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@ What are they?
o Why do we study them?
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o SAT: Satisfiability.

eg. Is there an assignment to x, y, z satisfying all the clauses
(xVyVz),(xVayV-z),(-xVyV-z),(mxV-ayVz)?
@ Quintessential NP-complete problem.
@ Very hard — in theory.
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o SAT: Satisfiability.
eg. Is there an assignment to x, y, z satisfying all the clauses
(xVyVz),(xVayV-z),(-xVyV-z),(mxV-ayVz)?
@ Quintessential NP-complete problem.
@ Very hard — in theory.

In practice — a solved problem! Many good SAT solvers around.
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Satisfiability

o SAT: Satisfiability.
eg. Is there an assignment to x, y, z satisfying all the clauses
(xVyVz),(xVayV=z),(mxVyV-oz),(nxVayVz)?

@ Quintessential NP-complete problem.
@ Very hard — in theory.
In practice — a solved problem! Many good SAT solvers around.

@ Ambitious programs to design good solvers for problems harder than
SAT.
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QBF solvers

o QBF': Quantified Boolean Formula
Subsumes SAT. eg. Is this QBF true?

IxIyIz(xVyVz),(xVayV-z),(m-xVyV-az),(-xV-oyVz)

o PSPACE-complete, so much more expressive than SAT.
eg. Is this formula true?

deVudcdd (—meve)evd)(~uVe)(uVvd)(-cV-d)

@ Quite a few QBF solvers developed in the last couple of decades.
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@ How to improve the performance of a solver?
o Understand where it flounders.

«0)>» «F» «=)» « =

>

= DA
Meena Mahajan, IMSc



Improving solvers

How to improve the performance of a solver?

Understand where it flounders.

Underlying solver heuristics are formal proof systems: Runs of
SAT/QBF solver provide proofs of unsatisfiability/falsity.

@ Lower bounds in formal proof system
(no short proof of unsat/falsity)

¢

no short runs.
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Improving solvers

How to improve the performance of a solver?

Understand where it flounders.

Underlying solver heuristics are formal proof systems: Runs of
SAT/QBF solver provide proofs of unsatisfiability/falsity.

@ Lower bounds in formal proof system

(no short proof of unsat/falsity)

¢

no short runs.

Proving lower bounds — back to theory!
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C: bag of clauses. 3: assignment to the variables.

If 3 satisfies Then 3 satisfies
: AV x
AV x ,
C= BV - x C'=| BV—-x
AV B
«O> «F)r «=Z)» « =) = o
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The Resolution Proof System for UNSAT

C: bag of clauses. 3: assignment to the variables.

If 3 satisfies Then 3 satisfies
' AV x
| AVx ;L
C = BV - x C'=| BV—-x
AV B

Co€SAT = C; €SAT = ... = (C;_1 € SAT = (C; € SAT

CoZSAT < ... <= C ¢SAT < ...« C, ¢ SAT « O € C;
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Extending Resolution to QBF's

QBFs: Quantified Boolean Formulas
e W.lo.g., QBF in prenex CNF: Qx - F(X); F a set of clauses.

@ Resolution is sound: If Qx - F(x) is true, and we add a clause C to F
through resolution to get F’, then QX - F'(x) is also true.
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Extending Resolution to QBF's

QBFs: Quantified Boolean Formulas
e W.lo.g., QBF in prenex CNF: Qx - F(X); F a set of clauses.

@ Resolution is sound: If Qx - F(x) is true, and we add a clause C to F
through resolution to get F’, then QX - F'(x) is also true.

@ But Resolution alone is not enough. Consider

dx Yu (xV-u) (- xVu).

Resolution can add (x V = x) or (uV = u). Useless.
@ Universal variable u has to be handled differently.

@ Two ways to proceed, modelling e CDCL-based solvers
e expansion-based solvers
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The Evaluation Game on QBFs

e QBF Qx- F(x)

@ Two players, Red and Blue, step through quantifier prefix left-to-right.
Red picks values for 3 variables, Blue for ¥ variables.

