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Goats: Understanding the set of solutions to An -_ b

A : Mx n n : n ✗ I b : M ✗ I

T0N :

{ u 1 An -_ b } is an affine subspace of Rn ✓
"

T
{ N I Am -_ 0 } is a subspace of IR

" ✓

dim {n 1 An -_ 0 } = n - k 1k : no . of linearly independent
columns Of A)

= N - r ( ri no . of linearly independent
rows of A)



Party dim { N : An =o } = M - k 1k : no. of linearly
independent columns of

A)

Consider the system An = 0
.

An N ,
+ An Nz -1 -

. . t Ain Nn = 0

921 N, + 922 Nz 1- .
- .
t Azn Nn = 0

i.

AMIN, + Ama Nz -1 - - - t Amn Nn =0

Define Ai = the ith column of A

1
"

)Aiz

:

aim

The system An __ 0 can be rewritten as :

R, At + Nz A- + .
. . + an A

"

=D

Notice that A
'

,
AY . . .

,
A
"

are in Rm



The system An -_ 0 can be rewritten as :

n

R, At + Nz A2 -1 .
. - + an A =D

Column space of A :
- - -

A
'

,
A2
, . . . .

A
"

are the column vectors of A .

The subspace span ( A
'

,
A
'

, - . .

,
A
" ) is called column

space of A-

Our hypothesis : dimension of column space = k

- There are k linearly independent columns in A
.

↳
every other column can be written as a linear

combination of these k columns
.

Assume A
'

,
A?

. .
.
.

Ak are linearly independent .
Other columns

can be written as a combination of these columns .

Akt' = Pi,k+, A
"

+ Pz,k+,
A2 + - - • + Pk,k+, Ak

⑦ :

A
"
= Pin A

'
+ Pain A- + - i - +

pan Ak



Consider again the system An -_o which we view as :

21 A
'

+ Nz AZ + - . . + Ten An =D - ⑧

Recall that we are interested in showing that

dim { n : An -0 } = M - K
.

Substituting 1*1 in ⑦ gives :

( Nl + P1,kHNk+,
-1 Pi ,k+z Nkt, -1 . . . + P, ,n Nn) A'

+ ( NZ + P2, Rtl Nkt, + Pz,k+z Nk+z -1 - - . + Pz,n Mn)
#

*
T - n

-

+ ( Nk + Pk,k+ , Nkti 1- Pk,k+zNk+z -1 - " t Pan Nn) Ak

= 0

Since Al
,
. . . ,

Ak are linearly independent , each of the coefficients :

Ni + Pi ,k+, Nkt, + - - ' + Pi,n Nn = 0
,

'

1=1
, . . . ,
k



( Nl + P1,kHNk+,
-1 Pi ,k+z Nkt, -1 . . . + P, ,n Nn) A'

+ ( NZ + P2, Rtl Nkt, + Pz,k+z Nk+z -1 - - . + Pz,n Mn)
#

*
T - n

-

+ ( Nk + Pk,k+ , Nkti 1- Pk,k+zNk+z -1 - " t Pan Nn) Ak

= 0

Since Al
,
. . . ,

Ak are linearly independent , each of the coefficients :

hi + Pi ,k+, Nkt, + - - ' + Pi,n Nn =D
,

i=1
, . . . ,
k

* Therefore
, every solution n to An=o satisfies :

Nl =
- Pl, Kit Nk+,

-

PI ,kt2Nktz
- - - - Blin M

N2 = - P2 , KH Nkty - P2,k+zNkt2
- - -

-

P2 ,n Nn

i.

Nk =
- PR , Kt, Nkti - Pk, ktz Nkte

- - -
-

-

Pk,n Nn

* Similarly , every solution to the above system
1in blue )

is a solution to An -0



K is a solution to An -0 iff

NI =
- Pl,kHNk+,

-

Pliktzrkktz
- - - - Pan M

R2 = - P2 , KH Nkty - P2,k+zNkt2
- - -

-

Pan Nn

i.

