
LINEAR OPTIMIZATION

LECTURE 12



27/042021 DUAL OF AN LP
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Got : Given an LP
,
associate another LP to it ( called its

"

dual
")

which has interesting relations to the original LP

REFERENCE:_ Section 6.1 Of text :

Understanding and Using Linear Programming
- Matousek B Gartner

→

Intuition
maximize 2mi + 3^2

subject to 4N, + 8h2 I 12

2N, + Nz £ 3

3N, + 272 I 4

Nl
,
Nz 7 0

2mi +3mi

2mi I 4N ,

'

l since Rizo )

3mi I 826
'

( since ni 707

2mi + 3Rd £ 4N,
'
+ 8mi I 12 ( from LP constraints)

suppose V is the optimum of the above <p .

2mi +3^2<-2"
-1422

'

- 2N , -149256'Ii
so the cost : 2N, -1392<-6



maximize 2N , + 322

subject to 4N, + 8h2 I 12 } add :}@ Ni -1922) I 15
-224 + Nz £ 3 +

d
,

3N, 1- 272 I 4 2N, + 3Nz £ 5

Nl
,
Nz 7 0

÷f

f

non negative
value {

% ✗ 4×1 + 892 f iz

ya ✗ 2N, + Nz £3

Yg ✗ 371 -1 272 £4

(4tyN , t (+zyz)nz £ 12g , + Byways

32

"""""""""✓
"

TE 12g , -139<-1493

4y , + aye -1 393 32
-

8y , + yz 1- Zys 53

Yi , Yz , Ys 30 LP that we started

with

↳ Optimum (dual) 3 optimum / original
LP)



Y, ✗ 4N , + 822 É 12non negative { ya ✗Value 2N, + Nz £3

Yg ✗ 371 -1 272 £4

(4tyN , t (trn £ 12g , + Byways
-
2

1

32

If 4Y1 + 2yz→3yz 32 and 891 + yziryz 33 .

Then . 2mi +372 £ (

4yi-2yz-syz7ni-lsyi-yz-t-2.gg?N2Il2yn-3yz-493

for
every feasible soln . benni of original LP .

⇒ optimum of LP
£ 12g , + 3y~+4ys for an ly , ,yz,ys7

satisfying above constraint.

Another Lp to minimize this upper bound 12g , + Bye + 4y3:

Minimize 1291 -1 3yz -1493

4g ,
-1 292 -1 393 7- 2

8y , + yz 1- Zys 33

ana, , µ.
Yi , Yz , Ys 30 LP that we started

with

↳ Optimum (dual) 3 optimum / original
LP)



maximize CTR minimize bty

subject to an ⇐ b ( subject to a,y , c
k Zo y 30

Primal Dual

C, Ni t CzNz -1 - - . t Cn My

÷iFi÷H÷
.Tmx

d.

Objective: Minimize b' y

constraints : A' y z e

y 30



Exercise :

-

Write the dual for the following LPs .

1) imaximize! 12N, + 32kt b- M3

7N , + 422 1- 22h3 £ 100

2N, + 7- Rz I 50

HI , 2h21 M3 70

2) maximize 2N, -1 392

subject to :

4N, 1- 822 I 12

2N , 1- Nz £ 3

391 1- 272 I 4

Hi , Nz 70

3) minimize 12g , + 3yz + 4Y3

subject to Ay , +
zyz

+ 3Y3 32

8g , + yz + 2yz 33

Yi , Yz , Yz 30



1) imaximize! 12N, + 32kt b- M3

7N , + 422 1- 22h3 £ 100

2N, + 7- Rz I 50

HI , 2h21 M3 70

t

minimize 100g, + →yz

FYI + 2yz
312

4g , =3

291 -1 7yz 7- 5

2) maximize 2N, -1 392

subject to :

y , ✗ 4N, 1- 822 3 12

Yet 2N , + Nz I 3

Yz -1 391 1- 272 I 4

Hi , Nz 70

minimize 12Gt + 3yzt4y3

491 1- Zyz + 3yz 32

8y , + ya + zyz 33 91<-0
, ye>°



3) minimize 12g , + 3yd + 4Y3

subject to x ,
✗ Ay , +

2yz
+ 3Y3 32

Nz -1 891 + yz + 2yz 33

Yi , Yz , Yz 30

:

(421-182) y , + ( 2mi -1 Me)yz + (3M -122k)y3 I 224 + 3Nz

¥0s:
4N, + Saz £ 1.2

271 -1 Nz £ 3

324 -1 eke I 4 Mi 921330

then . 12g, -1 Bye -1 Ay, I (4mi -18ns) y , -1 lose , -1 hiya-113m-2mHz

7 2h, -1322

Dual :
-

Maximize 2h, -1 3ns

subject to : 4Mt 872 £12

2K, + Nz £3

324 A 2h2 £4

Nl ) Me
, Ms 70



Primal - dual pai

Max ctn min bty

subj.io/tnfb@ subj.toATyy>N 30

PRIMAL - DUAL Pairs

Dual Ot dual is primal .