Assignment constructed: &.

Red wins a run of the game if F(&) true. Otherwise Blue wins.
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The Evaluation Game on QBFs

e QBF Qx- F(x)
@ Two players, Red and Blue, step through quantifier prefix left-to-right.
Red picks values for 3 variables, Blue for ¥ variables.
Assignment constructed: &.
Red wins a run of the game if F(&) true. Otherwise Blue wins.
@ example:
Ix Yu (xV-u) (- xVu).
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The Evaluation Game on QBFs

e QBF Qx- F(x)
@ Two players, Red and Blue, step through quantifier prefix left-to-right.
Red picks values for 3 variables, Blue for ¥ variables.
Assignment constructed: &.
Red wins a run of the game if F(&) true. Otherwise Blue wins.
@ example:
Ix Yu (xV-u) (- xVu).
Red: x = 1, Blue: v = 1: Red wins
Red: x = 1, Blue: u = 0: Blue wins
Red: x = 0, Blue: v = 1: Blue wins
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The Evaluation Game on QBFs

e QBF Qx- F(x)

@ Two players, Red and Blue, step through quantifier prefix left-to-right.
Red picks values for 3 variables, Blue for ¥ variables.
Assignment constructed: &.
Red wins a run of the game if F(&) true. Otherwise Blue wins.

@ example:

Ix Yu (xV-u) (- xVu).

Red: x = 1, Blue: v = 1: Red wins
Red: x = 1, Blue: u = 0: Blue wins
Red: x = 0, Blue: v = 1: Blue wins
Blue can always win: set u # x.
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The Evaluation Game on QBFs

e QBF Qx- F(x)

@ Two players, Red and Blue, step through quantifier prefix left-to-right.
Red picks values for 3 variables, Blue for ¥ variables.
Assignment constructed: &.
Red wins a run of the game if F(&) true. Otherwise Blue wins.

@ example:

Ix Yu (xV-u) (- xVu).

Red: x = 1, Blue: v = 1: Red wins
Red: x = 1, Blue: u = 0: Blue wins
Red: x = 0, Blue: v = 1: Blue wins
Blue can always win: set u # x.

@ QX - F(x) false if and only if Blue has a winning strategy.
@ Use this to extend Resolution.
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Consider this scenario:
@ QX F(x) is true. So Red has a winning strategy.

@ F(x) has a clause C in which the rightmost variable (as per Qx) is a
universal variable u.
i.e. C=AVY{ e {u,— u}; all variables in A are left of u.

«Or «Fr «E>» <= = 9DQC
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The Y reduction rule

Consider this scenario:
@ QX F(x) is true. So Red has a winning strategy.

@ F(x) has a clause C in which the rightmost variable (as per QX) is a
universal variable u.
i.e. C=AVY{; € {u,~ u}; all variables in A are left of u.

Then, by the time Blue has to fix u, Red's strategy must ensure that
sub-clause A is already satisfied.

That is, Red has a winning strategy on Qx - [F(x) A Al.
So QX - [F(x) A A] is also true.
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The proof system QU-Res = Res+VRed

QX-C
Grow the bag of clauses C using

@ Resolution: If AV x and BV = x are in the bag,
can add AV B (provided not a tautology),

e V-Reduction: If AV ¢(u) in the bag, and all variables in A left of u,
can add A,

until the empty clause [ is added.

24 Jan 2019 Meena Mahajan, IMSc



@ Sound: A derivation of [ reveals a winning strategy for Blue.
[vanGelder 2012]

@ Complete: Use a winning strategy of Blue to decide which clauses to
derive.

