
LINEAR OPTIMIZATION
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31612021 Solutions to Problem set 3 :
- - - -

1.

(A) Maximize Ki - 2h2 + Nz

subject to N , + 2h2 + Nss £12

2N, + Nz - Nz I
6

-Hi 1- 3h2 I 9

Nti Nz , Nz 70

Add slack variables Si , S2, S3 to bring to equational form .

S , = 12 - Ni - 2h2 -73

52 = 6 - 2N,
-

92 -193

Sz = 9 1- RI -392

-

2 = NI - 272 1- Nz

239 sit,

Nz = 12 - N, -272 - sp

Sz = 18 - 3N, -392 - 51

53=9-191-3122

L = 12 -472 - S
,

Optimum : ✗1=0
,
✗ 2=0 , ✗3=12

,
51=0

,
82--18,53=9

Cost = 12 .



1. (b) Maximize 3N , + 5h2

Subject to set - 2N, I 6

Ni f 10

Nz>→ - Nz I - I

Ni , Me 70

t
,

KI - 2h2 + S, = 6

21 1- Sz = 10

-Nz + S3 = - l

Nl 1 N2
, 73 , S

, ,
S2

, S3 30

{s , , Sz, Sz } is not a feasible basis .

- To find the initial basis, live can use the method using an

auxiliary LP that was discussed in the lectures .

Now we want to guess an initial feasible basis
.

- 2 I 0

1 :
0 0 1 § ]

0 -1 0 0

9 R p

consider { s , ,sz, nz } , columns are linearly independent

Putting ni=O , sz=o gives : R2 = 1
,
51=8

,
Sa =D

→ feasible .



KI - 2h2 1- S, = 6

21 1- Sz = 10

-Nz + Sz = - I

NI 1 M2
, 73 , S

, ,
Sz

, 53 I 0

Initial feasible basis : { Sl , Sa
, Nz }

-222 + s, = 6 - Ni

52 = 10 - Nl
- Nz =

- I - 53

Putting (3) in 111 :

1-Is 1- 253 + s , = 6 - Ni

Sz = 10 - N ,

- Nz =
- l - Sz

Sz = 10 - Ni

**.

I:÷÷÷÷÷⇒
3N, + 5h2 = 37, + b- (1-113)
-

↳ Initial tableau .

→ continue simplex from here
.



S
, = 4 - Ni - 253

Sz = 10 - Ni

Nz = I + S3

-

2 = b- -13Mt 1- 553

2,1^1
,

sit,

Ni = 4 - Si -253

52 = 6 + SI -1253

Nz = I 1- S3

-⇒⇒

Optimum : N, = 4
,
92=1

,
S
,
=D

,
Sz = 6,53=0

Cost 17



2- Input : a set of inequalities An Eb

Output: is An Eb feasible ?

- Convert An Eb to equational form
.

→ Assume the equational form is : A'y = b
'

g 30

Consider the auxiliary LP used to find an initial feasible basis

for the simplex .

- Add extra variables Si , sz
,
. . . Sm

maximize -9 -Sz - . .
- Sm

Aly + s, = bi
A'zy → sa = bd

:

Almy + Sm = bm
'

y> 0
I 30

An Eb is feasible Ift above ZP has optimum = 0



3.

A) Maximize 5M -Na +2ns

Subject to : Ki - 692 + M3 £ 2

521 +722 - 2h3 I -4

8N,
- 10h2 -119ns £75

572 + 1473 £ 30

equational form .

tinaximize 5nF - b-ni -mi + ni +23+-275

subject to : → -6 6 I -1 Ni

{? -7 -2b- -5 7 a- / = µY- g ,,
,, , , y, my yg)

0 0 5 -5 14 -14 Zi 30

75'

3-

Ñ
,
ni , Mi , ni , ni ,n5

30



b) Maximize 2M - 392+493

subject to : -

Ni + 2212
-

Nz = 14

5N ,
-

6 N2 +1223 = 20

Nl , Nz
,

Nz 30

general form

tllaximize 24 - 3h2 1- 493

14

subject to :

(
-1 2 - I £

+
→ ' II:] f:)b- -6 12

-5 6 -iz
-20

Nl , Nz , My 30



3. (c) General form LP is degenerate

An Sb

questionCANCELLEDsome feasible point ihas more than ' n
'

hyperplanes
passing through it .

Let us assume that this point satisfies :

A
, R =

b ,

A2 N = bz ÷.:

An n - bn

Anti N = bnt,

Antz n < braz

:

Am N Gbm

li) C
=

[
An aiz .

. . Am D=

[
is an -

- ^ am

]: :

i An -11 Ana?
. - - An -1in

am anz .
- . Ann
]

Anti
, 4 Anti> 2

- ' ' anti;D

-

Columns of c are linearly independent .Claim :

↳
Not clear !

-

Not sure if question is correct!



3. (d) Equational form LP is degenerate ⇒ General form LP is degenerate .

