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REFERENCE:
-

Lecture 11 from Prof . Sundar Vishwanathan 's

notes on Linear optimization
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Consider an LP : maximize CTR A : m ✗ n

e : n ✗ Isubjey.to/yzezb n , n ✗ ,

n unrestricted b : M ✗ 1

Assume that the LP is non - degenerate , and has an optimum
at an extreme

Extreme point : a feasible solution that : point
-

- is obtained as the intersection of n linearly independent
hyperplanes from Ask --b, , Ain - ba , . . . . , Amn = bm

A' n = b
'

l the set of n hyperplanes )

A"n<b"(0M#

theorem : An extreme point defined by A'n=b
'

,
A"n< b"

is an optimum
Iff

the cost veuox
' C' can be written as anon.negan.ya.my.nan.mg#..,z,...,ynf
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theorem : An extreme point defined by A' n - b
'

,
A"n< b"

is an optimum
Iff

the cost veuox
' C' can be written as an.n.negan.ya.my.nan.mg#..,z,...,ynfKE-Y

OBSERVATIONAL
-

optimum extreme point, cost decreases along all

directions to the neighbouring extreme points .



CHARACTERIZING NEIGHBOURING DIRECTIONS

t-ROAIEXTR-EP-I.no
: extreme point Ai bi

'

A' n=b' Ai be

A
"

a < b
" i. .

An ' bbl

suppose Ui is a point such that: A'jUi = bj
'

tjti

A'iui < b'i

For example : U, : A'1U, < bi
A' 2 Nz = bi

:

A'm Un = by } light

- From each extreme point , there are
'
n
'

rays moving out to its neighbours .

Vectors U, - No Use- No - - - - un - no characterize these directions .

-NoteHÉ
A
'

lu, - yo> =
- Ain - Aino

/ Aiu, - Aino ]
=

[
some negative value]0

0
:

:
Ariki - Arin. 0

-

By sufficient scaling , we can assume that A:(U, - no)= -1

similarly A
'

; Lui -
Mo) = A' Lui -un =/ I÷ )←i.\ 0

place



We have now
' n

'
vectors :

U = [ U, - no Uz - Uo - - - Un - No]

s - t .

A
'

U =
0

0 -1 -
-

. 01 :: : ÷;):

0

This implies :

u=-(Af

Theorem : Directions to neighbours from an extreme point
-

defined by A'n=b' are

given by columns
of
- (A1 )?

A"n Cb"

⑧

At optimum , cost decreases along all its neighbours .

suppose
he is optimum .

d- Cui - no) £0

i. CT C- LA
'

)
" ] Hi c- { i. in}
i
£0

- its column of
-(A) →

i. c-lNFZOV-ic-G-n.int#-. (*7



Why d- Cui - no) £0 ?
-

There is some 't ' sit .

No + tlui - no) is an extreme point of ANEB.

Ai Lui - no? =D
Ai

:

Ai
'

Lui - not = <

:

An
'

A
"

Consider the points : No + tlui - not

- At 1--0
, we get no .

- On increasing t ,
What happens

?

- We can find a t> 0 sat . Not 1- 1mi - no)
is feasible .

iee ; Alliot Hui -nor ) Sb

- If Cilmi -no ) > 0
,

then ciluottlui -407) > duo
- contradiction that Uo is

optimum .



Writing the cost vector as a linear combination of rows of
A
'

:

A're = b
'

contains
'
n
'

linearly independent hyperplanes :

Air = bi
'

:

Arin = bn
'

- Vectors : Ai
, . . . An

'

are linearly independent .

i. cost c can be written as a linear combination of them

C = Xi . Ai t da AI + - - - . + Ln An
'
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nxi : column vectors .
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Rewriting : CT = ✗, + 22 AÉ + . - . + an Aint

-

Note that: E. (A'5
'

= × , A
'

CA'T'=B:-. ? ]1 I-II bi e-

:

d-
.

CA'T
'

n
= ✗n

✓

From (*) , ✗ 1 ,
22 , . . .

✗n 30

- Proves that at optimum ,
cost can be written as a non - negative

linear combination of the outward normals of the
'
n '

hyperplanes defining the extreme point !



