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* Wewantf«n,» - «hp»—p «M» iff f (ny,-,np,) =m
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x
* Wewantf«n,» - «hp»—p «M» iff f (ny,-,np,) =m

* Iff(ny, -, np) isdefined, then fany» - «npn——p «f (ny, -, np) »

* Shown indetail in this lecture

° |ff«m » eee «nk»—:)ﬁ «m» andf«n1 » eee «nk»—:)ﬂ «p», thenm = p

* Follows from more general theorems proved later

° Iff(ny,...,n,) isundefined, then = (f« Ny e «<hy, »—*>ﬁ «m») forany m

Madhavan Mukund/S P Suresh Encoding recursion, fixpoints PLC 2025, Lecture 19, 27 Mar 2025

2/26



Encoding recursive functions

* Church numerals encoden € N

* Can we encode recursive functions { : N* — N?

° Letfbetheencoding of f

x
* Wewantf«n,» - «hp»—p «M» iff f (ny,-,np,) =m

*

Iff (1, -, 1) is defined, then f«n » - «ny»——p «f (1, -, 1) »
Shown in detail in tbis lecture .

Iffan» - «hp»—pg «mM» and f«n» - «hp»——pg «p», thenm =p
Follows from more general theorems proved later

Iff (ny, ..., n,) is undefined, then - (f« Ny o «Np» —*>ﬁ «m») forany m
Brief discussion at the end of this lecture
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Encoding recursive functions

* wnn=Afx-f"x
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Encoding recursive functions

* wnn=Afx-f"x

* Zero:Z = Ax - «O»

* Successor:succ = Apf x-f (pf x)

* Projection: proj’.k = AXiXp = Xp, * X

* Composition: Iff : N* — Nisdefinedbyf =g (h,..., h,)
f=A%X-g (h,X) - (h,X)
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Encoding recursive functions: primitive recursion

* Primitive recursion: Suppose f is defined via primitive recursion fromg : N — Nand s : N° — N

f (0,n) =g(n)
f(i+1,n) =h(f(in),n)
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Encoding recursive functions: primitive recursion

* Primitive recursion: Suppose f is defined via primitive recursion fromg : N — Nand s : N° — N

f (0,n) =g(n)
f(i+1,n) =h(f(in),n)

* We need to eliminate recursion

° A-calculus functions are anonymous
° Cannotdirectly use name of f inside definition of f

° We convert recursion into iteration
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Encoding primitive recursion

* Given m and n, generate a sequence of pairs

(0,£(0,n)), (1, £(1, 1)), .., (m, f (m, n))
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* Given m and n, generate a sequence of pairs

(0,£(0,n)), (1, £(1, 1)), .., (m, f (m, n))

° Generate the sequence by the following recursion

t(0) = (0,f(0,n)) = (0,g9(n))
ti+1) = (i+1,f(i+14,n) = (i+1,h(i,f(i,n),n))
= (succ( fst(t(i))),

h( fst(t(7)), snd(t(i)), n) )
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° Generate the sequence by the following recursion

t(0) = (0,f(0,n)) (0,9(n))

ti+1) = (i+1,f(i+1,n)) (i+1,h(i, f(i,n),n))
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° fst and snd return the first and second components of a pair
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Encoding primitive recursion

* Given m and n, generate a sequence of pairs

(0,£(0,n)), (1, £(1, 1)), .., (m, f (m, n))

° Generate the sequence by the following recursion

t(0) = (0,f(0,n)) (0,9(n))

ti+1) = (i+1,f(i+1,n)) (i +1,h(i, f (i, n), n))
(succ( fst((i))),
h( fst(t(i)), snd(t(i)), n) )
° fst and snd return the first and second components of a pair
° f (m, n) can be retrieved as snd(t(m))
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Encoding recursive functions

* Generate the sequence by the following recursion

£(0) = (0,f(0,n)) = (0,9(n))
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t
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Encoding recursive functions