«Or «Fr «E>» <= = 9DQC
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The proof system QU-Res (cont'd)

@ Sound: A derivation of [ reveals a winning strategy for Blue.
[vanGelder 2012]

@ Complete: Use a winning strategy of Blue to decide which clauses to
derive.

e Suffices to resolve with existential pivots only
(Q-Res, [KleineBiiningKarpinskiFlogel 1995] )

e Suffices to eliminate variables in right-to-left order of quantification
blocks (Level-ordered Q-Res)
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deVudcdd[(—meVe),(muVve)(evd),(uVvd),(-cVv-d)

C )
UC)/O/e\l\ )

(@ve) (@ve) (evd) (evd) (eve) (ve) (uvd) (evd)
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deVudcdd[(—meVe),(muVve)(evd),(uVvd),(-cVv-d)

-

(@ve) (@ve) (evd) (evd) (eve) (ve) (uvd) (evd)
(eV d) (uVd)
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deVudcdd[(—meVe),(muVve)(evd),(uVvd),(-cVv-d)

-

(@ve) (@ve) (evd) (evd) (eve) (ve) (uvd) (evd)
(eV d) (uVd)
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deVudcdd[(—meVe),(muVve)(evd),(uVvd),(-cVv-d)

s

(@ve) (@ve) (evd) (evd) (eve) (ve) (uvd) (evd)
(eV d) (uVd)
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[Beyersdorff,Bonacina,Chew ITCS 2016]
P: Any sound and complete line-based proof system for UNSAT
eg Cutting Planes, Polynomial Calculus, Frege,

restrictions of Frege (AC®-Frege, AC%[p]-Frege, TC%-Frege ...)

¢

P+VRed: a sound and complete proof system for QBF

o = = = = 9AQ@
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The CP+VRed proof system

@ CP+VRed: Cutting Planes + V Reduction.
[Beyersdorff,Chew,M,Shukla FSTTCS 2016]

e Cutting Planes: Encode clauses as integer inequalities.
xVyVz - x+y+z2>1
xV-oyVz = x+(1-y)+z>1
(x—y+220)

xVayV-z = x+(1—-y)+(1-2)>1
(x—y—z>-1)
Bags of inequalities, not clauses.

Evaluation game: Red tries to satisfy all inequalities.

Blue tries to falsify some inequality.

24 Jan 2019
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If Red (3) can win

=
XX
IV IV IV
oW >

(for k € Z79)

((a-x) means a;x; + axx2 + ... + anxs.)
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The rules in Cutting Planes

If Red (3) can win Then Red can win

(ax) > A %) > A
(b-x) > B (b-x) = B
(ke x) > C the-x) 2 €
(for k € 2°0) ((a+b)-x) > A+B the + rule
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The rules in Cutting Planes

If Red (3) can win Then Red can win

(a-x) > A (a-x) > A
(b-x) > B (b-x) > B
(ke-x) > C (ke-x) > C
(for k € Z79) :
{(a+b)-x) = A+B the + rule
(ka-x) = kA the x rule
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The rules in Cutting Planes

If Red (3) can win Then Red can win

(a-x) > A (a-x) > A
(b-x) > B (b-x) > B
(ke-x) > C (ke-x) > C
(for k € Z79) :
{(a+b)-x) = A+B the + rule
(ka-x) = kA the x rule
C
{e-x) 2 [?w the + rule
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Y reduction in CP+VRed

o If Red can win with Z containing (a- x) > A where
the rightmost non-zero coefficient in a is blue,
a=a' b00..0, (ie a universal variable, u)

@ then Red can win with
ZuU {(a'000...00) - x > A— b} U {(a'000...0) - x > A} .
T T
(Set u=1) (Set u=0)
@ This Blue-elimination is the V-Reduction rule.
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Keep using the +, X, = and VReduction rules.
Red can win with Z = 7
J
Red can win with 77
J
Red can win with Z,
4
3
Red can win with Z;.
If Z; contains 0 > 1,
24 Jan 2019
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YuQX - F(u,X) is true
)
[QX - F(0,X)] A [QX - F(1,X)] is true

)
Qxu/0QxU/ . [F(0,54/0) A F(1,%4/1)] is true

«O0> «F>» «=)r» «=)» = Q>
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YuQX - F(u,X) is true
)
[QX - F(0,X)] A [QX - F(1,X)] is true

)
Qxu/0QxU/ . [F(0,54/0) A F(1,%4/1)] is true

@ Expand the initial formula judiciously, on the fly.

