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04105121 Lectured : Equational form LP + Understanding An =b

Equational form of LP :

- - -
-

maximize in

subject to An = b → a set of equations

N 30 - inequalities

converting LP to equational form :

-

-
- - -

maximize 524 + 4Nz - 273

Subject to 2N, + 3ha £ 7

- 3N , + 4h2 -1593 I 10

N, I 0

Nz I 0

Style : Converting some of the constraints to E form
.

2N, + 3Nz £ 7

-321-42-593>-102-111 → 3N, - 4N, -573 I -10

M>→
No need to convert this

Nz I 0

Steps : Adding slack variables to get to equations

221 1- 3h2 I 7 2N, -1 3h2 + 51 = 7

324 - 4Rz -573 I -10 → 3N, - 472-5213 + Sz = -10

24 I 0 N, I 0

Nz Io Nz + Sz = 0

51 , Sz , Sz IO



2N, -1 322 + 51 = 7

3N, -472 -593 + Sz = -10

Nt I 0

Nz + Sz = 0

Si , Se , 53 30

Steps: Non - negative variables

In the above LP
,

Ra and Nz are unconstrained
. No explicit

non - negativity constraints -

Replace : ha = Ya
- Ya

, Ya , 22>-0

M3 = Y3 - 23
, Ys , 23 7- °

2N, -1 322 + 51 = 7 2N,
-1 3yz - 322 + 51 = 7

3N, -472 -593 + Sz = -10 3N, - 4yz +422
-

5yz -1523 1- 52=-10

Nt I 0

"3 + sz = o

83 - 23 + Sz =p

Si , Se , 53>-0 NI , Yz ,

22
, Yz , Zz , Sl , S2 , S3 30

Final : Maximize 524 1- 4yz - 422 -

2yz -1223

Subject to : 2N, + 3yz - 322 + si = 7

324 - 4yz +422 -543+523 t Sz = -10

Y3 - 23 1- 53 = 0

Nl ) Yz ,
22

, Yz , 23 , Sy , Sz
, Sz 30



Equational form of LP :

- - -
-

maximize in

subject to An = b → a set of equations

N Zo → inequalities

Equational form contains a set of equations An=b along

with simple inequalities N 30 that are non - negativity constraints

REMI : An __ b lwithout the RZO constraints ) can be solved efficiently

using Gaussian elimination . The non - negativity constraints add

substantial challenge to the problem , that require significantly

different methods .

Next goal :- - Understanding the set of solutions to An=b

A : Mx n n : n ✗ I b : M ✗ I

TN :

{ re 1 An -_ b } is an affine subspace of Rn

T
{ N I Am -_ 0 } is a subspace of IR

"

dim {n 1 An __ 03 = n - k 1k : no . of linearly independent
columns Of A)

= N - r ( ri no . of linearly independent
rows of A)



Linear Algebra basics :
-
-

We will stick to real numbers .

Hector: an ordered tuple ( v1 , ya , . . . ,Xn ) c- Rn of real numbers

Ñ = ( V1
,
V2

, . . .

,
Xn )

a- = ( uh, U2
,

. . . i Un )

It Ñ = ( Yi -14 , ,
V2 -142 ,

. . .

,
Yn + Un)

t I = Itv , , tvz ,
. . . , tyn) where t c- IR

( a scalar )

Linear subspace: of 112
"

: A set of vectors ✗ £ Rn sit .
- - - -

for all ñ
,
I c- V and t ER ,

Ñ + I c- V

ti e v

Renard : A subspace contains the J vector.

Examples ,
-

Subspaces of 1122 are {J }
.

lines passing through origin , 1122
itself

*
- Line not passing through origin is not a subspace .

✗

- Subspaces of IRS are {J}
,

lines passing through origin ,

planes passing through origin , Rs

Aki -1 bnz -1cm, = 0
=

-

ñ ,
I tñ

, u



Affine subspace ofR"-
: A set of the form :

- -

{ ñ + I 1 c- × }

xvhere V is a linear subspace of IR
"

- A subspace shifted by vector Ñ
.

Examples : Affine subspaces of IR
'

are points , lines and R2

..÷i¥
s
'

Affine subspaces of 1123 are points , lines
, hyperplanes and Rs

.

terse ! Show that { a : AN -_ 0 } is a subspace of R
"

.

