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Exercise:

Write the dual of the following LP :

maximize 5 + 39, + 472 - 2h3

subject to Ni - 7Nz -1523 I 10

22, 1- 3h2 - Nz £15

Nz + 7-Nz €20

Nl
,
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Dual

minimize 5 + toy , + Kya -120g>

subject to : y , + aye 33
- 7-y , -1392 tys 74

5g,
1- Yz +7g} 3 -2

Yi , ya . Yes 70



GOAL: Proof of duality theorem
, using simplex

-

REFERENCEi Section G - 3 Of text :

understanding and Using Linear Programming
- Matousek Q Gaither

\

We will prove the following :

When primal has an optimum ,Iq;mumafauaiisoika9ibskm7dopnmumgpn
STEP 1: Consider primal to be in equatorial form *
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sT_EP2 : Elementary operations preserve the dual optimum

Max Cin, + carat . . . - + cnNn min big, + bays -1 - - - tbmym
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Multiplying a primal equation by a scalar
.
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Replacing a primal equation 2 by
sum of equations iandj

Max Cin, + carat . . . - + cnNn min big, 1- bays -1 - - - tbmym

An N, + Anna + - - . tain Rn = bi Amy , -192 , Yat - - - - 1- am, Ym 3 a

Az, Ni t Azz Na t
- i - t Azn an =b2 Apzy , -1 Azzyzt

- - - t Amzym 3 C2
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Conversely :

If
y ,= y ,

" then y ,=y ,

"

:

i. gj=yi"+y;
"

ym - ym
"

:

yi - yi
"

is a son . of Dz
:

ym=jm"

is a soln -

of P1
with same cost .



STEIB . Observe that simplex tableau are obtained

through a sequence of elementary operations starting
from the original system of equations
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From step 2 and step 3 : Dual optimum of original system
-
--

is the same as dual optimum of
a simplex tableau corresponding to original system



Step : What is the dual when primal is given
r

by a simplex tableau ? *

Ni, =p ,
-1911Nj ,

-1
"
't 91n-my.mn

NB = p + Q NN

i. B = { i
, ,
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, . . . im } M =

'{ ji , ja , . . . jn - m }

Equations : [
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,
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-

Gun .my kjn.sn
= P2
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Kim - 9mi Nj , - 9manja - - - -

- 91min -my Njn-m = Pm

Lost : GNI 1- Czrkz -1 - - - t Cn Mn = Ci
,
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,
-1 Ciidiz -1 - - . + cimrkim

1- Cj, Rj, + - - - + cjn-mkjn.in↳
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Equations :

Nii - 9111 Nj ,
- 9,12 Nj,

-
- - i - 9111mm, kjn.mn =P '

Nia - 912, Rj , - 922Uja - - - -

-

Gun .my kjn.sn
= P2

:
Kim - 9mi Nj , - 9manja - - - -

- 91min -my Njn-m = Pm

Lost : C
, N , + Czrkz -1 - - - t Cn Mn = Ci

,
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,
-1 Ciidiz -1 - - . + cimrkim

1- Cj, Rj, + - - - + cjn-mkjn.in↳
can be rewritten using ji . - • jn-m

=

"
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STEPS: Main Observation : Assume primal has optimum .

- -

In the optimal tableau , coefficients ri
,
ra , . .

. rn-mare negative
!

Hence Y , , ya , -
. .

, ym =D is a feasible solution to the

dual constraints .

Dual cost :
- -

Zo t pig , + Payet - - . tpmym

= 20 when ya , ya , - . - sym
⇒



- Primal optimum = Zo ( comes from the find tableau)

- From weak duality ,
for every N which is a feasible 801m - of primal

and for every y minion is a feasible soln . of dual

Kee have a Ebty

Now
,

We know that there is an optimal N* for primal from simplex
tableau

,
with cost Zo

'
- . For every feasible

y of dual ,

Zoe costly )

- But we have exhibited one feasible Soln . Of dual

Keith cost 20

i. optimum Cdhal) = Zo



⇒

1Pñm - 1T¥What does this show ?

elementary
- 1

When primal has an optimum : |d- 1Diae]tableau
__→→. -→⑦

- consider the final tableau

- Write the dual constraints for this system
- Dual optimum equals the optimum if this system corresponding to

final tableau

But
,
we have seen that elementary operations preserve the
dual optimum .

We can also reconstruct the dual feasible solution giving the

optimum for the original system .

- Proves duality theorem !