Rewriting : CT = ✗, + 22 AÉ + . - . + an Aint

Multiplying with (A)
"

on both sides .

i'# It
=

X, HIYA 'T ' + -
- -

i t✗n(An
'# 5

'

ICA
' ) " : 11 ✗ n) ✗ fnxn )

= [ pi p . - - n . Pn]

Where pi 7° tie { 1 , . . . n }

a (Ait (A' I =

a:[ . . . . . ]

(
(A' 5

'

)
=L, [ 1 O O

- - .
0]

:

✗ i (AÉ )T(A'T = ai [ 00 . - . 1- - o o ]

ti

in-place .

i. [ pi - pi - - - Pn] = [✗ i.dz - - . an]



G-t-OETRICINTER-PRETATION-OFDUAL-TYt.tt4

1

Given LP maximize in subject to An Eb

- non - degenerate , has optimum

Intersection points : Points satisfying Ai
,

N = bi
,

A- iz n = biz

:

Ain k = bin

for some m linearly independent rows from An Eb

- These points need not satisfy the other inequalities .

Extreme points . Intersection points that are also feasible .
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Define F ÷ set of intersection points such that cost vector
'

c
' is a non - negative combination of the

outward normals of the delimiting hyperplanes

Point N EF if I = 2, Ai
,
+ a Ait . . . t an Ain

satisfying

Ai
,
A- by

,
- . .

, Ain .a=bn
such that di

,
, diz .

. - n

, din Zo

Theorem:OptimumofLPisapointinFwithminimumcost



TYPE : For every point N c- F
,

CTR 3 Ciao , where

no is the optimum of the LP .

Pm To show : CTCK - No) I 0
Ai

, . .
. Ain are

hyperplanes defining
N
-

since see F : É = di
,
Ai

,
+ diz Aiz + - - - t Ain Ain

,
hi

,
.
. - din 70

ÉCN - no) = Xi
,
Ai

,

In - No) + diz Ai
,

th- %) -1 . - . t Xin Ain tr- no)

A=biAijNbij⇒Aij⇒ d- In - no) 70

- For n c- F
,
with Ai

,
n = bi

, ,
- . . Ain N = bin

suppose
CT = Xiu

,
Ai

,
+ dieAiz + - . . + din Ain

,
✗ ii. - din >0

Define y
c- IRM : < Yi , ya , -

- -
r , Ym>A

-
I

✗
,
✗

2

Yi, = ✗ in① : Yj =0 for j ¢ { di , . . . ✗ in }÷¥ '

-

. Yin = ✗ in

a

°

then: in=bM

✗

Deline F- = { <Yi ,y< , -
. . ym > as above / for each n c- F }

temma : Min { tingly c- E } = min {Ex / REF} = optimum of
primal



- For n c- F
,
with Ai

,
n = bi

, ,
- . . Ain n = bin

suppose
CT = Xiu

,
Ai

,
+ dialtiz -1 - . . + din Ain

,
di
,
. - din >0

Define y
c- IRM : < Yi , ya , -

- -
r iym>

Yi, = ✗ in

Yj=0 for j¢ { di , . . . ✗ in }:

Yin = ✗ in

i.
É = y , A , + yz Az + - - - t yn An

,
Yi 30

Ctn = y , Aint ya Azn * . . . tyn Ann

= Yi , Ai, at Yi, Aienx - - tyi, Ainn
to . -

.

= bty .

where n c- F



MOTIVATION 1=-012 TIE DUA

An Eb
Now consider the LP :

y , ✗

: :
Primal : minimize bty Ymx

At

maximin
d "

www.#n2-b gubjeµto:ATy cost is a

y 30 non - negative
combination of

hyperplanes
→ Above LP is the dual of our

considered primal .

Theorem:_€poifdua}quaE

Assuming this theorem : t fact that Enos bty Hy feasible /dual)

optimum (dual ) = min {btyly c- F- } =

optimum ( Primal)



- F
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- Ai
,

n = bi
,

i.

Ain n = bin

- Ai, . . .
Ain are 1in . ina .

- c = Xi
,
Ai , + - - - thin Ain

> ✗ ii. . . ✗in 70 }$

,veay
as follows :For a given by

=

Yi , = hi ,
yj - o

H others.
:
Yin - dis

- F- = { Cy , . . . ym
> I obtained from each nff } .

-

Optimum of primal No C- F
.

There will be a corresponding yo .

- teach me F
,
In = big kitsune y corresponds to n .

- min { on 1 reef } = min { b'y ly c-I } = optimum (primal

%
follows because Ono £ on for all Kf F.

Remains to Shani.
- -

F- is the set of extreme points of dual .

- since dual is in equational form
,
this is equivalent to showing:

F- is the set of
all bfs 's of dual .

↳(Exercise)



Summary

- Consider all intersection points of primal such that

cost is a non - negative combination of
the rows

corresponding to the defining hyperplanes .

- optimum ( primal ) is a point with least cost in the

above set .

- heads to the definition of dual , and duality theorem .