* Generate the sequence by the following recursion

£(0) = (0,f(0,n)) = (0,9(n)
ti+1) = (i+1,f@{+1,n) = (i+1,h(if(i,n),n))
= (succ( fst(t(i))),

t
h( fst(t(i)), snd(t(i)), n) )
* We generate the t(i)’s by iteration
* DefineA =t(0) = (0,g(n))and S : t(i) — t(i+1)
® Sot(m) =S"(A) ..
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Encoding recursive functions

* Generate the sequence by the following recursion

t(0) (0,1(0,n)) (0,9(n))
t(i +1) (i+1,f(i+1,n) (i +1,h(i, f (i, n), n))
(succ( fst(t(i))),

h( fst(t(i)), snd(t(i)), n) )

* We generate the t(i)’s by iteration

* DefineA =t(0) = (0,g(n))and S : t(i) — t(i+1)
* Sot(m) = S"(A) ..

e ..andf(m,n) = snd(t(m)) = snd(S"(A))
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Encoding pairs, fst and snd

* pair = Axyz - zxy
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Encoding pairs, fst and snd

* pair = Axyz - zxy
* paira b—;ﬂ Az - zab
* fst = Ap.p(Axy - X)

Madhavan Mukund/S P Suresh Encoding recursion, fixpoints

PLC 2025, Lecture 19, 27 Mar 2025

7126



Encoding pairs, fst and snd

* pair = Axyz - zxy

* paira lo—*—>ﬂ Az - zab

* fst = Ap.p(Axy - X)

* fst (pairab) —*>ﬁ (Ap - p(Axy - X)) (Az - zab) —> (Az - zab) (Axy - )
—g Ay -x)ab—s; (Ay - a)b—g a
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Encoding pairs, fst and snd

* pair = Axyz - zxy

* paira lo—*—>ﬂ Az - zab

* fst = Ap.p(Axy - X)

* fst (pairab) —*>ﬁ (Ap - p(Axy - X)) (Az - zab) —> (Az - zab) (Axy - )
—g Ay -x)ab—s; (Ay - a)b—g a

* snd =2Ap- (p(Axy - y))
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Encoding pairs, fst and snd

pair = Axyz - zxy

paira b_:)ﬂ Az - zab

fst = Ap.p(Axy - x)

fst (paira b) —*>ﬁ (Ap - p(Axy - X)) (Az - zab) —> (Az - zab) (Axy - )
—g Ay -x)ab—s; (Ay - a)b—g a

snd =Ap - (p(biy -¥)

snd (pairab) —g (Ap - p(Axy - y))(Az - zab) — 4 (Az - zab) (Axy - y)
—g (Axy - y)ab—s (Ay - y)b—p b
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Encoding primitive recursion

* A= (Oag(n))
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Encoding primitive recursion

* A=(0,9(n))
* S(t(0) = (1 + 1,1 +1,n)) = (succ( fst(t(i))),  h( fst(t(i)), snd(t(i)), n))
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Encoding primitive recursion

(t( )) (l +1,f(i+1,n)) = (succ( fst(t(0)),  h( fst(t(i)), snd(t(i)), n))
* t(m) = S"(A) and f (m, n) = snd(t(m))
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Encoding primitive recursion

* A=(0,9(n)
* S(t(i) = (i +1,f(i +1,n)) = (succ( fst(t(i))), h( fst(t(i)),snd(t(i)), n))
* t(m) = S"(A) and f (m, n) = snd(t(m))

° nis“free”inthe above, but in the lambda encoding we carry an extra argument
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* A =Ax - pair «0» (gx)
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° nis“free”inthe above, but in the lambda encoding we carry an extra argument
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Encoding primitive recursion

* A=(0,9(n)

* S(t(0) = (1+1,f(+1,n)) = (succ( fst(t(0))), h( fst(t(i)), snd(t(i)), n))

* t(m) = S"(A) and f (m, n) = snd(t(m))

° nis“free”inthe above, but in the lambda encoding we carry an extra argument
* A =Ax-pair «0»(gx)

* S=MAp-pair (succ(fstp)) (h (fstp) (sndp) x)

* f=Ayx-snd (y(Sx) (Ax))
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Encoding primitive recursion

* f=Ayx-snd(y(Sx) (Ax))
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Encoding primitive recursion

