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TODAY's LECTURE

- What is a linear program ?

- Examples

REFERENCE : chapters 1 R 2 Of :

Understanding and Using Linear Programming
Jiri Matousek

,
Bernd Goirtner



EXAMPLE 1: consider the following problem .

The operator of a restaurant wants to make a healthy

dish out of carrots
, cabbages and pickled cucumber .

Here is some nutritional info and the cost of each

ingredient .

Food carrot cabbage cucumber Required

per dish

vitamin A Lmg 1kg] 35 0.5 0.5 0.5mg

Vitamin c [mg 1kg ] 60 300 10 15mg

Fibre (g 1kg] 30 20 10 4g

price [ €1 kg ] 0.75 0.5 0.15

At what minimum price per dish can the nutrition requirements be
satisfied ?



Food carrot cabbage cucumber Required

per dish

vitamin A Lmg 1kg] 35 0.5 0.5 0.5mg

Vitamin C [mg 1kg] 60 300 10 15mg

Fibre (g 1kg] 30 20 10 4g

price [€1 kg ] 0.75 0.5 0.15

Step 1 : set up the variables .

-

N, : weight of carrot in kg per dish

Nz : weight of cabbage in kg per dish

Nz : weight of cucumber in kg per dish .

Ni , Nz ,
Nz E IR (reals)



Food carrot cabbage cucumber Required

per dish

vitamin A Lmglkg] 35 0.5 0.5 0.5mg

Vitamin C [mg 1kg] 60 300 10 15mg

Fibre lglkg] 30 20 10 4g

price [€1 kg ] 0.75 0.5 0.15

Step z : set up the constraints .
-

35N , + 0.5 Nz t 0.5 Nz Z O -5

60 Ni t 300 Nz 1- 70 Nz Z 15

30 N, t 20 Na t 10 Nz 34

Nl 30 , Nz 30 , Nz 30



Food carrot cabbage cucumber Required

per dish

vitamin A Lmglkg] 35 0.5 0.5 0.5mg

Vitamin C [mg 1kg] 60 300 10 15mg

Fibre lglkg] 30 20 10 4g

price [€1 kg ] 0.75 0.5 0.15

Step 3 : Minimize the cost per dish
-

Minimize 0.75 Mi t 0.5 Nz 1- 0.15 Nz



Food carrot cabbage cucumber Required

per dish

Vitamin A [mglkg] 35 0.5 0.5 0.5mg

Vitamin C [mg 1kg] 60 300 10 15mg

Fibre lglkg] 30 20 10 4g

price [€1 kg ] 0.75 0.5 0.15

Linear Program CLP) :

Minimize 0.75 Mi t 0.5 Nz 1- 0.15 Nz

subject to : 35N , t 0.5 Nz t 0.5ns 30.5

60 Ni t 300 Nz + 70 Nz 3 15

30 N, t 20 Na t 10 Nz 34

Nl 30
,
71230 , Ns ZO



Linear Program CLP) :

Minimize 0.75 Mi t 0.5 Nz 1- 0.15 Nz

subject to : 35N , t 0.5 Nz t 0.5ns 30.5

60 Ni t 300 Nz + 70 Nz 3 15

30 N, t 20 Na t 10 Nz 34

Nl 30
,
71270 , Ns 70

Solution : Ni = O . 0095 Nz = 0.038 Nz = 0.29

carrot 9.5g Cabbage 38g Cucumber 290g

Price per dish : €0.07



IN THIS COURSE
. . -

- l . Algorithms to solve LPs
.

-

simplex , Primal - dual algorithm

-2 . Some theoretical properties of LPs
.

- convex polyhedra , duality

- 3
. Applications of LP

- Zero - sum games

- Matchings and vertex covers in graphs



EXAMPLE 2 : Network flows

⑨ 1
-The goal is to transfer files 3/1#⑥

yfrom s to t using the
' 4

s
.

-⑥ t

network on the right . \€#
①-

②
- On each edge ( link), data can 4

flow in both directions
,
but not simultaneously .

- Numbers next to the links show the maximum transfer rate in that link

in Mbitls

- Nodes do not store any data .

Question : What is the maximum transfer rate ?



What is the problem ?

⑨ 1

Y tI 4
s
.

