
Reasoning with  
reflexive-transitive  

path logics

Diego Figueira 
CNRS, LaBRI

ACTS 
CMI Chennai 

10-2-2015



data word
a 
5

b 
3

c 
1

b 
1

c 
1

c 
1

a 
4

a 
4

b 
5

c 
1

b 
4



data word
a 
5

b 
3

c 
1

b 
1

c 
1

c 
1

a 
4

a 
4

b 
5

c 
1

b 
4 ∈ (A×D)*

finite alphabet
infinite domain



data word
a 
5

b 
3

c 
1

b 
1

c 
1

c 
1

a 
4

a 
4

b 
5

c 
1

b 
4 ∈ (A×D)*

finite alphabet
infinite domain

Reasoning with logics on data words:
high complexity 
or 
limited expressive power



data word
a 
5

b 
3

c 
1

b 
1

c 
1

c 
1

a 
4

a 
4

b 
5

c 
1

b 
4 ∈ (A×D)*

finite alphabet
infinite domain

Reasoning with logics on data words:
high complexity 
or 
limited expressive power

Things become ugly as soon as: . . .
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But: There are only polynomially many ‘conflicting’ data values. 
We can treat them as ‘constants’.
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v
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p
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p
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values
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c
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p
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u
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.
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p
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p
r
o
fi
l
e
s

i
n

i
t
s

d
e
r
i
v
a
t
i
o
n

t
r
e
e

h
a
v
e

n
o

m
o
r
e

t
h
a
n

2|
�

|
d
a
t
a

v
a
l
u
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.

P
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=
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c
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b
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u
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e
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{
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i
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<
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i
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c
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↵
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c
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{
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p
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i
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c
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b
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.
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=
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.
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p
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c
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b
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b
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r
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b
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p
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c
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i
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¯
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p
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p
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c
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p
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u
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.
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p
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p
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u
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P
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=
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u
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e
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i
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<
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c
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b
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Fig. 6. Statement of Lemma 5.5.

and the rooting and concatenation operations on profiles. The ultimate goal of
these lemmas is to restrict the derivation problem to profiles that are minimal with
respect to -.

The next Lemma 5.5 states that for any two profiles f
1

⌫ f
2

, f
1

can be seen as
a concatenation of profiles that share the same descriptions of internal values as
f
1

, under certain restrictions, as it is shown next. This is a crucial property that
follows from our discussion in Section 4.1.
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in Figure 7.
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p
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+
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o

C
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p
e
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t
.
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e
p
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u
t
p
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t

C
.
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o
t
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t
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e
p

2
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b
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c
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.
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d
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3
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c
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l
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r
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c
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p
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c
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p
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b
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c
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e
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.
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c
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c
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R
e
m
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r
k
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D
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u
p
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c
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e
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.
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L
e
t
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D
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T

h
e
n
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h
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r
e

m
u
s
t
b
e

a
f
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e
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t
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f
d
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e
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p
r
o
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l
e
s
f
1

,
.
.
.
,f

n

2
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t
h
a
t
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=
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+
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h
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r
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e

p
r
o
c
e
e
d
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y

i
n
d
u
c
t
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n
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n
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h
e
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i
z
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.
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¯
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s
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n
l
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n
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o
d
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h
e
n

i
t

i
s

t
r
i
v
i
a
l
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C
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•
I
f

¯

t
=

t
i
s

a
t
r
e
e

w
i
t
h

h
e
i
g
h
t

n
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0
.

S
u
p
p
o
s
e

t
h
a
t

t
h
e

r
o
o
t

i
s

l
a
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e
l
e
d

w
i
t
h

f
a
n
d

w
i
t
h

s
o
m
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a
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¯

d
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A

�
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L
e
t
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b
e

t
h
e
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r
e
s
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o
f
i
m

m
e
d
i
a
t
e

s
u
b
t
r
e
e
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o
f
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,
l
e
t
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=
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.

