
LINEAR OPTIMIZATION

LECTURE 17



COMPLEMENTARY SLACKNESS_

maximize in minimize bty

subj.to/tnEb subj.toÑy!y 30

theorem : Let no
, yo be feasible solutions of primal and dual respectively .

Then : No and yo are Optima ⇐> Eno = b'yo

Pm_0f:(⇒ suppose no and
yo are Optima of primal and dual resp .

From duality theorem, optimum- cost 1 primal) = optimum -cost ldual )

since both Optima exist .

⇒ Eno = btyo

€-7 We are given that no is a feasible son . of primal
Yo feasible soln . Of dual

+ Eno = b'yo

'

1) Bosh primal and dual have Optima , since both of them are

feasible .

in dn I btyo It feasible scans . n of primal
( weak duality?

Since Eno = b'yo , no is an optimum of primal



€-7 We are given that no is a feasible son . of primal
Yo feasible soln . Of dual

t Eno = b'yo

i) Bosh primal and dual have Optima , since both of them are

feasible .

in dn I btyo It feasible scans . n of primal
( weak duality?

Since Cho = b'yo , no is an optimum of primal

iii , similarly : duo I bty lty which are

feasible in dual .

since Eno = b'yo , yo is an optimum of dual .



maximize in minimize bty

subj.to/tnEb subj.to/tTy=cy 30

THEM PLEMENIARY SLACKNESS to-Day ) :

No : primal feasible solution yo : dual feasible solution

Then : ino=byoiff(Yo)i>0⇒Aiko=b;ViE{h2i-..,m}&

AUalvariab.IS/ack=sPrimalinequalitytightfPrimal inequality slack ⇒ dual variable tight

Ain
< bi ,

↳
i is
'slack

FE*
=
"

- = =

↳
i
is

' tight
m Wi

- Gives another criteria to check for optimum .



Prati (⇒7 suppose Eno = btyo

Tosh0

(Yo)i>0⇒Aiko=b;ViE{h2-..,m}f

① No = GMO)
,
+ Czlno)z + - - it ↳ No)n

We know A
>

yo = C

At
yo = a AI : ith column of A

:

Aiy, = ci

:

A" yo = en

i. ① no = (Atyeo) . @ok + (Ñyo)lno7a+ . - . . + (f)
"

g.) (no)n

= ( Aifyo), + 92, (Yok -1 . . -
+ (Am,) lyolm) (No) ,

+

:

( aan 1yd, + aan Iyo)z + - - . t Amn/Yo)m ) (No )n

Rearranging :

= (yo) ,
[ An@11-1 . - . . + am tho)n ]

+ . . - . + lyin [am, Ceo)z+ . . . + 9mn (Nin ]



i. ① no = (Atyeo) . @7
,
+ (Ñyo)lno7a+ . - . . + (f)

"

g.) (no)n

= ( Aifyo), + 92, (Yok -1 . . -
+ (Am,) lyolm) (ko) ,

+

:

( am 1yd, + aan Iyo)z + - - . t Amn/Yo)m ) (No )n

Rearranging :

= (yo) ,
[ An@11 -1 . - . . + am tho)n ]

+ . . - . + lyo7mLami@eo7z-i.m + 9mn (Nin ]

dno = (yo) , [ At no] + (Yok [Azmi + . . . tyo)m(Ammo]

We are given Ono = b'yo

= ⑨% bi + . . . + $07m bm

± . ⑨71 [ Aino] + - - r t (yo)m CAM no] = cyozbi-r.tk/nbm

h

⇒ I lyoli [ bi - Aino] = 0

Ii=\



M

I lyoli [ bi - Aino] = 0

Eia

④ i 30
, similarly bi - Aino 30

Since we have a sum of non - negative terms

equal to 0
,

each of the terms has to be 0
.

-
: lyo) ; [ bi - Aino] =o Hi c- {1 , . -

- am }

⇒ (yo) ; > 0 ⇒ Aino = bi



thw-mc-PENENARYSLAC-t-ssco-DNIi.no
: primal feasible solution yo : dual feasible solution

Then : c_No=b_yoiff(Yo)i>0⇒Ai%=b;ViE{h2i-..,m}&

Proofof:⇐- i

suppose Cyo) ; >0 ⇒ Aino = bi

Tosv : Ino = b'yo

[No = C) (No) , 1- Cz Imola + - n .
1- Cn (B)n

= ( Atyeo ) 1%7 , + . - n t (Nyo) (non

Mano- b'yo =
& (Aiyo ) tho)i - £ bilyoli
i=1 in

Rearranging as before to collect lyoli terms together :

① no = (Aylyo) , + 921 ok -1 - - . t am, •7m] thots

+
.