Then use standard resolution.

@ Expansion-based systems:
VExp+Res [Janota,Marques-Silva 2015],
IR [Beyersdorff,Chew,Janota 2014].

o = = = = 9AQ@
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i

deVu dc dd[(—eVec),(muVe),(evd),(uvd),(—-cV-d)

(evd)
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deVu dc dd[(—eVec),(muVe),(evd),(uvd),(—-cV-d)

u u
1 0
/ c
d d
ot o/l v a7 o1y g
(avec) (@ve) (eVd) (evd) (V) (EVe) (uvd)
(evd) (uvd)
«0O» «Fr «=)r» « =) = QR
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deVu dc dd[(—eVec),(muVe),(evd),(uvd),(—-cV-d)
-

(@Ve) (avec) e\/d) (evd) (&Ve) (EVe) (uVvd) (evd)
(evd) (uvd)
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deVu dc dd[(—eVec),(muVe),(evd),(uvd),(—-cV-d)
-

(@Ve) (avec) e\/d) (evd) (&Ve) (EVe) (uVvd) (evd)
(evd) (uvd)
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deVu dc dd[(—eVec),(muVe),(evd),(uvd),(—-cV-d)
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e Consider 3x Vu (x V = u)(— x V u).
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Merging complementary literals

e Consider 3x Vu (x V = u)(— x V u).
@ Resolve on x; instead of tautology vV — u, merge u and — u into u*.

Intended meaning: Blue's winning strategy for u is not dictated by
this clause, but will be decided by the setting to x.
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Merging complementary literals

e Consider 3x Vu (x V = u)(— x V u).
@ Resolve on x; instead of tautology vV — u, merge u and — u into u*.

Intended meaning: Blue's winning strategy for u is not dictated by
this clause, but will be decided by the setting to x.
@ Proof Systems that use merging:
LD-Q-Res (Long-Distance QRes), [Balabanov,Jiang 2012]
LQU™-Res, [Balabonav,Widl,Jiang 2014]
IRM (Instantiation, Resolution, Merge) [Beyersdorff, Chew,Janota 2014].
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Frege+VRed

/N

- LQUT-Res CP+VRed -+ PC+VRed

IR ._."LD Q- Fé \ / /

s QU-Res

«0O0» «F»r <«
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@ from propositional hardness.

not useful for understanding QBF solvers
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@ from propositional hardness.

not useful for understanding QBF solvers
let's review

@ by adapting techniques for propositional hardness
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In Resolution, Short proofs are narrow.
(Size of proof: number of steps. Width of proof: max width of clause in proof.)

For all unsatisfiable CNFs F in n variables:

S(tzr F) > exp(w (lgz F) —w(F)) . (tree-like proofs; no reusing cldu

S(lw=F) = exp <Q ((W(IgF) — W(F))2>>

n

o = = = = 9AQ@
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In Q-Res, this fails completely!
[Beyersdorff,Chew,M,Shukla STACS 2016, ACM Trans. Comp. Logic 2018]
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The Size-Width relation in Q-Res

In Q-Res, this fails completely!
[Beyersdorff,Chew,M,Shukla STACS 2016, ACM Trans. Comp. Logic 2018]

(€o0)

Y uiuy...u, 3 eger...e, (—ei—1VuVep) for i€ [n]

(- en)

Using Resolution, derive u3 V...V up. (n+ 1 steps)
Then using VRed, derive [J. (n steps)

So proof of size O(n). Even tree-like.

We show: Any proof must derive u; V...V up.

So width of any proof Q(n).
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Problem: accumulation of universal variables.