F
o
r

e
v
e
r
y

1
�

i�
m

,
l
e
t

f 0i

b
e

t
h
e

p
r
o
fi
l
e

l
a
b
e
l
o
f
t
h
e

r
o
o
t

o
f

¯

t 0
(
i
)

f
o
r

e
v
e
r
y
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[
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L
e
t

u
s

s
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w

t
h
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t

t
h
e
r
e

i
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s
o
m

e
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t
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t
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f
.
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e

h
a
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t
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t
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···

+
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C

b
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i
n
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u
c
t
i
v
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h
y
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o
t
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i
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l
e
t
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+
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+
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f
o
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f 02⇠
C

.
F
u
r
t
h
e
r
,
l
e
t

u
s

a
s
s
u
m

e
t
h
a
t
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i
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-
m

i
n
i
m

a
l
a
m

o
n
g

t
h
e

p
r
o
fi
l
e
s

o
f
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.

L
e
t

f 0i

2⇠
C

s
o

t
h
a
t
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�
f
i

.
I
f

m
=

1
i
t

i
s

t
r
i
v
i
a
l
.

I
f

m
>

1
,
t
h
e
r
e

m
u
s
t

b
e

s
o
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e
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-
f
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+
···

+
f
m

b
y

i
n
d
u
c
t
i
v
e

h
y
p
o
t
h
e
s
i
s
.

•
I
f
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=

¯

t

1 ·
¯

t

2

w
i
t
h

¯

t

1

,

¯

t

2

6=
"
.
.
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X
X

X
X
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F
i
g
u
r
e
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d
e
p
i
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t
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e
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n
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r
a
l
i
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f
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↵
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↵
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�
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[
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{
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)
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H
e
n
c
e
,

c
o
n
d
i
t
i
o
n

(
c
)

h
o
l
d
s
,

a
n
d

w
e

h
a
v
e

t
h
a
t

f
3

2
(
a
,

¯

d
)f

4

.

N
o
w

w
e

a
p
p
l
y

L
e
m

m
a

5
.
6
,
o
b
t
a
i
n
i
n
g

t
h
a
t

t
h
e
r
e

i
s

n
2

N
a
n
d

f 0i 2⇠
(
a
,

¯

d
)f

4

f
o
r

e
v
e
r
y
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[
n
]
s
o

t
h
a
t

f 01

+
···

+
f 0n

=
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.

T
h
i
s

c
o
n
c
l
u
d
e
s

t
h
e

p
r
o
o
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.
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the
rigid

values
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t
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e
c
t
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w
e
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t
h
a
t

w
e

c
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n

w
o
r
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w
i
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p
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o
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d
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r
i
g
i
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a
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u
e
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.
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e
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I
f
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p
r
o
fi
l
e
,
t
h
e
r
e

i
s

o
n
e

s
u
c
h

t
h
a
t

a
l
l
t
h
e

p
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u
e
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P
r
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o
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.

S
u
p
p
o
s
e

w
e

h
a
v
e

f
=

f
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+
···

+
f
n

.
L
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t

u
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r
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↵
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c
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b
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o
s
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u
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h
e
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↵
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{
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c
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b
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{
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↵
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d
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S
u
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-

p
o
s
e

w
i
t
h
o
u
t

a
n
y

l
o
s
s

o
f

g
e
n
e
r
a
l
i
t
y

t
h
a
t

j
<

k
.

T
h
e
n
,

b
y

d
e
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n
i
t
i
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n

o
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+
,

w
e

m
u
s
t

h
a
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t
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a
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n
c
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d
2
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↵
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n
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+
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d
e
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n
e
d
—

d
2

� #

e

k

(
↵
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i
c
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↵
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{
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p
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i
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c
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�
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b
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.
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c
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�̄
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=
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.
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w
e
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n
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.
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(
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,
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=
(
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,
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1

)
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(
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�̄

1
,
.
.
.
,
�̄

n
,
�̄
)

=
(
R

�̄

1
,
.
.
.
,
�̄

n
,
�̄

1

)
+

···
+

(
R

�̄

1
,
.
.
.
,
�̄

n
,
�̄

n

)
.