Nk =
- PR , Kt, Nkti - Pk,k+z Nkt

- - -
-

-

PK,n Nn

- Notice that once we fix a value for Nk+, , . . . . Un ,
the

values for N, . . . Rn get fixed .

- This indicates a dimension of n- k for { n : An -0 } .

We will now exhibit a basis of size n- k
.



N is a solution to An -0 Iff

Nl =
- Pl,kHNk+,

-

Pl ,kt2Nktz
- - - - Blin M

N2 = - P2 , KH Nkty - P2,k+zNkt2
- - -

-

Pan Nn

:

Nk =
- PR , Kt, Nkti - Pk,k+z Nkte

- - -
-

-

Pk,n Nn

Define n - k vectors : Uk+, , Uktz ,
. . . . Un As follows :

- Uj , for KHE j en ,

is obtained by setting nj=t
and the rest in Nk+, . . . , Un to 0

-

Uky, =
' P' ' K+'

Uk,→=
-Rikk

. .
.

Un = =P" "
-Pzikti -

Pz,k+2 -

Pash
:

: '

:

kik
pn.me ) | - pan1
0 0

Or 1 ?
: .

:|
0

:
0

Claim 1 :

-

Ukti
,
Uktz ,

- - ^

,
Uh are linearly independent .

Claims : Ukti
,
. . . ,

Un C- { N : An __ 0 }

Claims : Every solution to An-0 can be vxnilten as a

linear combination of Ukti
,

- ^^ , Un



Uky, =
' P' ' K+'

Uk+z=
-Rikk

. .
.

Un = =P" "
-Pzikti -

Pz
,
ktz

-

Pash
:

: '

:q://pn.me) | - pan1
o

① 1 8
: .

:|
:O

Claim 1 :

-

Ukt, , - . . .

Un are linearly independent .

Suppose Ukt, + . - . + An Un = 0dktl

✗k+,=O due to the kti
"
coordinate in 0kt ,

i.

✗
n
=D due to the nth coordinate in Un



- Pbkti
Uk+z=

-RikkVkt, =
-Pzikti -

Pz,k+2 -

Painof ÷::
: '

:

kik |-pm↳ ,I
0

Or 1 ?
: .

:|
o

i
0

Claim 2 :

-

Aunt
,

= AUk+z = -
-
.

= AUn=O .

Realize
is a solution to An -0 iff

NI =
- Pl,kHNk+,

-

Pliktzrkktz
- - - - Blin M

N2 = - P2 , KH Nkty - P2,k+zNkt2
- - -

-

P2 ,n Nn

:

Nk =
- PR , Kt, Nkti - Pk,k+z Nk+e

- - -
-

-

Pk,n Nn

Notice that Uk+, , then
,
. . .

Un satisfy the above equations .



"" "

[?
" "

""

[
" ""

" "

" "" "
-Pzikti -

Pz,k+2 -

Pash
:

: :
- Pak - pn.me ) - pan

1-
0 0

Or 1 0

: .
:|

:
0

NI =
- Pl,kHNk+,

-

PI ,kt2Nktz
- - - - Blin M

N2 = - P2 , KH Nkty - P2,k+zNkt2
- - -

-

Pan Nn

i.

Nk =
- PR, Kt, Nkti - Pk,k+z Nkte

- - -
-

-

PK,n Rn

u =
✗ I sit . An -_ 0

I :|
Nn

Nl

gg)
= Vkt

,
+ Vktz -1 . - .

U

1 :



"" =
"" "" "

""

[
" ""

" "

" =

" " "
-Pzikti -

Pz,k+2 -

Pash
:

: '

:

kik
- pn.me ) | - pan1
0 0

Or 1 ?
: .

:|
o

i
0

Claims : Every solution to An -_o can be written as

a linear combination of V4, , - - . ,
Un

-

Let N be a solution to An -_ 0
.