-⑥ t¥
①-

②

4

- Full capacity of a link may not be possible to

utilize .

leg . ④ )

- Secondly . we need to choose the direction of data flow

for each link .

- Transfer amount t direction for each link .



An LP for Network flow :

⑨ 1

TitanI 4
s
.

-⑤ t

\#f i,
nee

-
-

3

←
e

4 C
-2

Nce
=

Stel : choose the variables TT
(

Nsa ,
Nsb

,
Nse Nad , Nab

€

Mbe Ncd
, Nce

Ndt net



s
⑨ s

'

step z: Write the constraints
④
ya
-

I 4
s-⑥ t

↳¥ if -3 E Nsa E 3 -l E nad E I
④→

4
-l E Nsb E l -3 S Nye E 3

step : choose the variables - l S Nsc I l -4 E Ned E 4
Nsa ,

Nsb
,
Nse Nad , Nab

- I E Nab E l -4 E Nce E G
Nbe Ncd

, Nce

"
at net

-4 E Ndt E 4 - l E Net E l

Nsa = Nab t Nad

steps : Formulate the objective
Nsb t Nab = Mbe

Nsc = Ned t Nce
Maximize Nsa + Nsb + Nsc

Nad + need = Ndt

Mbe t Nce = Net



Final LP '

'

Maximize Nsa t Nsb + Nsc

⑨ 1 Subject to ..

✓ \ - 3 Ensa E 3I 4
-l E Nad E l

s
.

-⑥ t

\€f -l E Nsb E l -3 S nbe E3

①#
- l E Nsc E l -4 E Ned E 4

4
- I f Nab E l -4 E Nce E G

-4 E Ndt E 4 - l E Net E 1

Optimal solution :- -

Nsa = Nab t Nad
l

z ⑨
s

✓/#⑧ 3 Nsb t Nab = Mbe
I 2 \

s-⑥ B t Nsc = Ned t Nce¥#get
mad + nca = Ndt②t
Mbe t Nce = Net



Problem : Write an LP for the following network flow problem

using the variable given below .

3

5 ⑨ ②T
s

t

\ 4 3

⑤-④
7

Nsa , Nsc , Nsb

Nba

Nca
,
Nct

Nda , Nabi Ndc , Ndt



⑨→ 2
5 g

s

t
Maximize Nsa t Nsb + nsc

4
- 3.④ a ④

3

Subject to :

7

-5 E Nga f 5
-2 I MetE 2

Nsa , Nsc , Nsb
- to E Msc E 10 - 6 Enda E b

Nba
-2 E Nsb E 2 -7 E Ndb E 7

Nca
,
Nct

- 3 E Nca E3 - 4 E Ndc E4
Nda , Nabi Ndc , Ndt

-K E Nba E 4 -3 E NdtE 3

Nsa t Nba + Neat M&a =D

Nsb + Ndb = Nba

Nsc t Ndc = Nca + Not

D = Ndb + Nda-1 Mdot Ndt



EXAMPLE 3 : Production schedule optimization .-

- Demand of a product in a year : di , dz.dz , . . - - , diz

di : demand for month i (in tons)
- storage cost (of surplus) : €20 per month for 1 ton

-

changing the production by

' ton from monk i. , to i
} : €50

Let ni be the production in tons for month i
.

Find a production schedule with the minimum cost

that meets the demands
. Write an LP for this problem .

A



Cost : cost of storing surplus t cost of changing production

To calculate cost due to surplus , introduce new variables Si , Sa . . . . Sia

Si = Ni t Si- i - di

yn
i t l

demand in

surplus at Production surplus carried
month i

month i at i over from i - I

Assume so = O



Constraints : cost :

12 12

fi: ii. iii. / → + ÷

's:
""

:!:*
.