L
e
t

t
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e
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d
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r
i
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a
t
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n
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r
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e
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o
r
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o
t

p
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l
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e
p
l
a
c
i
n
g

e
v
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(
R

,
�̄

1

)
,
.
.
.
,
(
R

,
�̄

n
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(
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(
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)
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.
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t

t
h
e
n
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o
l
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d
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r
i
v
a
t
i
o
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o
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a
t
t
h
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s
i
s
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r
u
e

b
e
c
a
u
s
e

i
n

t
h
e

r
o
o
t
i
n
g

o
p
e
r
a
t
i
o
n

t
h
e
r
e

i
s

n
o

r
e
s
t
r
i
c
t
i
o
n

o
n

w
h
i
c
h

s
h
o
u
l
d

b
e

t
h
e

s
e
t

o
f
r
i
g
i
d

v
a
l
u
e
s

o
f

t
h
e

p
a
r
e
n
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p
r
o
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l
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t
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e
d
i
a
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e
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a
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(
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p
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-
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n
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o
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l
e
m

m
a

f
o
l
l
o
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t

F
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b
e

t
h
e
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f

a
l
l
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o
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r
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|
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i
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v
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L
e
t

D
b

b
e

t
h
e

s
e
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o
f
d
e
r
i
v
a
b
l
e

p
r
o
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l
e
s
r
e
s
t
r
i
c
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F
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.
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y
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h
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L
e
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o
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r
i
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a
b
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i
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l
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i
f
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p
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D
b

i
s
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d

c
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o
s
e
d
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n
c
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D
i
s

u
p
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a
r
d

c
l
o
s
e
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.
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e
m
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.
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e
c
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u
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e
p
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p
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p
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i
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p
u
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i
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i
n
i
m

a
l
f2

C

�
a
n
d

a
-

-
m

i
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.
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.
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i
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.
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h
e
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p
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C
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n
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d
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f
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+
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2

t
o

C
.
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e
p
e
a
t
.
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o
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o

s
t
e
p

2
.

5
.

O
u
t
p
u
t

C
.

N
o
t
e

t
h
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t

s
t
e
p

2
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o
n
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b
e

r
e
p
e
a
t
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m
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w
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i
c
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i
s
e
x
p
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n
e
n
t
i
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.

I
d
e
m

w
i
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3
a
n
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.

S
o

i
t

i
s

e
a
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y
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o

c
h
e
c
k

t
h
a
t

t
h
i
s

a
l
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r
i
t
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u
s
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e
x
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n
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n
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i
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a
c
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o
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p
r
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t
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r
e
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a
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s
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e
n
c
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f
t
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p
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s
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b
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r
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x
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c
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L
e
m
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=
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.
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h
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s
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n
c
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r
u
c
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D
b
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b
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R
e
m
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r
k
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1
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D
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u
p
w

a
r
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c
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o
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e
d
.
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L
e
t
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D
b
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T

h
e
n
,
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h
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r
e

m
u
s
t
b
e

a
f
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r
e
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o
f
d
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r
e
e
s
f
o
r
p
r
o
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l
e
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2
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t
h
a
t
f
=
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+
···

+
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n
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w

h
e
r
e
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�

1
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e

p
r
o
c
e
e
d

b
y

i
n
d
u
c
t
i
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n
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n

t
h
e

s
i
z
e
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¯

t
.

•
I
f

¯

t
h
a
s

o
n
l
y

o
n
e

n
o
d
e
,
t
h
e
n

i
t

i
s

t
r
i
v
i
a
l
.
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B

C
.

•
I
f

¯

t
=

t
i
s

a
t
r
e
e

w
i
t
h

h
e
i
g
h
t

n
>

0
.