* f=Ayx- snd(y(Sx) (Ax))

* fam» «n»——>ﬂ snd («m» (S «n») (A «n»))——m snd ((S «n») (A «n»))
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Encoding primitive recursion

* f=Ayx- snd(y(Sx) (Ax))

* fam» «n»——>ﬂ snd («m» (S «n») (A «n»))——m snd ((S «n») (A «n»))

* CheckthatS «n» (pair «i» «f(i,n)») ——>ﬂ pair «i+1» «f(i+1,n)»
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Encoding primitive recursion

° CheckthatS «n» (pair «i» «f(i,n)») —*)5 pair «i+1» «f(i+1,n)»
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Encoding primitive recursion

° CheckthatS «n» (pair «i» «f(i,n)») ;)B pair «i+1» «f(i +1,n)»
* S«n» (pair «i» «f(i,n)»)
—*—7; pair (succ (fst (pair «i» «f(i,n)»)))
(h (fst (pair«i» «f (i, n) »))

(snd (pair «in« f(i, n) »))

«n»)
—pg  pair (succ«in) (h«in« f(i,n) » «n»)
- pair «i+1» «h(i,f(i,n),n)»
pair «i+1» «f(i+1,n)»
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Encoding primitive recursion

* Checkthat (S «n»)" (A«n») ;>ﬂ pair «i» «f(i,n)»

Madhavan Mukund/S P Suresh Encoding recursion, fixpoints PLC 2025, Lecture 19, 27 Mar 2025 11/26



Encoding primitive recursion

* Checkthat (S «n»)' (A«n») —*>ﬁ pair «i» «f(i,n)»

° (s «Vl»)o (A«n») —*_’ﬁ A«n» = pair «0O» (g «n») = pair «0» «f(0,n)»
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Encoding primitive recursion

* Checkthat (S «n»)' (A«n») —*>[@ pair «i» «f(i,n)»

* (S«n»)? (A«n») —*—>ﬂ A«n» = pair «0» (g «n») = pair «0» «f(0,n)»
S (S (Aam) = Swn»((Sen») (Aann)

»)  (ind. hyp.)

» (previousslide)

.
—g  S«n»(pair «i» «f(i,n
.

—g  pair «i+1» «f(i+1,n
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Encoding primitive recursion

* f=Ayx-snd(y(Sx) (Ax))
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Encoding primitive recursion

* f=Ayx- snd(y(Sx) (Ax))

* fam» «n»——>ﬂ snd («m» (S «n») (A «n»))——m snd((S «H») (A«n»))
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Encoding primitive recursion

* f=Ayx- snd(y(Sx) (Ax))

* fam» «n»——>ﬂ snd («m» (S «n») (A «n»))——>ﬂ snd((S «H») (A«n»))

* (S«n»)" (A«n») ——>ﬂ pair «m» «f(m,n)»
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Encoding primitive recursion

* f=Ayx- snd(y(Sx) (Ax))
* fam» «n»——>ﬂ snd («m» (S «n») (A «n»))——m snd((S «n») (A«n»))
* (S«n»)" (A«n») ——>ﬂ pair «m» «f(m,n)»

® Sof«m» «n»—*—>[3 snd (pair «m» «f(m, n)») —*—>ﬂ «f(m,n)»
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Encoding primitive recursion

* f=Ayx- snd(y(Sx) (Ax))

* faum» «n»——>ﬁ snd («m» (S «n») (A«n»)) ——>ﬂ snd((S«n»)" (A«n»))
* (S«n»)" (A«n») ——>ﬂ pair «m» «f(m,n)»

* Sofam»«n» —*—>ﬁ snd (pair «m» « f(m, H) ») _:)ﬂ « f(m, H) »

* The expression PR encodes the schema of primitive recursion

PR = Ahgyx - snd (y

((Ax p - pair (succ (fstp)) (h (fstp) (snd p) x)) x)
((Ax - pair«0» (gx)) x)
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Encoding u-recursion

* Supposef : N — N isobtained from g : N* — N by p-recursion

. i ifg(i,n) =0andVj<i:g(jn) >0
n) =
undefined otherwise

° f can be expressed as the following (potentially unbounded) while loop:

i=0;
while (g(i, n) > 0) {i =i + 1;}
return i;
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Encoding u-recursion