So = 0

Cost due cost due to

Meet the to surplus production change
demand

Ini - min /
-



Constraints : cost :

12 12

nsiiiiiiii.si/iEisfwtiEj:i-ni::::..So = 0

Cost due cost due to

to surplus production change
L

Problem: This is not an LP as cost contains modulus Ini - Ni- it



Dealing with modulus :
-
- -

Introduce new variables Yi , Zi

Yi = 5Add constraints :

Xi - Xi -, = 5
Zi : O

Yi 30 Zi 30

Xi -Xi, = -5
Yi - O

Xi - Xi - i = Yi - Zi zi = 5

Idea : When Xi - Xi -I 30
,
we should have Yi = Xi - Xi-i

Zi = O

#

When Xi - Xia so , we should have Yi = O

- zi = Xi - Xi- I



Add constraints :

Yi 30 Zi 30

Xi - Xi - i = Yi - Zi

Modify the objective accordinglyIdea : When Xi - Xi -I 30
,
we should have Yi = Xi - Xi -

if
Zi = O

#

When Xi - Xia so , we should have Yi = O

- Zi = Xi - Xi- I

12 12

I, Si - 20 + & Ini - Ni - it - 50
Previous cost : i= , i= ,

12 12 12

New cost : & Si . 20 t Ziyi - 50 + & Zi . 50
i = i i=, i=i



Final LP :
-

Minimize !?§
,

Si - 20 t i¥yi - 50 + i¥
,

Zi . 50

Subject to
.

Nit si-I 3 di

Si = ni t si-i - di

X , = b- Xz= 10

So = O

X ,
-10 X -=

'

si 30 Yz - 22=5
-5

→ / = =

yz -
22 " Xi - Xi - I = yi

- Zi
C

too 95

a
r Yi 30 Zi 30 10 .5=0

-

Yz
.

422--5
-

.

5 O



Minimize i'¥
,

Si - 20 t
i:{ yi -

50 + !¥zi . 50 CLAIM: In the optimal solution ,

subject to
.

- either yi=O Or Zi =O
Nit si-I 3 di

si = ni + sit - di - if Xi - Xi - i 30 , Yi = Xi - Xi -I , 2i=O

so = o else
-z; = Xi - Xi - I ,Yi=0

Si 30

Proof :
xi - xi - i = yi

- Zi
- suppose I is an optimal Solh.

yi 7- O Zi 30

Define txt :

1-
* Ini ) = 0*1 nil

c-* Isi) = r
't ( si)

if Xi - Xi - i Zo , Txt ( Yi ) = Xi - Xi - I , 7*12,7=0

else - T 't ki ) = Xi -Xi - i , THI Yi)=O

Txt has smaller cost .



EXAMPLE : Fitting a line

Given a set of
'

n
'

points :

(Ni , Yi) , (Nz
, ya ) -

- . .

,
(Nn , yn)

Find a line y = ant b that minimizes the total error:

n

E, I anitb - yi /
i = I

Write an LP for this problem .

•

t.÷



LI:

Minimize & ei
e , ,
yanitb

-Jil
i=L

- 5

Subject to : e, so
ei 7

- T

ei 75
e; Zani -1 b - Yi i-- I, a . . . -in

ei z - ( ani * b -yi )

claim In the optimal solution , ei = lanitb - yil

minimiu:lgi-cani-pi Gi pi ?o , 9in

yi - tanit b )
= pi - gi



LINEAR PROGRAM
- -

: General form

Maximize Cini t Cznz t - -- t Cn Un n variables

subject to m constraints
All M , + 912Mz t - - i t Ain Nn S bi

:
I

Am, Ni t AmeMz t . -- t Amn Mn Ibm \
i

a. an
.
. . ÷:÷:i

.

:÷ . ¥:::
'

.

-
-

n : h × ,
← b

| !
.
.
amn

" E R
"

b : mx ,

amor
-

AM' C
, A , b are matrices over reals .

1
A



Question : How to convert a minimization problem to a

maximization problem ?

minimize In ) gift
,

- k

subject to AnEb= Jin
,

t
. :#ii

Maximize - In
i. a

[sung -
he An Eb) n*µ

.

-da
,
- E "

-

da
,



question : How to convert a minimization problem to a

maximization problem ?

minimize in

subject to An Eb

solution ! Consider :
- maximize - En

subject to Anfb

If K is optimum cost and o* is the optimum for the

converted problem, then - K is the optimum cost and

6* is the optimum for original problem .



SUMMARY :
-

- What is LP
.

- Examples : optimized diet

network flows

production schedule} dealing with modulus

tilting a line



Question : consider a network flow problem .

A,

s#T# t

\ ?'
-

- Assume that the variables involving
'

s
"

are Nsa , Tsao . - - Usaa

- Recall the LP We wrote for this problem .

- can any of Nsa
,
. . . Nsaw have a negative value in the

optimum solution ?