An =b } - m In
N 70

strictly
There is a bfs which } →

n* ⇒ there are more than n - m
n

has multiple bases .
O'e in a*

Germ : Ain E bi

- Ain f - b ,

Aaa Sba
M hyperplanes

- ☒an ← be}'

:

Amn Ibm

-Amn s -bm

Nl 30

Razo }
" hyperplanes

inn70

Hile need to find -

more than '

n
'

hyperplanes
'

passing through n* .

- A) N = bi Nj =D V-js.HN#lj7--O
i.

A) N = bm Ime know . that there are

> n -m such variables ,
me
M Of them .

therefore more than n hyperplanes pass through N*
.



4 . LP : n variables Unconstrained . { Mi , Na, . . . Rn }

Add variable No .

=

N, - No

Initial LP : An Eb

We consider variables : Yo , y , , . - . yn
Old New

Anni -1 Ganz -1 . - . + am Nn Eb,
→ 911 (Yi - yo) -1 - n - tain lyn - yo ) IbiM:amn,,...ammgm , am, ,y , .gg, , . . . yamngymy, , ,,

ye,...ym=o

Claim :-1 : For every feasible sdn.cn, , . . . Mn ) Of old LP
,

there exists a feasible soln.ly. ,y , . . . Ym of here LP .

Suppose min over { a , . . . nn} is given by hi
.

This means : Nj - Mi 70 V-j

We want : y , - yo = Me Moreover :

Ya - Yo Ena Yo -1N'

i. yo the

yn -go
- Nn Yo nm 70



We want : y , - yo = ni Moreover :

Ya - Yo Ena Yo -1M

i. yo 7h2

yn -go
- Nn Yo nm 70

'I

choose yo to be a large enough
" number

suppose the least value among Mi ,
- . . . nn } is given

by Ni
.

- if ni Zo → go =0 ,

else ,
Ni < 0 → yo =

- Ni

↳
yo 70

yj
= Yo + Nj = - no tnj 30

since Mi was the least .

Claims : From every soln . Iyo , Yi . . . yn) , we

get a son .
for Old CP In, , . . . Mn)

Ri - Yi - yo



Alternate solution ( based on Anurag's idea )
- -

Initial EP : An Eb

In the new LP consider variables yi , yz , - - n, yn , ynti

Old W

gun, + q.nu . . . + a,nmsb, | ( y , - ya, + a ,z( yay ,> + . . . + a ,n( yn .yn+,, ⇐ ↳

: :

am, Ni + Amanat
- - - tamnnn Ebm am, ly, -ya + amzlyz-y ,) -1 . - - t Amn Lyn - ynti ⇐ bm

Yi , ya , - - - . Yniynt, 30

Every soln . to next 2P has equivalent son . in old LP.

Suppose
<y,* , y¥ , . .

. . yn* , yn*+, > is a som . to new LP.

*

fie { ii. in ,n}nTake Ri = yi* - Yin

Claim : Every son . in old LP has equivalent son . in new LP .

*

Suppose 1nF
,
na*

, - -- , nm, ,nn* > is a soln . to old LP .

Take y, = ynt, -1 nF + not -1 . . - + Nn*

Ya
= Ynt, -1 nF + v. + nn*

:

Yi = ynt, + ni*+ - - -
tnn*

:

yn = Yntl + MY
non-negative

ynt , = a large enough value so that Yi . . . .yn are all

a non - negative



b-^

A) Maximize 2N,
- 1272+2073 Minimize 25g , + b-ya + 4Y3

Subj. to 6N, + gnz -125ns £25 →

subj. to by , + zyz -1493>-2

2M - Gnz 1- 323 = 15 9g , - byz + Fyz £ -12

4N, + 772 - 2023>-4 25g , + Bye
-2Oy3 = 20

Ni 70 y , 70

Nz £0 yz Unrest .

nz Unrest - yz £0

b) Maximize 8N -13nA -2ns Minimize 2g,
- Gye

Ri - 622 1- M3 32 → Yi + 5Y2 £ 8

521 +792 - 2h3 = -4 - by , + 7- Ya 33

Mi £0

N2 30

YI - Zyz = -2

y,
70

yz Unrest .

c) Minimize -27+322+5213 Maximize 5g, + aya -1493

-

221 + Nz + 393 35 → -2g , 1- Zyz
£ -2

274 + 23 £4 y, + zyz 73

Zzz T B = 4 3y, + Yz +y 3=5

Ri so Yi so

Na 30 12 70

Be unrest. Yrs unrest .



6
. Prima : dual :

maximize Ni minimiuio Yi - Zyz

subj. to N,
- nz I 1 Y, - yz I 2

-

24 1- nz I -2 -

y, + yz 7- 0



7. Primal : Dual

maximize On minimize bty

subject to : An =b subject to A>y =c

From weak duality : in £ b' g- ltñ c- primal , 45 c- dual

IN = 9N, + Czyz + n . . tennis

9 = Ally , -1921 Yat - . . t Ani yn

:

an = Ain y, + aznyat - - . + Amn yn

on = ( any , -1 - - . + aniyn) 71
+

'

:

( Amy, -1 - -
. + amnyn) nn

Regroup in terms of y : (Aunt aizslzt - - - tain Mn) Yi
+

;
79m(Amin , + amzrnztrn.t9mnNn

= big , + buyer . . tbmym = By .