° f can be expressed as the following (potentially unbounded) while loop:

i=0;
while (g(i, n) > 0) {i = i + 1;}
return i;

* Implementthewhile loop using recursion:

int search(i, n) {
if (iszero(g(i, n))) return i;
else return search(i+1, n);

}

f(n) = search(0, n);
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Encoding booleans

* Need ways to encode booleans, if-then-else, test for zero and recursive definitions in A-calculus
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Encoding booleans

* Need ways to encode booleans, if-then-else, test for zero and recursive definitions in A-calculus

* true = Axy - x

Madhavan Mukund/S P Suresh Encoding recursion, fixpoints PLC 2025, Lecture 19, 27 Mar 2025 15/26



Encoding booleans

* Need ways to encode booleans, if-then-else, test for zero and recursive definitions in A-calculus
* true = Axy - x

* false = Axy -y
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Encoding booleans

* Need ways to encode booleans, if-then-else, test for zero and recursive definitions in A-calculus
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* false = Axy -y

* if-then-else = Abxy - bxy

Madhavan Mukund/S P Suresh Encoding recursion, fixpoints PLC 2025, Lecture 19, 27 Mar 2025 15/26



Encoding booleans

* Need ways to encode booleans, if-then-else, test for zero and recursive definitions in A-calculus
* true = Axy - x

* false = Axy -y

* if-then-else = Abxy - bxy

* Syntacticsugar: if-then-else b f giswrittenasif bthenf elseg

iftruethenfelsegy = (Abxy - bxy)(Axy - x)fg  —5  (xy - (Axy - x)xy)fg
—p (- xy-x)fy)g —p  (Axy-x)fg
B (Ay-f)g —:’g f
iffalsethenfelsey = (Abxy - bxy)(Axy -y)fg  —5  (Axy-y)fg
—p (W-y)g —p 4
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Encoding test for zero

* iszero := Ax - x(Az - false)true
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Encoding test for zero

* iszero := Ax - x(Az - false)true

*
* iszero «n»—; «n»(Az - false)true— g (Az - false)"true

Madhavan Mukund/S P Suresh Encoding recursion, fixpoints PLC 2025, Lecture 19, 27 Mar 2025 16/26



Encoding test for zero

* iszero := Ax - x(Az - false)true
*
* iszero «n»—; «n»(Az - false)true— g (Az - false)"true

* (Az - false)®true = true
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Encoding test for zero

* iszero := Ax - x(Az - false)true

*
* iszero «n»—; «n»(Az - false)true— g (Az - false)"true
* (Az - false)®true = true

* Forn >0, (Az - false)"true = (Az - false)((Az - false)"'true) — false
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Encoding test for zero

* iszero := Ax - x(Az - false)true

*
* iszero «n»—; «n»(Az - false)true— g (Az - false)"true
* (Az - false)®true = true

* Forn >0, (Az - false)"true = (Az - false)((Az - false)"'true) — false
* Thus

Madhavan Mukund/S P Suresh Encoding recursion, fixpoints PLC 2025, Lecture 19, 27 Mar 2025 16/26



Encoding test for zero

* iszero := Ax - x(Az - false)true

*
* iszero «n»—; «n»(Az - false)true— g (Az - false)"true
* (Az - false)®true = true

* Forn >0, (Az - false)"true = (Az - false)((Az - false)"'true) — false
* Thus

B
iszero « 0 » — true
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Encoding test for zero

* iszero := Ax - x(Az - false)true

*
* iszero «n»—; «n»(Az - false)true— g (Az - false)"true
* (Az - false)®true = true

* Forn >0, (Az - false)"true = (Az - false)((Az - false)"'true) — false
* Thus

B
iszero « 0 » — true

.
iszero «n» — false forn > 0
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Recursive definitions

® f(n) = pi:g(i,n)isexpressed as follows:

int search(i, n) {
if (iszero(g(i, n))) return i;
else return search(i+1, n);

}
f(n) = search(0, n);