P°
- { a 1 An=o } is closed under addition .

Let Ñ
,
I C- { n 1 An --03 .

i. Act -_ 0 AE =o

Alñtv ) = Añ -1 AI = 0

⇒ a- + I c- { nl An-_o }

- { set An=o } is closed under scalar multiplication .

Let Ñ At. Añ=O
.

⇒ Altñ) =0 tt c- R

↳
= t.A-u-t.io =J



-

Assume { a : An -_ b } is non - empty .Exercise :

Show that { n : An = b } is an attire subspace of R
"

.

Proof.
-

Let ñ be a solution to An __ b
,

ie.
,
Añ=b

Let 11 = { N : An __ 0 } ✗ is a subspace .

Claim :

-

{ n : An __b3 = it + V

E : Pick XT s - t . AÑ = b

kink TN = Ñ + ☒ - a-

Now Alvi -ñ) = Avi - Añ

= b - b = 0

⇒ TN -ñ c- 11

⇒ ☒ c- a- + V

2 : Pick it + HI c- it -1 ✗

Añ=b ATN =0

÷ A lñ+vñ ) = b

⇒ I -1 VI c- { n 1 An-_b}



Égafs : Understanding the set of solutions to An=b

A : Mx n n : n ✗ I b : M ✗ I

TN :

{ re 1 An -_ b } is an affine subspace of Rn ✓
"

T
{ N I Am -_ 0 } is a subspace of IR

" ✓

dim {n 1 An -_ 03 = n - k 1k : no . of linearly independent
columns Of A)

= N - r ( ri no . of linearly independent
rows of A)

Coming next: - Linear independence
-
-

- dimension

- third observation above
.



Linear dependence :
-

Vectors UT
,
ñz , . . .

, Ñk are said to be linearly dependent

if F reals Xi
,
✗z , . . - ,

✗k ,

not all of them 0

S.t. L, Ñ, + ✗<Ñz -1 . . . t dk Ñr =D

Examples :D -4=-1 ;] ñ=f ;]
2Ñ , - Ñz =O

a) ii. =

[ ;] ii. =L ?]
✗
,
Ñ
, + dz Ñz =D

✗ I 1- 2×2 = 0
- ①

2X, + ✗z =o
- ②

From ⑦ , X,
= - 222

substituting in ② : gives : Xz =0

⇒ ✗ , =O

t
. [

'

z ] and [
2

] are not linearly dependent .
1-

Linear independence:
-

TU
,
Ñz

,
- - .

,
Ñk are linearly independent if

for all reals d) , da ,
- - n , da

✗i Ñ + ✗zÑz -1 . - . + true =D ⇒ ✗ , = ✗a -_ - .
. =Xr=O



ñE ii. =L ;] ñ= / ? ]
ñ= / ;]

✗, Ñi
+ date t.su} =D

✗I -1 222 7- 34,2 =D

221 + ✗2 + 4×3 =D

✗z = -1 A + 242 =3

24, 1- 42 = 4

Solve for ✗n , da .

- Ñ , ,
Ñz

,
Ñs will be linearly dependent -



Basis of a linear subspace:
- - -

A set of vectors I
, , Iz , .

. .

,
in forms a basis of a subspace V it:

- 1
. they are linearly independent .

-2
. every vector ÑEX can be written as a linear combination of

Ii
,
. . . . In

Ñ =

13 , -4, + pairs 1- . . - t PKIK

Theorem 1 : Let { ñ, , ñz ,
. - . . Ñm } and { Ñ

,
TK

,
. . -

,
In } be true bases of a

-

subspace 11 . then : m=n

Pipo:

idea: Assume M < n
.

Let so = { Ñi ,Ñz ,
. . .

, Ñm } To = {I, -1k , . . . . In }

- We will construct S
, = So) {Ñi

,
} U { Ñ

,
} s - t. Si is also a basis

↳
S, is obtained by removing some Ñi

,

and adding Ñ .

- We will repeat this construction to get :

Sa - S1 \ {Ñi
,
} U {Ñz } s - t . Sa is a basis to Y

Sz Contains I, ,Iz in the place of Ñi
, ,
Ñiz

- By iterating this construction
,

we will get

Sm = {I
, , Iz ,

. . - , Tim } is a basis

This contradicts the fact that 1- = {ñ
, -1k , . . - , Im , Ñm⇒ ,

-
. .