Possible fix: Redefine Widthg. Count only existential variables.

Now does an analogue of the short-proofs-are-narrow hold?
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Re-defining Width For QBFs

Problem: accumulation of universal variables.

Possible fix: Redefine Widths. Count only existential variables.
Now does an analogue of the short-proofs-are-narrow hold?
No!

Completion Principle: clausal encoding of

X e{0,1}"" ¥V z (zV3all-1s row) A (= z V Fall-0s column)
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Re-defining Width For QBFs

Problem: accumulation of universal variables.
Possible fix: Redefine Widths. Count only existential variables.

Now does an analogue of the short-proofs-are-narrow hold?
No!

Completion Principle: clausal encoding of
X e{0,1}"" ¥V z (zV3all-1s row) A (= z V Fall-0s column)
Under appropriate short clausal encoding, proof of size O(nz).

Even tree-like proof: no reusing derived clauses.
We show: Any proof must have widthg Q(n).

24 Jan 2019 Meena Mahajan, IMSc



for i € [n],

E|elVU1§|C1§|d1 362VU23C25|C!2 .

de,Yup,dc,3d,
(—| eV C,') (e,- V d,')
(—\ uip Vv C,')

(u,- V d,')
“aVadiVaoVadV...VacV-d,
Winning strategy for universal player: u; = — ¢;.
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deiVupdeddy  deoVurdeddr, ... de,Vu,dc,dd,

(—| eV C,') (e,- V d,')
(—\ ui vV C,') (u,- V d,')

“aqV-diVaoV-adV...VacV-d,

for i € [n],

Winning strategy for universal player: u; = — ¢;.

Encode last clause with additional 3 variables as short clauses.

o = = = = 9AQ@
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Size-Widths relation for non-tree-like proofs

deiVupdeddy  deoVurdeddr, ... de,Vu,dc,dd,

(—| eV C,') (e,- V d,')
(—| ui vV C,') (u,- V d,')

—aqV-diVoooV-dV..VacV-d,

for i € [n],

Winning strategy for universal player: u; = = ¢;.
Encode last clause with additional 3 variables as short clauses.
Short proofs in Q-Res, size n°),

We show: Widthg of any Q-Res proof Q(n).
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Size-Widths relation for non-tree-like proofs

deiVupdeddy  deoVurdeddr, ... de,Vu,dc,dd,

(—| eV C,') (e,- V d,')
(—| ui vV C,') (u,- V d,')

—aqV-diVoooV-dV..VacV-d,

for i € [n],

Winning strategy for universal player: u; = = ¢;.

Encode last clause with additional 3 variables as short clauses.
Short proofs in Q-Res, size n°),

We show: Widthg of any Q-Res proof Q(n).

Large width requirement does not give size lower bound.
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e from propositional hardness.
not useful for understanding QBF solvers

@ by adapting techniques for propositional hardness.
let’s review:
size-width fails for Q-Res

«O0> «F>» «=)r» «=)»
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e from propositional hardness.
not useful for understanding QBF solvers
@ by adapting techniques for propositional hardness.
let’s review:
size-width fails for Q-Res
interpolation?

«Or «Fr «=Hr» «=E» E VOQQX
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F = A(p, §) A B(p,7) in UNSAT
¥

for all assignments 3 to p, either A(&, q) or B(&,r) in UNSAT.

A(3,§) in SAT => B(&,7) in UNSAT.

24 Jan 2019
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F = A(p,§) N B(p,r) in UNSAT
)
for all assignments 3 to p, either A(&, q) or B(&,r) in UNSAT.
A(3,§) in SAT => B(&,7) in UNSAT.

@ Glven &, can we tell which is in UNSAT?

o = = = = 9AQ@
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Feasible Interpolation — the propositional case

F = A(p,§) N B(p,r) in UNSAT
)
for all assignments a'to p, either A(3, q) or B(a,r) in UNSAT.
A(a, q) in SAT = B(a,r) in UNSAT.

