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22/05/2021 Lecture 10 : simplex method
- Part II

-

-

tame : Apply simplex on the following LP .

Maximize Ni +2m

subject to :

Hi + 322 f- Nz = 4

222 + Nz = 2

Nl ,
Nz
,

M3 30

How do we start ?

- [
1 3 '

, ] → Find an initial feasible basis .

°
2



Finding an initial feasible basis:
-
-
- - -

- This is a hard problem . Finding a basis is easy . But we need

to ensure that it is feasible .
A brute force enumeration

of all bases is not useful, since it is expensive and as

difficult as finding the optimum .

- We will make use of an auxiliary LP to detect feasibility
and infer a feasible basis

Back to example :
-

-

Maximize Ni + 2h2

subject to :

Hi + 322 f- Nz = 4

222 + Nz = 2

Nl ,
Nz
,

M3 30

- Add auxiliary variables na ,
Ms :

-

change constraints to :

2¢ = 4 - Ni - 322 - 3h3

25 = 2 -

2h2
-

V3

Nl , NZ
, Nz , Up , Us 30

- Consider objective maximize - Na - Us



Maximize Ni +2ha Maximize - N¢ - Ns

subject to :

subject to :
N , + 322 f- Nz = 4 → 24 = 4 - Ki -3212 - Nz

222 + Nz = 2 Ns = 2 -

222 - Nz

Nl
,

Nz
,

N3 30 Nl , Nz , Mg , 24 , Ms 70

LP Auxiliary LP

-

LP is feasible Iff optimum of Auxiliary LP is 0
.

Lemma:

Pit : Notice that the objective of auxiliary LP £0 .

- A feasible point of LP gives a point in aux . LP with cost 0
.

- An optimum of aux . LP with lost 0 has Ny=ns=0 . Hence

the projection of optimum onto Miina
,
Ni gives a feasible point

of Lp .

What is the advantage of auxiliary LP ?

- A feasible basis can be detected easily .

It is given
by the extra variables .

For the above aux . LP ( I

z

t

,☐

3

✗ , ✗2 ✗3 ✗a ✗5

B= {4,5 } is a basis - Moreover
, Substituting nynzikz -0

gives Rq= 4 , Ns-=2 .
→ a bfs

.

<010,0 , 4 ,
2>



What is the advantage of auxiliary LP ?

- A feasible basis can be detected easily .

It is given
by the extra variables .

For the above aux . LP ( to 3

a
:D :D]

✗ , ✗2 ✗3 ✗a ✗5

B= {4,5 } is a basis - Moreover
, Substituting nynzikz -0

gives Rq= 4 , Ns-=2 .
→ a bfs

.

<010,0 , 4 ,
2>

-

Secondly , the cost of the aux LP so
. Therefore the

optimum
is attained at a bfs . the simplex method

on the aux LP . gives a bfs for the aux LP .

- suppose y* is the bfs Of aux LP that gives optimum

'
Basic variables of some aux . variable

y* do not include is basic in the

aux . variables final tableau

tet.

Same basis is feasible (next page)
in LP



- suppose y* is the bees of aux . LP that gives optimum

Basic variables of some aux . variable

y* do not include is basic in the

aux . variables final tableau

I1

Same basis is feasible This is a degenerate case
in LP inhere the aux . variable

which is basic also has

- value 0
.

The tableau

can be rewritten so that

°

the original variables are on

the 217s and aux . Variables

are on the RHS .

-

Keithout changing the bfs
.



Example :

Maximize Ni + 2h2 Maximize - N¢ - Ns

subject to :

subject to :
N , + 322 f- Nz = 4 → 24 = 4 - Xi -3212 - Nz

222 + Nz = 2 Ns = 2 -

222 - Nz

Nl ,
Nz
,

23 30 Nl , Nz , Nz , Ny , Nf 70

LP Auxiliary LP

solution to auxiliary LP :

Nf = 4 - Ri - 3212 - Mrs Nit N, = 4
- My -322 -23

Ng = I -222 - Nz

-

→
Ng = 2 -292 - M3

Net
-

2 = -6 + N ,
+ 522-1223 2 = -2 - Up -12N z -173
-

-Ny - N5

Not, fast
Ni = 2 - Ry - Nz

- Ns

Nz = 2 -272 - NJ

optimum
!

Optimum of aux . LP is o with basis { 1,33

Notice that {1,3} is a feasible basis of original LP too .



Maximize Ni + 2h2

subject to :

Hi + 322 f- Nz = 4

222 + Nz = 2

Nl ,
Nz
,

M3 30

LP

love have inferred that { 1,3} is a feasible basis .

Projecting the final tableau of the aux . <P to {mine , as } gives
the initial tableau for Lp :

→ My = 2 - Ne 224 Ni = I + ✗312

→

My = 2 - 2Nz 22 = 1 - N3/z

z=z+rÉ
%"

TÉ
t

optimum

bfs : < 1 , 1,07 gives optimum
cost : 3



EaI°n ± the simplex Ed :

At each step there is a bfs represented as a tableau .

B - T/B) Tableau of B

either stop 1with an answer |
or go to next

step I. !
B
'

→ TIB' )

Tableau of a bfs :
-

A simplex tableau determined by a feasible basis B

is a system of Mtl linear equations in variables

Nl , Nz , . - r , Un ,
2

that has the same set of solutions as An __ bin >0 and

in matrix notation looks like :

✗K, =p , +
-
- t -

-

.
.

✗is = p + QNN
×

;
=

-

Rum I = Lo -1 VTR
,×

✗Be Rm
, Xue R

" 'm

, p > 0 and PE IRM
,
Q is an mxln -m)

to C- IR
,
r EIR

" 'm

matrix



temma ? : For each feasible basis B
, there exists exactly one

tableau TCB)
,
and it is given by :

p = A- B-
'

b

a = - Ais
'

Am

20 = CBT Api b

T T
r = Cn, - (CIF AI' Am?