S
u
p
p
o
s
e

t
h
a
t

t
h
e

r
o
o
t

i
s

l
a
b
e
l
e
d

w
i
t
h

f
a
n
d

w
i
t
h

s
o
m
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a
,

¯

d
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2
A

�
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L
e
t

¯
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b
e

t
h
e

f
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r
e
s
t

o
f
i
m

m
e
d
i
a
t
e

s
u
b
t
r
e
e
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o
f
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,
l
e
t
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=

|
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.

F
o
r

e
v
e
r
y

1
�

i�
m

,
l
e
t

f 0i

b
e

t
h
e

p
r
o
fi
l
e

l
a
b
e
l
o
f
t
h
e

r
o
o
t

o
f

¯
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(
i
)

f
o
r

e
v
e
r
y
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[
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L
e
t

u
s

s
h
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w

t
h
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t

t
h
e
r
e

i
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s
o
m

e
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t
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.

W
e

h
a
v
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t
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+
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C

b
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n
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c
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i
v
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h
y
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o
t
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e
s
i
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l
e
t

f 0�
f 01

+
···

+
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f
o
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f 02⇠
C

.
F
u
r
t
h
e
r
,
l
e
t

u
s

a
s
s
u
m

e
t
h
a
t

f 0

i
s-

-
m

i
n
i
m

a
l
a
m

o
n
g

t
h
e

p
r
o
fi
l
e
s

o
f
C

.

L
e
t

f 0i

2⇠
C
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o

t
h
a
t

f 0i

�
f
i

.
I
f
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=

1
i
t

i
s

t
r
i
v
i
a
l
.

I
f

m
>

1
,
t
h
e
r
e

m
u
s
t

b
e

s
o
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e
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-
f
2

+
···

+
f
m

b
y

i
n
d
u
c
t
i
v
e

h
y
p
o
t
h
e
s
i
s
.

•
I
f

¯
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=

¯

t

1 ·
¯

t

2

w
i
t
h

¯

t

1

,

¯

t

2

6=
"
.
.
.

X
X

X
X

X

F
i
g
u
r
e

9
d
e
p
i
c
t
s

t
h
e

g
e
n
e
r
a
l
i
d
e
a

o
f
t
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r
g
u
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↵

0
,
�
,
i
)2

� #
i

4 [
� #

i

4

,
↵
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2
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�
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[
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�
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�
{
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)
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e
s
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r
e
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.

H
e
n
c
e
,

c
o
n
d
i
t
i
o
n

(
c
)

h
o
l
d
s
,

a
n
d

w
e

h
a
v
e

t
h
a
t

f
3

2
(
a
,

¯

d
)f

4

.

N
o
w

w
e

a
p
p
l
y

L
e
m

m
a

5
.
6
,
o
b
t
a
i
n
i
n
g

t
h
a
t

t
h
e
r
e

i
s

n
2

N
a
n
d

f 0i 2⇠
(
a
,

¯

d
)f

4

f
o
r

e
v
e
r
y
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[
n
]
s
o

t
h
a
t

f 01

+
···

+
f 0n

=
f
1

.

T
h
i
s

c
o
n
c
l
u
d
e
s

t
h
e

p
r
o
o
f
.

5.2
Bounding

the
rigid

values
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n

t
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s
e
c
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i
o
n

w
e

s
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o
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t
h
a
t

w
e

c
a
n

w
o
r
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w
i
t
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p
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o
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l
e
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t
h
a
t

h
a
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u
n
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d
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m
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r
i
g
i
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v
a
l
u
e
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.
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e
m
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.
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f
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p
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p
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t
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u
e
s
.

P
r
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o
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.

S
u
p
p
o
s
e

w
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h
a
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e

f
=

f
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+
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+
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n

.
L
e
t
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c
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b
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s
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u
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e
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c
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f
t
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b
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{
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(
↵
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d
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S
u
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-

p
o
s
e

w
i
t
h
o
u
t

a
n
y

l
o
s
s

o
f

g
e
n
e
r
a
l
i
t
y

t
h
a
t

j
<

k
.