@ Glven &, can we tell which is in UNSAT?
@ We want an interpolant circuit C in p variables:

C(d) =0 = A(4,q) is in UNSAT, and
C(a) =1 = B(a,r)is in UNSAT.
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Feasible Interpolation — the propositional case

F = A(p,§) N B(p,r) in UNSAT
)
for all assignments a'to p, either A(3, q) or B(a,r) in UNSAT.
A(a, q) in SAT = B(a,r) in UNSAT.

@ Glven &, can we tell which is in UNSAT?
@ We want an interpolant circuit C in p variables:

C(d) =0 = A(4,q) is in UNSAT, and
r

C(3) =1 => B(3,7) isin UNSAT.

A(3,§) is in SAT = C(3) =1 = B(4,7) is in UNSAT.

24 Jan 2019 Meena Mahajan, IMSc



@ Resolution proofs of size s give Boolean circuits of size sO(1)

computing interpolants.
o Cutting Planes proofs of size s give real arithmetic circuits of size
s°) computing interpolants.

o = = = = 9AQ@
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Feasible Interpolation — the propositional case (cont'd)

Theorem ([Krajitek 1997],[Pudldk 1997])
@ Resolution proofs of size s give Boolean circuits of size sO(1)
computing interpolants.

o Cutting Planes proofs of size s give real arithmetic circuits of size

O() computing interpolants.

e If p variables appears only positively in A(p, §) or only negatively in
B(p, r), then interpolant circuit is (real-) monotone.
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Feasible Interpolation — the propositional case (cont'd)

Theorem ([Krajitek 1997],[Pudldk 1997])
@ Resolution proofs of size s give Boolean circuits of size sO(1)
computing interpolants.

o Cutting Planes proofs of size s give real arithmetic circuits of size

O() computing interpolants.

e If p variables appears only positively in A(p, §) or only negatively in
B(p, r), then interpolant circuit is (real-) monotone.

o All resolution / cutting-plane proofs of the clique-colour formulas are
of exponential size.

(Clique-colour formulas: CNF encodings of
“J a graph that is (k — 1)-colourable and has a k-clique.”)
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Feasible Interpolation for QBFs

P QG QF [ AP, q) A B(p,F) ] is false

FP[RGA(P; G) A

q) A
)
QrB(p, r)] is false
I

for all assignments a'to p, either QG A(&, §) or Qr B(a, ) is false.

Interpolant circuit:

C(a) =0 = Qg A(&, qg) is false, and
C(a) =1 = Qr B(a,r) is false.
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Feasible Interpolation works for many QBF proof systems

The Clique-coClique formulas: CNF encodings of

3 an n-vertex graph G, V u, u implies G has a k-clique,
—u implies G has no k-clique.

(Note: To express no clique, universal quantifiers used.

Not succinctly expressible as UNSAT instance.)
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Feasible Interpolation works for many QBF proof systems

The Clique-coClique formulas: CNF encodings of

3 an n-vertex graph G, V u, u implies G has a k-clique,
—u implies G has no k-clique.

(Note: To express no clique, universal quantifiers used.

Not succinctly expressible as UNSAT instance.)

Theorem ([Beyersdorff,Chew,M,Shukla ICALP15, LMCS17, FSTTCS16])

All the resolution-based QBF proof systems

Q-Res, QU-Res, LD-Q-Res, LQUT -Res, YExp+Res, IR, IRM

as well as the proof system CP+YRed, admit feasible monotone
interpolation.