Frodo: We start with An = b
,
Neo . bile are given that

B is a feasible basis .

Rewriting An:b: AB RB + Ansen, = b

AB: MXM Ani : MX @ -m)

ABNB = b - Anam

We Know AB has rank m . Hence there is an inverse AE
.

AE' AB Mrs = AÑb - Ais Ansen

NB = AÑ b - AI
'

Am NN

This gives a tableau with :

p = AB' b = - Aid AN



NB = AI b - AI
'

AN Mn

CB : the coordinate of C

Hhat about cost c
' ? corresponding to basic

variables B

CTU = CBT HB + GINN CN t non - basic

= 95 (AI'b - AI
'

Ansen) + CÑNN

= CBT A-B
'

b 1- ( CMT - CBT AI
'

AN) MN
on

=20

This shows that for every B there is a tableau TCB)

Uniqueness :
-

a::÷:÷÷
It is enough to show p=p

'

and Q=Q
'

.

3m
*
is
= p + QNN

RB =

p
'

+ Q' an 3m

Subtracting coordinate wise :

( p
-

p
') + (Q - Q'

) Nn = 0 for all values
of Nw .

Now putting an __ 0 gives p =p
'



TO show D= Q
'

ai
=D✗ ] - l HH:2hpm

RN

ai ( Q1 - Q1) + ant ( Q
'

- a' 2) + . . . + sin
" ( Q"'m - n -m)=o

Putting NÑ = 1 and others 0 gives Q1 = Q' 1

:
Uni -1 others o - ai = di

This shows D= Q
'

.



If TIB) is a simplex tableau s- t . V50
,
then¥2 "

the optimum is 20
,
attained at the bfs corresponding to B -

Tz_.azini-m .

Kie stop when every rise

Proo At
any feasible soln

. y , the cost is given by :

20 + Fyn,

we know YN >0

i. Since r £0
,

Zo + My,→ I 20

Now
,
the bfs corresponding to the tableau has cost 20 .

Hence it is an optimum .



Ping step :

suppose tale have a tableau TIB) SA . r is not EO.at

every coordinate .

How do vile choose an Nv that enters the basis and

an Ku that leaves the basis ?

Assume that B= { ki.kz , . . > km } N= Eli
, ez . . . , In-m }

R, = p , + 911 li + 91212-1 . - . + 91,n -mln-m

:

ki = pi + qi, li + girl- + -

-
+ 9i.n-mln.rs

i.
km = pm + qm , lit

- -
- -

+ 9min-mln-m

-

2 = 20 + r
, th t rzlz -1

- - -
+ Tn-mln-m

suppose we want to check if li can enter the basis :

- pi > 0
9ii

- Consider column corresponding to li

( ki ):- If All coordinates 9ji 3° ,
9mithem LP is unbounded -

- Otherwise we win pick a variable Rj which

gives the tightest constraint for li .



di

R, = pi + 911 li + 91212-1 . - . + 91,n -mln-m

ki = pi + qiili + qi.la/--/+9i.n-mln.mi.
km = pm + qm , lit

- -
- -

+ 9min-mln-m

É+mm

-

"|:÷)_qm,#
Look at all rows j s - t - 9ji < 0

kkj-pj-9ji.li + ¢ >

this
gives a bound -gP÷

for li

Choose an a minion gives : min { _gP÷ : 9ii<0 }

ka leaves the basis
, li enters basis .

Mu = K2 Nu __ hi



-

B' = (B) {u }) u { u } is a feasible basis .Lemma :

Proif:
NB = p + Qam

M

I XB - Rani = p
mxm

9" 9h - 9in
,

-m

I:÷:p: :]
"

-1 : 1
" -

-1¥
.
)

-

r -

i

. I 9m, 9mz - - . 9m, n -m

u

X
'

II The set of columns Obtained by removing the column corresponding
to n in Imam and adding the - Q

"
trom Q

,

gives a set of m columns that are linearly independent .

xu= - #_< ° 9m -0

☒

Combination of other columns in I cannot give Q
"

ii) B) {ul + {v3 gives a feasible win . by punting

u { u} =D . This is because of our choice

made in the last slide ( detailed proof left as exercise)



Ciii) B){us u { V3 is linearly independent in
the original system as Klett .

His - QNN =

p

start with A :

[ A ] and perform Gaussian

elimination .

AB RB + AN UN
Api

'

-

Multiplying by AI
'

: [ ] [
'

A's /
A" ]

(
is equivalent to replacing rims of A by a

weighted combination of its rows given by
Ari
'

.

- Now consider a set of columns that are linearly
independent after applying the Gaussian elimination . Then

they have to be linearly independent in the original matrix
as well .

↳ Restrict matrix to only this set . say there are k columns

If they are not 1in. independent , then rank of original
matrix < k .



- There are
< k 1in

. independent 201ns in original system .

-

- G.E. preserves the linearly independent novels .

Hence rank is the same after G- E.

- So the columns B){ u3U { v3 will have full rank in

the original system since they have feel rank in the

eliminated system .



Lemmata If there exists a non - basic variable No sit . To > ° and

the column Ñ has only non - negative entries , the

LP is Unbounded .

Proof:
- Putting Nv - t and other non -basic variables to 0

gives a feasible soln . for all t>o .

t

Nki =p .

Moreover since To > 0
. Increasing values of Mu will increase

cost .

Hence there is no bound .



Summy :

-

Finding an initial basis using aux - LP .

- Formalization of simplex

-

Me have assumed that simplex terminates .

Hmat is the proof of this ?

↳ Next lecture : some pivoting rules that ensure

termination
.