T
h
e
n
,

b
y

d
e
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n
i
t
i
o
n

o
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+
,

w
e

m
u
s
t

h
a
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t
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c
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↵
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+
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d
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n
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↵
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c
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w
i
t
h

t
h
e

f
a
c
t

t
h
a
t

� #

e

j

(
↵
,
�
,
i
)

=
{
d}

.
T

h
e

s
a
m

e

h
a
p
p
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i
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h
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c
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b
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.
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c
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.
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e
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n
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.
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(
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,
�̄
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=
(
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,
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)
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(
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r
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a
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e
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r

a
r
o
o
t

p
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b
e
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l
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e
p
l
a
c
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n
g

e
v
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)
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.
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t

t
h
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n
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l
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d
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r
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a
t
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.
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o
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e
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a
t
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h
i
s
i
s
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r
u
e

b
e
c
a
u
s
e

i
n

t
h
e

r
o
o
t
i
n
g

o
p
e
r
a
t
i
o
n

t
h
e
r
e

i
s

n
o

r
e
s
t
r
i
c
t
i
o
n

o
n

w
h
i
c
h

s
h
o
u
l
d

b
e

t
h
e

s
e
t

o
f
r
i
g
i
d

v
a
l
u
e
s

o
f

t
h
e

p
a
r
e
n
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p
r
o
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l
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d
i
a
t
e
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a
t
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)

i
s

a
r
o
o
t

p
r
o
-
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n
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o
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e

l
e
m

m
a

f
o
l
l
o
w
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.
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e
t

F
b

b
e

t
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e

s
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a
l
l
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o
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r
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|
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i
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v
a
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L
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t

D
b

b
e

t
h
e

s
e
t
o
f
d
e
r
i
v
a
b
l
e

p
r
o
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l
e
s
r
e
s
t
r
i
c
t
e
d
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F
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.
B

y
t
h
e

L
e
m

m
a

a
b
o
v
e
,
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h
e
r
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o
o
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d
e
r
i
v
a
b
l
e
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r
o
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l
e

i
n

D
i
f
a
n
d
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n
l
y

i
f
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h
e
r
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i
s
a
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t
d
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r
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a
b
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p
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o
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o
t
e
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h
a
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D
b

i
s

u
p
w

a
r
d

c
l
o
s
e
d

s
i
n
c
e

D
i
s

u
p
w

a
r
d

c
l
o
s
e
d
.
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e
m
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r
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.

D
b

=
"D

b

.

I
n
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e
x
t

s
e
c
t
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n
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�
e
c
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.
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f̂
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f
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by construction
by construction
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u
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e
p
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p
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p
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s
h
o
w

a
n

a
l
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r
i
t
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p
u
t
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a
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i
t
e
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C
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i
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b
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.
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=
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.
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i
n
i
m

a
l
f2

C

�
a
n
d

a
-

-
m

i
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.
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.
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i
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h
e
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p
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h
e
n

a
d
d

f
1

+
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2
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C
.
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e
p
e
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t
.
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o
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o

s
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p

2
.
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.

O
u
t
p
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t

C
.
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o
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2
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b
e
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e
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h
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n
t
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w
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i
c
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i
s
e
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n
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t
i
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.

I
d
e
m
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i
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3
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o

i
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a
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o
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h
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c
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t
h
a
t

t
h
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l
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r
i
t
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s
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x
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n
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c
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p
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c
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p
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b
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c
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.
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c
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c
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c
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.
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b
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p
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=
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p
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c
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c
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h
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.
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=
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h
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b
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i
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i
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¯
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b
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b
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l
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=
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b
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p
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l
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b
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f
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h
e
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.
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c
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p
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2⇠
C

s
o

t
h
a
t

f 0i

�
f
i

.
I
f

m
=

1
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.
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b
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.
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I
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=

¯
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1 ·
¯

t

2

w
i
t
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¯
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1

,

¯
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2
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u
r
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p
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[
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{
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n
c
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n
d
i
t
i
o
n

(
c
)

h
o
l
d
s
,

a
n
d

w
e

h
a
v
e

t
h
a
t

f
3

2
(
a
,

¯

d
)f

4

.