All Clique-coClique formulas need exponential-sized proofs in all these
proof systems.
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Lower Bounds for QBFproof systems

@ from propositional hardness.
not useful for understanding QBF solvers
@ by adapting techniques for propositional hardness. let's review:

o Size lower bounds from Width lower bounds does not work with the
simplest extension of Resolution, Q-Res.

e Feasible Interpolation works for all Resolution based systems and for
CP+VRed.
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Lower Bounds for QBFproof systems

@ from propositional hardness.
not useful for understanding QBF solvers
@ by adapting techniques for propositional hardness. let's review:
o Size lower bounds from Width lower bounds does not work with the
simplest extension of Resolution, Q-Res.
e Feasible Interpolation works for all Resolution based systems and for
CP+VRed.
e from strategy extraction.
all-new; specific to QBF's

The winning strategy of the universal player in the evaluation game leads
to new lower bound techniques.
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Strategy Extraction

Main idea: A proof reveals information about a winning strategy.

Examine a proof.

Construct a circuit of a special type for computing the winning
strategy.

Circuit type: depends on the proof system
Circuit size:  depends on the proof size

@ If the winning strategy is hard to compute in the relevant circuit
model, then all proofs in the proof system must be large.
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From Proof to Decision List for Winning Strategy

Blue has to choose the value of a variable wv.

Blue knows values of all variables left of u; partial assignment 4.
Proof lines L1, Ly, ..., Ln.

VRedonuat (1<) i <ip <...<ix (< m).
L;.: eliminate u from L; , j, < ip.
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From Proof to Decision List for Winning Strategy

Blue has to choose the value of a variable u.

Blue knows values of all variables left of u; partial assignment 4.
Proof lines L1, Ly, ..., Ln.

VRedonwuat (1<) i <i<...<ik(<m).

L;.: eliminate u from L; , j, < ip.

if L; () false then set uto make L;(a) false
elseif L;,(3) false then set u to make L, (3) false

elseif L; (a) false then set u to make L; (a) false
else set u=0.
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From Proof to Decision List for Winning Strategy

Blue has to choose the value of a variable wv.

Blue knows values of all variables left of u; partial assignment 4.
Proof lines L1, Ly, ..., Ln.

VRedonuat (1<) i <ip <...<ix (< m).
L;.: eliminate u from L; , j, < ip.

if L; () false then set uto make L;(a) false
elseif L;,(3) false then set u to make L, (3) false

elseif L; (a) false then set u to make L; (a) false
else set u=0.

[Beyersdorff,Chew,Janota 2015], [Beyersdorff,Bonacina,Chew 2016]:
This strategy is a winning strategy for Blue.
Strategy description: A Decision List for each universal variable.
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Strategy Extraction from P+VRed proofs

Proof with s VReduction steps

4

Winning strategy can be computed by a Decision List with s steps.

@ QU-Res: Each condition is a clause.
(isayVayV...Va,true?)

@ CP+VRed: Each condition is a linear threshold function.
(is c1a1 + cpaz + ... + cpap > b?)
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Genuine QBF bounds for P+VRed proofs

Proof with s VReduction steps

4

Winning strategy can be computed by a Decision List with s steps.

Contrapositive gives lower bounds on number of YReduction steps, not
just on proof size.
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Genuine QBF bounds for P+VRed proofs

Proof with s VReduction steps

4

Winning strategy can be computed by a Decision List with s steps.

Contrapositive gives lower bounds on number of YReduction steps, not
just on proof size.

i.e. Proving the QBF false will require large size even with a SAT oracle
(appropriately formalised).
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Fix Boolean function f. Fix small circuit C computing f (size m).
Define QBF Qf’cl

(W # zm)
3X]_X2 oo XnVW5|2122 o e Zm |: (ZI — Vahle Of Ith ga;te Of C(X)) : I e [m]

(z; clauses enforce z,, = f(x).)

o = = = = 9AQ@
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Winning Strategies compute desired functions

Fix Boolean function f. Fix small circuit C computing f (size m).
Define QBF Qf c:

(w # zim)

P2 XnVW3AZ2 - Zm (z; = value of ith gate of C(x)): i€ [m]

(z; clauses enforce z,, = f(x).)
@ Blue can choose w = f(x) and force a win.
@ No other way for Blue to win.