* The A-expression search encoding search satisfies the following property:

*

search«m»«n» —;  if (iszero (g «m» «n»)) then «m» else (search «m + 1» «n»)
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Recursive definitions

* Suppose search satisfies the following property:
search —*>[3 (Acyx - if (iszero(gy x))
then y else (c (succy) x)) search
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Recursive definitions

* Suppose search satisfies the following property:
search —*>[5 (Acyx - if (iszero(gy x))
then y else (c (succy) x)) search
° Thenitsatisfies the following:

N
search « m»«n» —y if (iszero(g «m» «n»))
then«m»
else (search «m + 1» «n»)
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Recursive definitions

* Suppose search satisfies the following property:
search ;>ﬁ (Acyx - if (iszero(gy x))
then y else (c (succy) x)) search
° Thenitsatisfies the following:

N
search « m»«n» —y if (iszero(g «m» «n»))
then«m»
else (search «m + 1» «n»)

* Sowith F := Acyx - if (iszero (gy x)) theny else (c(succy) x) ...
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Recursive definitions

* Suppose search satisfies the following property:
search ;>ﬁ (Acyx - if (iszero(gy x))
then y else (c (succy) x)) search
° Thenitsatisfies the following:

N
search « m»«n» —y if (iszero(g «m» «n»))
then«m»
else (search «m + 1» «n»)

* Sowith F := Acyx - if (iszero (gy x)) theny else (c(succy) x) ...

N
° ..wewantsearch — F search

Madhavan Mukund/S P Suresh Encoding recursion, fixpoints PLC 2025, Lecture 19, 27 Mar 2025 18/26



Recursive definitions and fixed points

* Given a A-expression F, find an expression C such that
C—4FC
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Recursive definitions and fixed points

* Given a A-expression F, find an expression C such that
C—4FC

* Taking C = (Ax - F(xx))(Ax - F(xx)), we have
C—5FC
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Recursive definitions and fixed points

* Given a A-expression F, find an expression C such that
C—4FC
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C—5FC

* SuchaCisafixed pointof F
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Recursive definitions and fixed points

* Given a A-expression F, find an expression C such that
C—4FC

* Taking C = (Ax - F(xx))(Ax - F(xx)), we have
C—5FC

* SuchaCisafixed point of F

° Recall: x is a fixed point of a function f if f (x) = x
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Recursive definitions and fixed points
* Given a A-expression F, find an expression C such that
C—4FC
* Taking C = (Ax - F(xx))(Ax - F(xx)), we have

C—5FC

* SuchaCisafixed point of F
° Recall: x is a fixed point of a function f if f (x) = x

° Can we abstract the process of finding a fixed point?
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Recursive definitions and fixed points

Given a A-expression F, find an expression C such that

C—4FC

* Taking C = (Ax - F(xx))(Ax - F(xx)), we have
C—5FC

* SuchaCisafixed point of F
° Recall: x is a fixed point of a function f if f (x) = x
° Can we abstract the process of finding a fixed point?

* Enter fixed-point combinators!
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Recursive definitions and the Y combinator

* DefineY = Af - (Ax - f(xx)) (Ax - f (xx))
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Recursive definitions and the Y combinator

* DefineY = Af - (Ax - f(xx)) (Ax - f (xx))
* YF—p (M- F(xx)) (Ax - F(xx)) —>5 F(Ax - F(xx)) (Ax - F(xx))
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Recursive definitions and the Y combinator

* DefineY = Af - (Ax - f(xx)) (Ax - f (xx))
* YF—p (M- F(xx)) (Ax - F(xx)) —>5 F(Ax - F(xx)) (Ax - F(xx))
* F(YF)—p F(Ax - F(xx))(Ax - F(xx))
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Recursive definitions and the Y combinator

* DefineY = Af - (Ax - f(xx)) (Ax - f (xx))

* YF—p (M- F(xx)) (Ax - F(xx)) —>5 F(Ax - F(xx)) (Ax - F(xx))
* F(YF)—p F(Ax - F(xx))(Ax - F(xx))