N
o
w

w
e

a
p
p
l
y

L
e
m

m
a

5
.
6
,
o
b
t
a
i
n
i
n
g

t
h
a
t

t
h
e
r
e

i
s

n
2

N
a
n
d

f 0i 2⇠
(
a
,

¯

d
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4

f
o
r

e
v
e
r
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[
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t
h
a
t
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+
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T
h
i
s

c
o
n
c
l
u
d
e
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t
h
e

p
r
o
o
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rigid

values
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n

t
h
i
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s
e
c
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i
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n

w
e

s
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o
w

t
h
a
t

w
e

c
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n

w
o
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i
t
h

p
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o
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a
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r
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v
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u
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.
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f
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p
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p
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u
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P
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p
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=
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c
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b
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u
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e
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↵
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c
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b
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i
t
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r
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l
i
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<
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h
e
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d
e
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n
i
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c
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↵
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↵
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c
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p
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i
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h
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b
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.
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.
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b
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p
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c
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b
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p
r
o
fi
l
e
s
r
e
s
t
r
i
c
t
e
d

t
o

F
b

.
B

y
t
h
e

L
e
m

m
a

a
b
o
v
e
,
t
h
e
r
e

i
s

a
r
o
o
t

d
e
r
i
v
a
b
l
e

p
r
o
fi
l
e

i
n

D
i
f
a
n
d

o
n
l
y

i
f
t
h
e
r
e

i
s
a

r
o
o
t
d
e
r
i
v
a
b
l
e

p
r
o
fi
l
e

i
n

D
b

.
A

l
s
o
,

n
o
t
e

t
h
a
t

D
b

i
s

u
p
w

a
r
d

c
l
o
s
e
d

s
i
n
c
e

D
i
s

u
p
w

a
r
d

c
l
o
s
e
d
.

R
e
m
a
r
k

5
.
1
3
.

D
b

=
"D

b

.

I
n

t
h
e

n
e
x
t

s
e
c
t
i
o
n

w
e

s
h
o
w

t
h
a
t

D
b

i
s

e
�
e
c
t
i
v
e
.

(
a
,
d̄)

2

⌫
(
a
,
d̄)

2

(
a
,
d̄)

2

⌫
⌫

⌫

(bounded)

f

f 01

+
···+

f 0m

f̂
f 0

f 00

C 2

f 0C 2

f 01

+
···+

f 0m

C 2

f

Lem
m

a 5.11

by construction
by construction

F
ig

u
re

8
:

R
e
p
re

se
n
ta

tio
n

o
f

th
e

p
ro

fi
le

s
a
n
d

re
la

-
tio

n
s

u
se

d
in

th
e

p
ro

o
f
o
f
L
e
m

m
a

5
.1

5
.

5.3
The

algorithm
W

e
s
h
o
w

a
n

a
l
g
o
r
i
t
h
m

t
o

c
o
m

p
u
t
e

a
fi
n
i
t
e

s
e
t

C
s
o

t
h
a
t

D
b

=
"
C

.
W

h
e
n

w
e

w
r
i
t
e

C

�
w

e
m

e
a
n

{f|
f�

f 02
C

}
a
n
d

b
y

"
C

=
{f2

F
b

|
f%

f 0
,f 02

C
}
.

1
.

L
e
t

C
=

{f� }
.

2
.

T
a
k
e

a
n
y

-
-
m

i
n
i
m

a
l
f2

C

�
a
n
d

a
-

-
m

i
n
i
m

a
l
f
1

2
(
a
,

¯

d
)f

s
o

t
h
a
t

f
1

62
"
C

,
a
n
d

a
d
d

f
1

t
o

C
.

I
f
t
h
e
r
e

i
s
n
’
t

a
n
y
,
g
o

t
o

n
e
x
t

s
t
e
p
.