-
-

^

[am $011 + - . . . amnlyolm ] (no)w



Mono- b'yo =
& (Aiyo ) tho)i - £ bilyoli
i =\ in

Rearranging as before to collect lyoli terms together
① no = (Aylyo) , + 921 ok -1 - - . t am, •7m] thots

+
.

-
-

^

[am $011 + - . . . amnlyolm ] (no)w

= ⑨ 01 , [ A , no ] + (yo),
[Azmi + . . - tfyolmttmno)

m

i. Ono - btyo = Z(Aino)lyo)i - £ bicyo) ;
i -4 i=i

M

= % Iyo) ; [ Aino - bi ]
i=i

From hypothesis : Cfo)i > 0 ⇒ Aino = bi

Hence Cho - b'yo =D

dye = b'yo



COMPLEMENTARY SLACKNESS-IOR-OTI-tERPR-AA-D-ALPA.IR#
-

maximize in minimize bty

subj.to/tnIbJ subj.toATyy>!N 30

Primal Dual

Theorem : Let no
, yo

be feasible solutions of primal and
-

dual respectively .

Then : d-No = btyo iff

I) (yo ) ; > o
=> Ain = bi Ki c- {1,21 . - im }

0

AND
ii) (No)j > 0 ⇒ Atjyo = Cj Fj c- { 1,2 , . . .in }

Priof:(⇐) To show éno - b'yo =D

CTNO = Ci Holy 1- Cz Mo )z -1. . . + Cn (No)n

Notice that (No )j =0 Or Mo >j > 0

lannen (no7j 70
,

Kie have cj = Ñj yo (from eii )

i. duo = yo ) thots + . .
- . + Cttnyo) from



duo = (Higo ) thots + . .
- . + ④

'

nyo) from

Rearranging in terms of Cfo)± , tyilz . - - G- Im .

Hi- = (yo) , A) No 1- Iyo)z Aino + . - . . t Holm Anno

"ym, From lil
, we can rewrite this as :

= Iyo) , b , + Iyo)z bat - - - t lyo7m bm

= btyo

i. duo = b'yo .

⇒ suppose Eno = btyo

We have c f A's



C E Atyo

-
: G £ A' yo . . . .

Cn E Anya

Eno ⇐ ( A'yo> this -1 - - - - + (A"yo)Ko7n

Rearranging £ 1yd , (Ain) -1 .
. . + lymm ( Amro )

£ (yo) , bi + - - - + lyin bm (as no isfasible

in primal )

But from hypothesis : Eno = b' yo

m

= b'
yoi. ciao = Icymi (Ain)

i=,

m

: . btyo - I. (Aino) (you = 0

i=i

M
=D£ (bi - Aino) lyoli

in

since each term fbi -Aino? Iyo> i 70 , Kie have :

i) Cfo)i >o ⇒ Aino - bi



btyo = bilyo) , + - - - + bm Im = § bilyoi An Eb
i=,

m

I £ in ) 1yd ; since no is feasible in primali=i

n

Rearrange to = £ tho); Atiyo
i =L

bring Moti terms

together :

n n

i. b' yo I £# yo) tho) ; Z S, Cisco)i as yo is
i= , i =L

feasible in dual .

= c-no

But since b'yo = 070
, we have

btyo = £(A?yo ) 1%)i = Ono
iz I

-
: £

,
(Ati g.) (no); - Ono =0

i=l

⇐ i y. - ci ] Indi =o

is ,

Once again , each term on the sits is non- negative .

-

'

- As the sum is 0
, Yue have :

[AT yo
- ci ] Cno) ; =o His {1 , . . - rn }

f. (A)i > ° ⇒ A' i y. = Ci



Primal : maximize an

subj . to : Hen n ,
bi ni E E E

,
3
,

= }
Az N nzbz

:

Amin Nmbm

Ni Te O

Nz n; o
'

'

i e { E
,
3 . Z }

i
.

t

Nn in o unrestricted .

- General form primal will have a corresponding dual -

then : C complementary slackness for general primal
- dual pairs)

Let no
, yo be feasible solutions of primal and dual respectively .

Then : Eno = b'' yo iff :

i) (Yo ) ; ( Ain
- bi ) = o ti E El , 2 . . . . .

m }
0

ii) ( no) j ( Cj
- Atjyo ) =o Vi e { 1,2 . . . .

. ,n3

Proof: Exercise .