* Sothereisa G such thatYF—*—q; GandF(YF)—*—q; G
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Recursive definitions and the Y combinator
* DefineY = Af - (Ax - f(xx)) (Ax - f (xx))
* YF—p (M- F(xx)) (Ax - F(xx)) —>5 F(Ax - F(xx)) (Ax - F(xx))
* F(YF)—p F(Ax - F(xx))(Ax - F(xx))
* Sothereisa G such thatYF—*—>ﬁ GandF(YF)—*—q; G
* WesaythatYF =g F(YF)
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Recursive definitions and the Y combinator

* DefineY = Af - (Ax - f(xx)) (Ax - f (xx))

* YF—p (M- F(xx)) (Ax - F(xx)) —>5 F(Ax - F(xx)) (Ax - F(xx))
* F(YF)—p F(Ax - F(xx))(Ax - F(xx))

* Sothereisa G such thatYF—*—>ﬁ GandF(YF)—*—q; G

* WesaythatYF =g F(YF)

* ForanyF,YFisaCsuchthatC =, FC
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Recursive definitions and the ©® combinator

* Given a A-expression F, find an expression C such that
C—4FC

Madhavan Mukund/S P Suresh Encoding recursion, fixpoints PLC 2025, Lecture 19, 27 Mar 2025 21/26



Recursive definitions and the ©® combinator

* Given a A-expression F, find an expression C such that
C—4FC

* Define© = (Axy - y(xxy)) (Axy - y(xxy))
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Recursive definitions and the ©® combinator
* Given a A-expression F, find an expression C such that

C—4FC

* Define© = (Axy - y(xxy)) (Axy - y(xxy))

* OF = (by - y(xxy)) Axy - yOoxy)) F—5 (Ay - y( (Axy - y(xxy)) (Axy - y(xxy)) y) ) F—3
F((Axy - y(Oxy)) (Axy - y(xxy)) F) = F (©F)
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* Given a A-expression F, find an expression C such that
C—4FC

* Define© = (Axy - y(xxy)) (Axy - y(xxy))

* OF = (by - y(xxy)) Axy - yOoxy)) F—5 (Ay - y( (Axy - y(xxy)) (Axy - y(xxy)) y) ) F—3
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Recursive definitions and the ©® combinator

* Given a A-expression F, find an expression C such that
C—4FC

* Define© = (Axy - y(xxy)) (Axy - y(xxy))

* OF = (by - y(xxy)) Axy - yOoxy)) F—5 (Ay - y( (Axy - y(xxy)) (Axy - y(xxy)) y) ) F—3
F((Axy - y(Oxy)) (Axy - y(xxy)) F) = F (©F)
° Thus@F—*—m F(©F)

e ForanyF,G)FisaCsuchthatC—*—q; FC
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Back to u-recursion

® f(n) = ui:g(i,n)isencoded as follows:
® F = Acyx - if (iszero(gy x)) then y else (c(succ y)x)
° search = OF, and so search —*7; F search
* f=search«0»

* fun» =search«O»«n»
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Encoding u-recursion

® Supposeg(i,n) =0
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Encoding u-recursion

® Supposeg(i,n) =0

*
° Theng«i»«n»—>1@ «O»
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Encoding u-recursion

® Supposeg(i,n) =0
° Theng<<i>><<n>>;>ﬁ «O»

* *
Soiszero(g «i» «n») —; iszero « 0» — g true
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Encoding u-recursion

® Supposeg(i,n) =0
° Theng«i»«n»—*m «O»

* *
* Soiszero(g «i» «n») — g iszero « 0» —; true
° So

*

search «i» «n» ——>[3 F search «i»«n»

—  if(iszero(g«i» «n»))
then «i»
else (search(succ «i») «n»)

—>  iftruethen «i» else (search (succ «i») «n»)

——)B ((i))
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Encoding u-recursion

® Supposeg(i,n) =k >0

Madhavan Mukund/S P Suresh Encoding recursion, fixpoints PLC 2025, Lecture 19, 27 Mar 2025 24/26



Encoding u-recursion

® Supposeg(i,n) =k >0

° Then g«i»«n»—>lg «h»
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Encoding u-recursion