3
.

F
o
r
e
v
e
r
y

-
e
x
t

-
m

i
n
i
m

a
l
f2

C
,
a
d
d

a
l
l
b
o
u
n
d
e
d

e
x
t
e
n
s
i
o
n
s

t
o

C
.

4
.

I
f
t
h
e
r
e

a
r
e

t
w

o
f
1

,f
2

2
C

�
t
h
a
t

a
r
e

b
o
u
n
d
e
d

e
x
t
e
n
s
i
o
n
s

o
f-

e
x
t

-
m

i
n
i
m

a
l
p
r
o
fi
l
e
s

o
f

C
s
o

t
h
a
t

f
1

+
f
2

62
"
C

,
t
h
e
n

a
d
d

f
1

+
f
2

t
o

C
.

R
e
p
e
a
t
.

G
o

t
o

s
t
e
p

2
.

5
.

O
u
t
p
u
t

C
.

N
o
t
e

t
h
a
t

s
t
e
p

2
c
a
n

o
n
l
y

b
e

r
e
p
e
a
t
e
d

a
s

m
a
n
y

t
i
m

e
s

a
s

t
h
e
r
e

a
r
e

m
i
n
i
m

a
l
e
l
e
m

e
n
t
s
i
n

F
b

,
w

h
i
c
h

i
s
e
x
p
o
n
e
n
t
i
a
l
.

I
d
e
m

w
i
t
h

3
a
n
d

4
.

S
o

i
t

i
s

e
a
s
y

t
o

c
h
e
c
k

t
h
a
t

t
h
i
s

a
l
g
o
r
i
t
h
m

u
s
e
s

e
x
p
o
n
e
n
t
i
a
l

s
p
a
c
e
.

N
o
w

w
e

p
r
o
v
e

t
h
a
t

i
t

i
s

c
o
r
r
e
c
t
,

a
s

a

c
o
n
s
e
q
u
e
n
c
e

o
f
t
h
e

l
e
m

m
a
s

p
r
e
s
e
n
t
e
d

b
e
f
o
r
e
.

L
e
m
m
a

5
.
1
4
.

T
h
e

a
l
g
o
r
i
t
h
m

u
s
e
s
a
t
m

o
s
t
e
x
p
o
n
e
n
t
i
a
l
s
p
a
c
e
.

L
e
m
m
a

5
.
1
5
.

"
C

=
D

b

.

P
r
o
o
f
.

[�
]
T

h
i
s
i
s
i
m

m
e
d
i
a
t
e
,
s
i
n
c
e

b
y

c
o
n
s
t
r
u
c
t
i
o
n

C
�

D
b

a
n
d

b
y

R
e
m

a
r
k

5
.
1
3

D
b

i
s

u
p
w

a
r
d

c
l
o
s
e
d
.

[�
]
L
e
t
f2

D
b

.
T

h
e
n
,
t
h
e
r
e

m
u
s
t
b
e

a
f
o
r
e
s
t

¯

t
o
f
d
e
r
i
v
a
t
i
o
n

t
r
e
e
s
f
o
r
p
r
o
fi
l
e
s
f
1

,
.
.
.
,f

n

2
D

b

s
o

t
h
a
t
f
=

f
1

+
···

+
f
n

,
w

h
e
r
e

n
�

1
.

W
e

p
r
o
c
e
e
d

b
y

i
n
d
u
c
t
i
o
n

o
n

t
h
e

s
i
z
e

o
f

¯

t
.

•
I
f

¯

t
h
a
s

o
n
l
y

o
n
e

n
o
d
e
,
t
h
e
n

i
t

i
s

t
r
i
v
i
a
l
.

T
B

C
.

•
I
f

¯

t
=

t
i
s

a
t
r
e
e

w
i
t
h

h
e
i
g
h
t

n
>

0
.

S
u
p
p
o
s
e

t
h
a
t

t
h
e

r
o
o
t

i
s

l
a
b
e
l
e
d

w
i
t
h

f
a
n
d

w
i
t
h

s
o
m

e
(
a
,

¯

d
)

2
A

�
D

k
.

