

EEE

subject to : Fine =L Ene = O

e outgoing e incoming
from 1s' to s

£ = , E, ne
= O

e incoming
to it.

e outgoing
from t

For all V ¢ { sit }

£ Ne El

e incoming
tow

£ ne Il

e outgoing
from v

E ne = dine
e. incoming

e outgoing
tone from v.☐

O E Ne Il
,

Ne E Z for alle .

o.F.tt•
T

f.
→

i
✗

•
→

☒



7. Maximum Weight matching with K - edges .

input : Graph G= ( V , E , W) and number
'k

'

↳ not necessarily bipartite .
ILP :
-

maximize -2 We Ne
EEE

subject to : Z ne £1 for all v

e incident

on v

E, Ne = k
EEE

Ne c- { 0,1 }



8- Let vertices be { 1 , 2 , - - - , n }

cost of edge i - j be cij ( i - j )

s c- { 1,2 , -
. . in } Is a

given subset of vertices .

Variables !
-

rkij such that is j

MIZ Miz - - - Kin

N23 - ' ' Nzn
i - i iti

r

,

n

.mn ÷÷É.

II. minimize Icij Nij °

1

subject to :

Hi c- S : I. Nij +
& Uji = 2%+1

i<j jci

Hi & s : ENij + QNji = zsi

i<j jai

0£ Kj s '

si 30 Hi

Nij , si are
all integers .

The KP assigns a non - negative integer to each vertex i.

For vertices IES
,
the no . of edges selected should be onsite , making

degree odd .

Similar for vertices icts .



9- a) Yes . Gaussian elimination preserves the no . Of linearly
independent mats . Hence 201N rank is preserved .

This implies that the column rank is also preserved .

b) No .

1 1
R2 ! R2 - Ri

, y
→f- ° ) • →

→ I ]It1 0 1 0

A B

aispauiai = ✗ (1) + Pf ! ]= LIP]
÷]an - space

1B? = ✗ [ & ] -1 Pff;] = [ →
Vector

[ § ] c- cot -space
(A)

but not in cot -space (B)

since ✗t p =3
- 13--2

✗ - 1 has no solution .



10
. Given : Am ,

=b Ana __ b

Alan, + pnz) =b

✗ An , + PAM = b

✗ b + pb = b

(✗+137 b = b

⇒ 2-113=1 - affine combination .



11 .

S : an attire subspace of
a vector space V

.

I

11 : d- dimensional .

Let Yi , V2 , - . . xD be basis of
V.

Let s = u + 11

Hence every vector in s can be written as : U 1- d) V1 1- data

+ . . . + ✗did

die - uh
,

C- R -

Claim: U,
U-14

, Mtv2 , . . . ,
Mtk gives the required answer

.

-

-

.

- U + ✗ 1111 -1 - - . + ✗did

= ( I - X, -22 . - . -✗a) U t ✗ , In -1×17 + ✗zlu-1427

+ . . . + data-14s )

The above is an affine combination .



Solutions to Problem sheet 2 :
-

/
1 . Basie feasible solutions of the following constraints :

* = If i I ;] b=[ :] m=a.

Pairs of columns that Basic feasible Sohn .

are linearly independent :

Nz = 0 M¢ =D

Ni t Na = 6 [ 3 3 00 ]
1 : :] Nz =3

AH f)
127 91 =3 , Nz =3

Nz =D Nz =D

NI = 6
,
y
, =3

[610/0,3]

A
"' A'"÷"⇒
[ ,

' f)
"⇒ neo

NL =3

¥27 Als?

[
1

,

°

,
] [ 0 6×-30 ] not feasible

.

A
'" Alf)

[ 0 063][
'

o :]
AM Aki)



2. Given : N
, y

are feasible sans -

w = N - y k= { i Iwli) -1-0 }

We have : a, A
'

+ Nz AZ + . ..
t un An = b

y , A
'

+
g- A
't - -- t

yn An =b

subtracting : Mi -yn A
'

+ (ne - yn # +
. -

• + Inn -yn? A
"
- O

ien , Wi At + Wz A2 + . . . t Wn An =D

Suppose K = { ii. iz
, . . in}

We have : Wi
,
Ai ' + Wi

,
A
"
+ - . . twin Aik =0

with wig. -1-0 ltjf 31 , . . k}

Hence A"
, A
"

. . . A" are linearly dependent -



3
. Suppose n is a bfs . Let its basis be B

.

We have : AB NB + ANNA = b

But nµ=o .
Hence : AB NB = b

This has a unique soln . as an cols - of AB
are linearly independent

Any Solh . y
which satisfies yci) -0 Iff Neil -_o will have

YN=0

i. AB YB 1- ANY,× =b

ABYB =b

⇒ RB = YB

As already shown : nm __y* . Hence n=y .

4
. If u is not a bfs , here is a counterexample .

%
Consider : Ni 1- N2 = 1

y,Ni , N2 30

Let ñ=[
"

;] 5=11;]
Rli) =D Iff yli7=o . But N =/ Y .