It satisfies :

Nl =
- pl,kHNk+,

-

Pl ,kt2Nktz
- - - - Blin M

N2 = - P2 , KH Nkty - P2,k+zNkt2
- - -

-

Pan Nn

:

Nk =
- PR , Kt, Nkti - Pk,k+z Nk+e

- - -
-

-

PK,n Mn

Nc

"" " " =

)
=
"" °" + "" "" " " + " "

÷i.NKHi
Rn



Claims 1
,
2,3 Show that Ukt, , . . . . Un forms a

basis for { n : An-_o }

- Hence dim ( {n : Anno }) = N - k
.

Summary of Part 1 :
- -

- An =D rewritten as
a
,
A
'

+ MA
'

-1 . - . + MA
"
=o

-

'

A'
,
A2
, .

. .
Ak are linearly independent . Write

AKH
,
. . -

,
A" in terms Of A

'

,
. . -

,
Ak

,

Ak" = Pi,k+, A
"

+ Pz,k+,
A2 + - - • + Pk,k+ , Ak

⑦ :

A
"
= Pin A

'
+ Pain A- + - i - +

pan Ak

-

From this
,
show that z is a soln .

to An :O Iff .

Nl =
- Pl,kHNk+,

-

Pl ,kt2Nktz
- - - - Plin M

R2 = - P2 , KH Nkty - P2,k+zNkt2
- - -

-

Pan Nn

:

Nk =
- PR, Kt , Nkti - Pk, ktz Nk+e

- - -
-

-

Pk,n Nn

-

Use this to 'exhibit a basis Ukti
,
. . .

,
Un .



Nextgoat

dim {n 1 An __ 03 = n - k 1k : no . of linearly independent
columns Of A)

= N - r ( ri no . of linearly independent
rows of A)

-

dim { n 1 An __o } = n - rTo show :

A
preprocessing step :
-

-

late have : all 24 + a,z Nat . - . t Ain Un = °

÷
AMI Ni 1- Ama Nz + - - r t Amn Nn =D

Define A ,
= [ An Ar airs . - - .

Ain ]
"

Ai = [ ai, ais - r - r aim ]T
:

Am = [ am , amz
- - - amn ]

'

Hypothesis : Rows Ai
,
Az , . . - ,

Ar are linearly independent .
- Other rows Art ,

,
. . . .

An can be written as a combination

of Al , . .- i Ar .



Removing a row that is a combination of other rows

does not change the solution set
.

Example :
-

221 1- 322 1- 573 1- 4K¢ = 0

3N, + 272 + 7- Nz -1 M¢ =D

5N, + 592 + 1273 + 574=0

Removing 3rd row preserves solution set .

thepreproussingskp.in
A , N = 0

Az n = 0 | linearly independent
:

A, N =°
×

Ar+#

i.AM#-0

Remove the equations Art , n=0
,

- - .

. Am n=0 .

-

Now we perform Gaussian elimination on the remaining
rows to simplify further .



Gaussian elimination

Involves repeated application of two operations :

- Exchange rows Ri and Rj

- Ri ← Ri + a. Rj - add a multiple of some row to

another row .

Both these operations preserve the set of solutions
.

Consider our given set of r equations :

- An 912 . - . Ain

11
"

| Aa Au - - - - Azn ??] = | ]i.

Ar , Aya - - . Arn an

- Gaussian elimination on [
an air -

- - - Ain

]'

:

Ar, Am . - - i Am



Gaussian elimination :

g-
All 912 - - - Ain An 912 - - - . am

0
921 - - - - -

- aan ] → { o a'
22 -

- - Ahn ]: : :

An Ara - - - Arn 0 a'm - - -
a'
rn

- Find the norm from among 2 to r

having the first non - zero coefficient
when reading from left to right .

- Move this row to the second position .

[
A" 92 - - - - Ain

o o = -Éµ perform Gaussian elimination on theD: ÷ submatrix?
0 0 a'rtz_._a!rn- ( the other 0's will be unchanged)
1

All 0's

In the end: the matrix looks like this :

-
-
- - -

- -

%o
"

o o a'
at,

- - - -
-

O O O o o - - A
'

3kg
- - - " with Atif; being

i the first non -une

O
'

- - -

- - o a'm - - -

]
coefficient in

row i.