® Supposeg(i,n) =k >0
° Theng<<i>><<n>>;>ﬁ «h»
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Encoding u-recursion

® Supposeg(i,n) =k >0
° Theng«i»«n»—*m «h»

* *
Soiszero(g «i» «n») —; iszero «k» —; false
° So

*

search «i» «n» ——)B F search «i» «n»

—g  if (iszero(g «i» «n»))
then «i»
else (search(succ «i») «n»)

—;  (iffalse then «i»else (search (succ «i») «n»)
—g  search (succ«i») «n»

—3 search «i+1» «n»
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Encoding u-recursion

*
° Ifg(i,n) = O thensearch «i» «n»—p «i»
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Encoding u-recursion

*
° Ifg(i,n) = O thensearch «i» «n»—p «i»

.
* Ifg(i,n) > Othen search «i» «n»—p search «i+1» «n»
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Encoding u-recursion

x
° Ifg(i,n) = O thensearch «i» «h»—g «i»

.
* Ifg(i,n) > Othen search «i» «n»—p search «i+1» «n»

* Suppose now thatg(b,n) = 0Oandg(a,n) > Oforalla < b
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Encoding u-recursion

*
° Ifg(i,n) = O thensearch «i» «n»—p «i»

.
* Ifg(i,n) > Othen search «i» «n»—p search «i+1» «n»

* Suppose now thatg(b,n) = 0Oandg(a,n) > Oforalla < b

* * * * *
* search «0» «H»——)B search «1» «H»——)B search « 2 » «H»——)B ——)B search «b» «n» ——)lg «b»
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Encoding u-recursion

*
° Ifg(i,n) = O thensearch «i» «n»—p «i»

* Ifg(i,n) > Othensearch«i» «n»—*—>ﬁ search «i+1» «n»
* Suppose now thatg(b,n) = 0Oandg(a,n) > Oforalla < b

* * * * *
* search «0» «H»——)B search «1» «H»——)B search « 2 » «H»——)B ——)B search «b» «n» ——)lg «b»

* Thus f«n»—*—>‘3 search « 0 » «n»—*—>‘3 «b»whereb = }Ai :g(i, W)
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Encoding u-recursion

*
° Ifg(i,n) = O thensearch «i» «n»—p «i»

* Ifg(i,n) > Othensearch«i»«n» —*—7; search «i+1» «n»

* Suppose now thatg(b,n) = 0Oandg(a,n) > Oforalla < b

* search«O»«n »—*—>ﬂ search «T» «n »—*—>B search «2» «n »—*—7; —;5 search «b» «n» —*—>ﬁ «b»
* Thus f«n»—*—>ﬁ search « 0 » «””—:’ﬁ «b»whereb = pi: g(i, )

* The expression Mu = g - ©CG« 0 » encodes the schema of y-recursion where

G = Acyx - if (iszero (g y x)) then y else (c(succy)x)
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Encoding u-recursion

* Suppose g(a, n) is definedand > O forall a
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Encoding u-recursion

° Suppose g(a, n) is defined and > 0 forall a

* * *
search«O» «n» —p search«1» «n» — search«2» «n» — search «3» «n» ...
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Encoding u-recursion

* Suppose g(a, n) is definedand > O forall a

* * *
search «O» «n» —p search «1» «n» — search « 2» «n» — search «3» «n» ...

* Thus no reduction sequence starting from f « 1 » terminates
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Encoding u-recursion

* Suppose g(a, n) is definedand > O forall a
* * *

* search «O» «n» —p search «1» «n» — search «2» «n» — search «3» «n» ...

* Thus no reduction sequence starting from f « 1 » terminates

° Suppose g(b, n) is undefined for some b,and g(a, n) # Oforalla < b
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Encoding u-recursion

* Suppose g(a, n) is definedand > O forall a

* search «O» «n» —*>ﬂ search «1» «n» —*>ﬂ search «2» «n» ;>ﬁ search «3» «n»...
* Thus no reduction sequence starting from f « 1 » terminates

° Suppose g(b, n) is undefined for some b,and g(a, n) # Oforalla < b

® Thus g «b» «n» has no terminating reduction sequence, and similarly for f «n»
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