
LINEAR OPTIMIZATION

LECTURE 20



In the last lecture , we saw :

PRIMAL - DUAL ALGORITHM: FOR MINIMUM SPANKING TRIE :
- - -

-
-

- Assume YY =O ft . Notice that Kie do not want

to explicitly write this out since

there are exponentially many of them .

- Iterative step: At the ith iteration : let Ei denote the set of

edges that are tight for yi .

- Find the connected components of Gi
= Hi Ei ) .

Let Mi be the partition given by these components .

- Increase yin; until some edge becomes tight .

- Termination: Previous step terminates Keher the tight edges
form one connected component .

TOday Proof of correctness of this algorithm .

-

Lectures 20,21 of Prof. Sundar's notes .Reference :



Recall we are given an undirected graph :

G = Cv, E) with

cost function C : E - M
>o

↳

strictly positive integer costs

Assumptions: - G is connected
-

- no two edges have the same cost

- We made me of the following theorem :

Kem : A graph is connected

Iff

for every partition R
,
the number of edges that

cross the partition is at least IN -1 .

The primal - dual algorithm iteratively generates the following :
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Iteration ! Iteration ! Iteration i. Iteration i. Iteration ?

yo
1

y
' -

ya
i yi in yin n

yn
tit( t' t

a.ee;) " / ' ' ' t'

Eo e
,
C- El

Eze
Ez /

" " " °

ei+F Eiti En

ti t,/ I t t.

to T
,
¥ Ti Tsin Tin

Observation : Partition ti merges parts of Ri -, , for all
i c- { 1 , . . - n }

In the ith iteration of our algorithm , we work Keith

partition Ri- , .

Some edges that cross Ri
- , become tight

and enter into Ri .
①

①Ei-i ①

Ti - I
• •

The figure above illustrates the edges in Ei -1 and the partition Tin

e-
-

①
①
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When a cross edge is added to this graph , two parts merge into

one connected component, hence one part of Ti .



Iteration ! Iteration ! Iteration i. Iteration i. Iteration ?
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Observation 2: Exactly one edge ei is added at iteration i.

☒ -
-

µ
At iteration i

,
the algorithm considers partition ti - , which is the

connected components of the graph Gi
,
= Cv

, Ei, ) restricted to

edges that have been made tight so far
.

Let Ci - i be the edges that cross Ri - i. Notice that each edge
that crosses Ri

, ,
also crosses Ti-z ,

Ri
.> ,

. - . . it, , Ro , due
to

Observation 1
.

I yn
Ice

i. The dual constraint for each e C- Cia looks like : eewsss
Th

i -1 it it in

Yao + YR , -1 . - . + Y +

ya, , + ( some other jiiisthatareo) £ ce
Mi -2

We also have y
" '

= 0
,
and yij" 70 for j c- { 1 , . . .

- i -2}
Ri -1

it
can be increased till the: To get Yi , the Value of Ye

,

edge with the least weight in Ci-1 becomes tight.

Due to our assumption on the graph , every edge has a diluent

weight . Therefore exactly one edge becomes tight and

this gets into Ei .



Iteration ! Iteration i. Iteration ?
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Observation : Itil = trial - I tie { 1 , - - . n }

adding
we have seen in Observation 1 that

,

a cross edge of
Tin merges two parts of Ti

,
into 1

.

From observation z
, exactly one edge is added in iteration i.

i. Two parts of Ri, become one part in Ri
.

Hence Itil = Iti-il - l

corollary 1 : 11701=1111
11711 = 1×1-1

:

Itil = 1×1 - i

ltnl = IVI -n

Observation 4: M -
-

- 1111-1

At termination
.
We have a partition In with a single component .

i. 117,1 = 1 .

From above corollary , 1×1 - n =\
,

f- n = 1×1 - l .



Iteration ! Iteration ! Iteration ! Iteration i Iteration ?
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5 : ce
,
+ Cez + . - . .

t cen

= (1%1 - 1) y! + ✗ ten -1) y:-, - - -
+ Html -My;n,

the dual constraints that are tight for y
"

correspond to the

edges Ena { ein es , - . - . en } .

nE.i. We have Y , = Ce He c- {ei , ez , . . - , en}

e crosses 17

Each ei Crosses to
,
te , , - . . ti- , and not Mi

,
. - . Rn .

Notice that yn, >0 Only if R is one of 17 , . . . inn .

n

i. We get : Yao = Ce ,

YI
+ Jr, = Cee
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'
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From Observation 4 8 Corollary 1, we get the required result .



Recall:

PRIMAL : DUAL :
- -
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Let y
=

y
"

the dual son . obtained at the end of the Algo.

Define a primal soln .
N as:

Ne = 1 if e c- En

=D otherwise

claim : n is a feasible soln . to primal

the graph G Ill , En) is connected
, by the termination
condition of the algo .

1- for
every partition M Ot v

,

the number of cross edges in an is atleast IN -1 .

This implies n is a feasible soln . for primal .



PRIMAL : DUAL :
- -

Min Ece ne Max I 11th -17 ytCEE TI
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late will now show that n and
y
are Optima of primal

8 dual respectively .

Cost of primal at n = E ce ne

ee E

- Ce
,
-1 Cest - - . t Cen Kibera

En- {er, -- - en }

= (trot - 1) y + 1117,1 - 1) ya , -1
- - . +11%-11 -1) yxm,

to

( from Observation 5)

= Cost of dual at y .

This implies n and y are Optima of primal and dual respectively .
↳

We have seen in the lecture on complementary slackness
that given feasible solve . Xo , Yo of primal A dual :

on
,

-

= btyo Iff Xo , yo are Optima



Notice that the primal Sohn . is also a son . of ILP .

In general : LP opt
- f KP optimum ( as this is minimization)

since the LP optimum occurs at an integral point , it is also an

KP optimum.

- This shows that live have obtained a minimum spanning tree
.

Complexity : The algorithm maintains the partitions .

- At each iteration , the alga finds the least weighted
edge among all cross edges . This can be done

in 01107
.

.

- It merges two parts due to the addition of this edge .

This is also a 01h11 procedure .

-

The number of iterations is 01h11 .

Hence overall , 011×1 (1×1+11--1))

This naive complexity analysis already put it in polynomial-time .



Ey :

- A primal- dual algorithm solving NIST .

- Mimicries Kruskal 's Algo
- Proof of correctness using strong duality .