@ f(x) not hard to compute — it has a small circuit.
If no small decision list, then no small proof.
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@ The PARITY function has an O(n) size circuit.
The PARITY function requires exponentially long decision lists of
clauses. ([Hastad |: @ ¢ ACC.) Hence

Any Q-Res or QU-Res proof for Q-PARITY must be of exponential size.

«Or «Fr «E>» <= = 9DQC
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Winning Strategies Hard for Decision Lists

@ The PARITY function has an O(n) size circuit.
The PARITY function requires exponentially long decision lists of
clauses. ([Hastad |: @ ¢ AC°.) Hence

Theorem ([Beyersdorff,Chew,Janota 2015])
Any Q-Res or QU-Res proof for Q-PARITY must be of exponential size. J

@ The Inner Product function has an O(n) size circuit.
IP(x,y) = (x-y) mod 2.
The IP function needs > 2"/2 — 1 steps in a decision list of linear
threshold functions. ([Turdn,Vatan 1997]) Hence

Theorem ([Beyersdorff,Chew,M,Shukla 2016])
Any CP+YRed proof for Q-IP must be of exponential size. J
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@ [Beyersdorff,Pich LICS 2016]
Every lower bound in Frege+VRed stems from

e either propositional hardness,
e or a circuit lower bound.

No other source of hardness.

COr (Fr «=r =
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@ [Beyersdorff,Pich LICS 2016]
Every lower bound in Frege+VRed stems from

e either propositional hardness,
e or a circuit lower bound.

No other source of hardness.

@ Not true for weaker systems.

<O> <> <> «E>»
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Txq - XV U Tt et
(X,'\/U,'\/t,') i € [n]
(—|X,'V—|u,'Vt,') iG[n]
(mtaV--Vaty)

@ Blue has a trivial winning strategy: uj = x;.
@ But the formula is still hard to prove false in QU-Res. Why?

«Or «Fr «E>» <= = 9DQC
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Winning Strategies needing Varied Responses (cont'd)

@ Many responses needed in winning strategy.
2" possible values for uy - - - uy,, all necessary.
cost of formula high.

@ Each line can contribute only so much: capacity small.

@ Hence proof size must be large.

Theorem ([Beyersdorff,Blinkhorn,Hinde 1TCS2018])

Size-Cost-Capacity Theorem:
For any proof m of a QBF ¢ in a system P+V Red,

Size(m) x Capacity(r) > Cost(¢)
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Winning Strategies needing Varied Responses (cont'd)

@ Many responses needed in winning strategy.
2" possible values for uy - - - uy,, all necessary.
cost of formula high.

@ Each line can contribute only so much: capacity small.

@ Hence proof size must be large.

Theorem ([Beyersdorff,Blinkhorn,Hinde 1TCS2018])

Size-Cost-Capacity Theorem:
For any proof m of a QBF ¢ in a system P+V Red,

Size(m) x Capacity(r) > Cost(¢)

Similar result for expansion-based systems; [Beyersdorff,Blinkhorn STACS 18].
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To conclude ...

QBF Proof systems
@ What are they? Formal systems for proving false QBF's false.
@ Why do we study them?

Lower bounds can help guide development of better solvers.
(Also, strong lower bounds will separate complexity classes.)
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To conclude ...

QBF Proof systems

@ What are they? Formal systems for proving false QBF's false.
@ Why do we study them?

Lower bounds can help guide development of better solvers.
(Also, strong lower bounds will separate complexity classes.)

@ What do we know?

Extracting strategies from proofs leads to lower bounds.
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To conclude ...

QBF Proof systems
@ What are they? Formal systems for proving false QBF's false.
@ Why do we study them?

Lower bounds can help guide development of better solvers.
(Also, strong lower bounds will separate complexity classes.)

@ What do we know?

Extracting strategies from proofs leads to lower bounds.
@ What next? Continue the cycle

formalise

QBF solver

{QBF proof system]

underlying system
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Thank you
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