
DISCRETE MATHEMATICS



LECTURE 7
-

Plan :
-

Propositional logic ( contd-7

- segments
- Proofs of segments

- Natural deduction rules



SEQVENTS
.



Example : Four siblings go shopping with their father . Propositions :
- If Abhay gets shoes

,
then Asha does not get a necklace .

-

- If Arun gets a t-shirt , then Aditi gets bangles -

p : Abhay gets shoes
- If Abhay does not get shoes or Aditi gets bangles , the mother will

be happy . q : Asha gets necklace
- Mother is not happy .
Prove that Asha did not get a necklace and Arun did not r : Arun gets 7- Shirt

get a t-shirt . - s : Aditi gets bangles
M : Mother is happy

p → Tq , a
→ s

, Tp vs → m
,
Tm 1- 79, Ar

J derives 1

entails
sequent



EXampk Five friends A
,
B
,
C
,
D,E have access to a

chat room .
Is it possible to determine who is chatting A ! A is chatting

if the following information is known?
B '.

- Either A or B
,
or both are chatting .

c :
- Either C or D

,
but not both

,
are chatting.

- If E is chatting , then c is also chatting . D '.

- D and A are either both chatting or neither is
.

E :
- If B is chatting ,

then so are A and E
.

Explain your reasoning .

Prove that A and D are chatting.

A VB
,

C V D
, 7 ( CAD) , E → C , 1- A n D

D → A ,
A -' D B-s A RE

I



Ex3 : Smuttyan puzzle .

There is an island that has two kinds of inhabitant

A : A is knight- knight who always tell the truth

- knaves who always lie .

You encounter two people A and B . What are * and B if ,

B : B is Knight
A says

"
B is a knight

" and

B says
" The two of us are opposite types

"
.

Prove that A and B are knaves .

Conclusion
-

A → B
,
7A → 713

,

B → 7A ,
TB → 7A t 7A ATB

# t'
segment

L- ft - f

Premises



Sequent

10 , , Ola
, . . . Ion l- Y

in

# conclusion

premises



PROOFS OF SEQUENTS

Certain arguments keep recurring :

- If 'p
'
is true and

'

p→ g
'

is true , then
'

g
'
is true .

- Assume
'

p
'

.

If we arrive at a contradiction
,
ie, both

'

g
' and '

79
'
are derived to be true ,

then our assumption is wrong .
- Hence Tp holds

.

- If '

p
' is false

,
but '

pug
'
is true

,
then '

q
' is thee .



Natural deduction :
- -

- A set of rules which can be applied to prove segments .

Instead of writing English text
, proofs will be

a repeated application of natural deduction rules
.

Tjt
"" '- T

Formulas have operators 11
,
Y
, 7 , → ,

t



Rules for conjunction A :
- - -

introduction elimination

A 10 , 4 10114 01^4
- Ai - he

,

- Nez

10×4 to ex



Example : p ng, , r t 9, n r (sequent)
-

I - p na . premise
2- & premise
3
. 49, Nez , "

4 . 9, Ar Ai , 312

t
.

proof of the sequent



Examyple : ( pig) Ar , sat t 9, as

" CE Ar premise
2 . s at premise

3 . PA 9
.

"
e, ,
I

4 . 9 Nez , 3

5 . S De
,
32

6
. gas Ai , 4,5



Rules for implication → :

- -
-

-

introduction elimination

→ 177 ol.o→e
- 4
- →

i

10 → 1h
Modus Ponens



Example :
- p , p -sq , p→cg, -or ) tr

introduction elimination

i . p premise
→ IF) to , ol → in a . p- g premise

± Ie
- →

i

p → in
modus Ponens 3 . P → ( g -s r) premise

4
. 9, →e 1,2

5 . g → r →
e ,
113

6 .
M →

e
,
4,5



Example : fp.in#tp-.cg, -an
introduction elimination

1
. pag → r premise

→ t÷÷ . ::. a
.

-

""" """ "P )
"""" "

i://T.ya.um.no:
"

hi 2,3

5
. G- I →e , 1,4

6 . /9→# →i , 3-5

F
. P → (qtr ) →i. z

- b



Example :
- p → Ig → r) t ping - r

i . p → ( qtr) premise

÷:/'
a

::÷:
91 Ae

,
2

2

5
. 9 → or →

e
,
I
,
3

6
.

I# →
e,
5,4

7- long → r →
i , 2--6



Rules for disjunction V
- - -

-

"

introduction elimination

" ftp.viipyyvilovx/IItIIf
- Ye
x



Examine : p ng, I- g, xp

introduction elimination

i . pug premise
t.io#viipYIil0v4tIIttIIf a . p assume
-

"
e

X
3

.p Viz , 2

÷E÷:
6
. 9 up Ve : I

,

2-3
, 4+5



Example : ( pug ) v r t p v Ig, xr )
-

introduction elimination

1 . ( p y g) y r premise
" .io# "i p÷" ""¥e 2 . pig assume

3- IT assume

÷: ÷:÷:fi:h÷÷:6
. 9 Vr

12
. Pillar ) Ve , I , 7 . /puC / Viz , 6

92--17 ' g Ve ,
2,3-915-7



Examine p n (qur ' t ( Png,) x (par)

i - p n cgvr) premise
2- p Ae

,
, I

3 . 9 Vr Aea
, I

4 . 9- assume¥. it . "

"÷:6 .

7 .I assume

8- par )
a. epic "

I?
'

:
to - ( Png) v ( pm) Ve , 3 , 4-6,7-9



Examp Cp ng ) x ( par) t p n 19N r)

Exercise



spay :

- sequent
- proofs of segments

- Natural deduction rules .

So far no rules to deal with negation .

We will see more rules in the next class