By exchanging columns
, appropriately renaming the variables

and scaling the rows
,

we can assume the system to look like :

-
- - - -

-

l:o 1
- -

-
-

" |= | :?)11 :0 1 !

: o -
-

.

O

O O O :O 1- - -
n - r

yn

themark: since we started with linearly independent town none

of the rows will become fully 5 during the elimination .

R : X is a solution to An =D if it satisfies the

modified system shown above .

- Once values for Rgt, . . . .
Mn are fixed

,
the values of

Ni , . . . ,
Mr are determined .

- This suggests that the required dimension is n - r
.

- We will now exhibit a basis to this end .



1

f.
-
- - - -

.

.• .
:-. 11:11 :|0 1 !

'

.

° -
-

.

0
0 0 :O 1 - -

n - r

Rn

Define: U.pt, =
✗
" r"

Ignore hurt, - . - . dr.ru are obtained
✗
21, rtl

:
from aboveit1:

:

:

Un =
✗ '

' n
where ✗ I ,n . . . .

✗ r,n are

1 :
obtained from above system .

✗nn )O

l :

claims : Urn
,

.
. . .

'

Un are linearly independent

claim 2 !

-

AURH = Avrtz = -
. .

= Avn =D

Claim 3 : Every solution to An -0 can be written as a linear
-

combination of Urn
,

- -
-

,
Un .



1:
:-. .

.

• .
. . If:< f- I :|0 0 1

0 -
-

.

0 0 0 :O 1- - -
n - r

yn

°

✗
Define: U.pt , =

✗

" r"
Kibera 4 ,r+, - . - . ✗r.ru are obtained

from above¥::|::
:

:

on

=/ ¥
1 ,
?)

"""" "
'
" " a. are

obtained from above system .

0

Claims : Every solution to An -0 is a combination of

Urt, - - r Un .

Let N= In
, na . - . . nn ]

"

be a solution to An=o .

- define N
'
= Nrt, . Ur+, + Mrta Urtz + - - - + Nn Un

We will show that N = n
'

.

- Define N
"

= N - N
'

.

To show : R
"
= J

Observation 1: K
"

r+,
= N "r+z = - • .

= N
"

,
=D

n

Observation 2: An
"

= An - An
'

= 0 - 2nd Avi = 0
i=rH

Hence n
" is a solution to An __ 0

.



1:
:-. .

.

0 1
. -

-
.

• • . 11:11 :|- ④
0 -

-

.

0 0 0 :O 1- - -
n - r

yn

°

Define: U.pt , = £' " ' Ignore hurt, - . - . ✗r.ru are obtained

from above¥:#0
:
0

:

Un =

| ÷
'"

where ✗ i. n . . . .
✗ r,n are

obtained from above system .

0÷:|
OLÉ 1: N"r+

,
= N :* = - . .

= N
"

,
=D

n

Observation 2: An
"

= An - An
'

= 0 - 2nd Avi = 0
i=rt\

Hence n
" is a solution to An __ 0

.

Since N
" is a solution to An -0

,
it satisfies the system

⑦ shown above .

Moreover n
"

r+,
= - - - = N "m =D .

From ⑦ this means N
"

,
=n"z= . . . =n"r=O

This proves n
"

= n - n
'
= 0

Hence the claim that n is a linear combination

Of Urt, ,
-
- i

,
Uh



Claims 1 , 2,3 show that Ur+
, ,

. .
. .

Un forms

a basis to { n : An __ 03
.

Hence dim { n : An -0 } = n - r
.

Summary of Part 2 :
-

- Restrict An -_ u to the first r linearly independent
rows.

- Perform Gaussian elimination to get a simplified
system where

hi , - . . Nr get determined by values of Yon . . . Nn .

- Exhibit a basis using this observation .



Eary :

dim {n 1 An -_ 03 = n - k 1k : no . of linearly independent
columns Of A)

= N - r ( ri no - of linearly independent
rows of A)

Coroilary :

dimension of column space = dimension of row space of A

column rank = row rank

- This quantity is called rank of the matrix
.