- Previous example illustrates this



tweak ty : ( Proposition 6-1.1 in the text)

Prima Dual

F"
"

subj to subj Harry 7- cAn Eb

NZO

N
'

y!

For
every n

'

, y
'

sit . n
'

is a feasible 10in .

of primal
and yl is a feasible soln . Of dual r

Corollary

If primal is unbounded , dual is infeasible
.

-

DIY theorem:
= dual optimum

Exactly one of the toll . possibilities occur :

- 1 . Both Primal (P) and Dual (D) are infeasibleI.÷..:÷:.i.-2. Primal is unbounded ,
dual is infeasible

-3 . 7 is infeasible , dual is unbounded

the Optima coincide .



Writing the dual for different LP forms ?

maximize 2N, + 322 minimize 12g , + 3yd -1493

Subj . to y, ✗ 42Gt 82s £12 4Yi+ aye -1393>-2
ya , ya , + m , , | gy , + y, + y,

, ,

Yz ✗ 321 + 2h2 5 4

21 , Nz 70 I / Yz , 933-0

Megaariable:

maximize 224 + 3212

subj . to 42Gt 822 £12 ✗ Yi

2N , + Nz £3 ✗ ya

32, + 2ns I 4 Xyz

N
, SO

Nz 30

(4) i-zyz-zyr.TN, + 18g , -1 yz→2ys] Me I 12g , -13g -+ 4ys

2N , I ④ I 1- 2yz+3yy) 2 ,
since n, so , above inequality is ensured by : Fyi +2yz+3ys I 2



maximize 224 + 322

subj . to 42Gt 822 £12 ✗ Yi

2N , + Nz £3 ✗ ya

32, + 2ns £ 4 Xyz

N
, SO

Nz 30

I

minimize 12g , + Bye + 4ys

subject to : 411 -1 zyzt 3yz I 2

8y, + yet zyz
33

Yi , ya, yz 70



Unconstrained variable :

maximize 224 + 322

subj . to 42Gt 822 £12

2N , + Nz £3

321 + 2h2 I 4

Nz 70

m unconstrained

N , = ni - ni , Ni , ni >0

Obj ' Max : 2nF -2mi +322

4nF - 4mi + 892 £12

2nF - 2mi t ne E3

3251 - Bai 1- 2N- I 4

n- 70 nF 70 , Ri
-

30

t.

4y , + Zyz -1393 32
-AY , - 2y~ - 3g} 7 -2 → 4g , 1- zyz -1373 £2

8y , 1- Yz + zyz
73

Find : minimize 1291 -13g- +4g>

subject to : 4g, + zyzt> yrs = 2

8g , + yet 2yz>_ 3

Gil Yei y3 70



Constraint Keith 3 :

-
-

maximize 224 + 3212

subj . to 424 -1 822>112

2N , + Nz I 3

321 + 2ns £ 4

Nl , Nz 70

t

minimize 12g , + 322-1 4yz

subj . to: 4y , + 2yz+3yz
→ 2

Sry , + yet 213 73

Yi EO , y -70



Étui :

maximize 224 + 3212

subj . to 42Gt 822 = 12

2N , + Nz £3

321 + 2h2 £ 4

Nl , Nz 70

I

4N , + 82k I 12 ✗ Yi
-4mi e- 822 I -12 ✗ yi
2mi + N2 £3 Xyz
321 -1 2ns £4

Xyz
s

- I

4(yi - yi ) c- aya + 3yz 32
8 (yi - yi ) + ya -1 zys 73

Yi
, y ,
-

, ya , yrs 30

4
Minimize 12g -1312+443

4y , 1- 2yz + 3yz 72

8 Yi t Ega + 2g> 33

Y, unconstrained , 927019330



Max ctn

subjtoAn<①N 70

→-1.-
*in >_ bi Ain = bi Nj £0 Nj Unconstr .

I 1 I
1

yi so Yi is unconstrained AJ-ysg.AT.y=cj

min big

subj . 10 Atg zc

#

MAX 824 1- 372 - 2ns minimize Zy , - 492

subj - to : R,
- bnz + nz zz

YI + 592 S 8
- by , + Fye 33

524 + 7ns - 273 = -4 Yz - Zyz = -2

Ni £0
, 22>-0 , Nz Unrestricted Yi £0

ye unconstrained



Suzy :

- Notion of dual ; Writing duals too different LP forms

- Weak duality theorem and its proof .

- Statement of strong duality theorem .