L
e
t

¯

t 0
b
e

t
h
e

f
o
r
e
s
t

o
f
i
m

m
e
d
i
a
t
e

s
u
b
t
r
e
e
s

o
f
t
,
l
e
t

m
=

|
¯

t 0|
.

F
o
r

e
v
e
r
y

1
�

i�
m

,
l
e
t

f 0i

b
e

t
h
e

p
r
o
fi
l
e

l
a
b
e
l
o
f
t
h
e

r
o
o
t

o
f

¯

t 0
(
i
)

f
o
r

e
v
e
r
y

i2
[
m

]
.

L
e
t

u
s

s
h
o
w

t
h
a
t

t
h
e
r
e

i
s

s
o
m

e
f 002

C
s
o

t
h
a
t

f 00-
f
.

W
e

h
a
v
e

t
h
a
t

f 01

+
···

+
f 0m

2
"
C

b
y

i
n
d
u
c
t
i
v
e

h
y
p
o
t
h
e
s
i
s
,

l
e
t

f 0�
f 01

+
···

+
f 0m

f
o
r

f 02⇠
C

.
F
u
r
t
h
e
r
,
l
e
t

u
s

a
s
s
u
m

e
t
h
a
t

f 0

i
s-

-
m

i
n
i
m

a
l
a
m

o
n
g

t
h
e

p
r
o
fi
l
e
s

o
f
C

.

L
e
t

f 0i

2⇠
C

s
o

t
h
a
t

f 0i

�
f
i

.
I
f

m
=

1
i
t

i
s

t
r
i
v
i
a
l
.

I
f

m
>

1
,
t
h
e
r
e

m
u
s
t

b
e

s
o
m

e
f 02

-
f
2

+
···

+
f
m

b
y

i
n
d
u
c
t
i
v
e

h
y
p
o
t
h
e
s
i
s
.

•
I
f

¯

t
=

¯

t

1 ·
¯

t

2

w
i
t
h

¯

t

1

,

¯

t

2

6=
"
.
.
.

X
X

X
X

X

F
i
g
u
r
e

9
d
e
p
i
c
t
s

t
h
e

g
e
n
e
r
a
l
i
d
e
a

o
f
t
h
e

a
r
g
u
m

e
n
t
.

Fig. 8. Statement of Lemma 5.6.

= �

#
e

i

(d0
j

). (by definition)

Condition (c) follows by symmetry.
We check that �

#
e

+

(d0
j

) = �

#
e

1

(d0
j

) and �

#
i

+

(d0
j

) = �

#
i

1

(d0
j

). By definition of +, we
have that

�

#
e

+

(d0
j

) = �

#
e

2

(d
j

) (by (+2))

= �

#
e

1

(d0
j

), (since �̄

1

(d0
j

) = �̄

2

(d
j

) by (†))
�

#
i

+

(d0
j

) =
�; [ [f

2

]!·; [ · · · [ [f
2

]! · · · [f
2

]!| {z }
j times

·; [

[f
2

]! · · · [f
2

]!| {z }
j + 1 times

·�#i
2

[

[f
2

]! · · · [f
2

]!| {z }
j + 2 times

·; [ · · · [ [f
2

]! · · · [f
2

]!| {z }
n � 1 times

·;�
(d

j

) (by (+4))

= ([f
2

]!·�#i
2

)(d
j

) (by Lemma 4.5)

= �

#
i

2

(d
j

) (by Lemma 4.6)

= �

#
i

1

(d0
j

). (since �̄

1

(d0
j

) = �̄

2

(d
j

) by (†))
Therefore, we have that condition (a) as well as conditions (b) and (c) hold true
for every data value, and that f0

0

+ · · · + f0
t+1

and f
1

coincide. Thus, the Claim
follows.

This concludes our proof.
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A similar lemma holds for the rooting operation.
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