. In 3 is a basis .

In particular, it contradicts the hypothesis that vectors Thin. . . . In are linearly
independent .

- This will then
prove that M=n .



Before we proceed , we make use of an intermediate definition :

span
:

span lñ ,
,
Tk

,
- - . . Ñk) = { ✗ iui I ✗ i a- R }

- i=,

↳ all linear combinations of UT ,
. . .

,
The

m

-

Suppose S = { Ñi
,
Ña

,
. . .

.
Ñm } and I = EXiuis.tn ✗, -1-0 .Lemma :

i -- s

Let s
'
= { Ñ

,
Ñ
, ,
Ñz

,
. . . ,Ñm }

Then
span (

s) = span /
S

' )

Pif :
I = ✗, ut, + ✗in, + . .

.
+ Xm Ñm → ⑤

spanls) E span ( S1 ) :

Pick VI c- span Is ) ; KT = piñi + paint - - . + pmñm

KT = Pi (
I -

¥4T
- - - -

-

g÷ñm) + pzñz -1 - - - t pmñm

hi = pi It pine + . . .
+ pin ñm for appropriate pi

'

.

⇒ c- span ( S1 )

Spanish C- span ( S7
:

Pick TN C- span / s
' ) ; VI = piI-pzu-a-n.it pmñm

= PI ( AUT + ✗in -1 . . - 1- ✗mñm)+ - i. tpmñm
= pi ii. + i. + pin ñm

Hence Ñ C-
span /s )



Back toprt off :

So = { UT , iz , . . . , Tim 3 1- = { VT ,
Ia

,
. . - , Im } .

Since so is a basis : VT = XIUT + delta -1 - - - tlmñm

Assume Li 1=0
.

we will now show that { IT
,
UI

, . .
.

,
ñm } is a basis

- i) { Ñ
,
iz

, . . . Jim 3 are linearly independent

suppose pi XT t Pzñe + . . . + pmñm =o

Writing Ii in terms of Ñ , . . . ñm :

Pl ( Lith + dzu-zt.it tmum ) -1 Patz -1 - - . + pmñm = 0

( 13121 ) Ñi + ( pint pa)Ñz
+ . . - t (pili + pm) ñm =D

since UT
,
.
. .

,
ñm are linearly independent, we have :

PIA =o

Pita -1132--0
:

plan + pm =0

But we know that ✗ , -1-0 .
Hence pi=0

This also implies that
132--133

= -
-

-
←

pm
=D

Hence {I
,
ñz , .

. -

,
Tim 3 are linearly independent .

- ii) span ( {Ñ ,
Ñz ,

. . . ,Ñm} ) = span (
{ Th

,
ñz

,
. . . ,ñm } )

from previous lemma .



At the ith iteration of this process , we have :

Si = { Ñ
,
Tk

, -
- . ,Ñ

, Ñi+ , , ñi+z ,
- . . , ñm

} ( through appropriate

as a basis . renumbering)

- As Si is a basis
,
tin can be written as a

combination of vectors in Si
.

Ier
,

Ñit, = 1311T + Piz + - - - t pi Ñ + ✗it , Ñit, + . - . + Xmñm

Atleast one of the ✗ i 1=0 ,
as otherwise it contradicts vi. v2 . . . . Vit,

being linearly independent .

- Assume ✗it , 1=0 .

Using arguments as before , we can show that :

Sit, = { Ñ
,
Ñz

,
- -

.
Ii

,
Titi

, Ñi+z
, . . .

,
Ñm } is a basis

-

Continuing this process , we get Sm = { I
, .TK , . . . ,

Im } to be a basis
.

This is a contradiction to Ii
, In - r . I'm

,
Imm in . In being

linearly independent .



Dimension 0_fa subspace: cardinality of its basis

From previous theorem
,

all bases have the same cardinality .

Which wee call the dimension

Re⇒afs : Understanding the set of solutions to An --b

A : Mx n n : n ✗ I b : M ✗ I

TN :

{ re 1 An -_ b } is an affine subspace of Rn ✓
"

T
{ N I Am __ 0 } is a subspace of IR

" ✓

dim {n 1 An -_ 03 = n - k 1k : no . of linearly independent
columns Of A)

= N - r ( ri no . of linearly independent
rows of A)

t,
Next lecture


