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Church numerals and arithmetic functions

* «n»=Afx-f"x
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Church numerals and arithmetic functions

* «n» =Afx-f"x
" =f(f (- (fx)-)),wherefisapplied repeatedly n times
*«nngy=Afx-f(-(fx)=)gy  —p g(-(ay)~) = 34"y

*

*succ=Apfx-f(pfx) SUCC « M » —p  «m+1»
*
plus=lpq fX~pf(qu) plus«m»«n»——>ﬁ «m+n»
*
mult =quf-p(q f) mult « m» «Nw—g  «mn»
*
exp = qu - pq exp«m» «n» —_’ﬁ «n™»
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Computability

* Church numerals encoden € N
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Computability

* Church numeralsencode n € N

°* Can we encode computable functions f : Nk — N?

° Letfbe the encoding of f
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Computability

* Church numeralsencode n € N

°* Can we encode computable functions f : Nk — N?

° Letfbe the encoding of f

* Wewantf«n,» - “”k»—:’ﬂ «m»ifff(ng, -, n,) =m

.
v Iff(ny, -, ) isdefined, then fany» o wnypn——g «f (ng, ) »
* *
2 Iffan» -« «npn—sg «mmandfan» - «n»—g «pn,thenm=p
x

3 Iff(n,...,n,) is undefined, then - (f« M» e «lp»—p «m») forany m
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Computability

° Church numeralsencode n € N
°* Can we encode computable functions f : Nk — N?
° Letfbe the encoding of f
* Wewantf«n,» - «n, »—*—>ﬂ «m»ifff(ng, -, n,) =m
1 Iff(ny, -, n,) isdefined, then f«n,» - «ny» —*>5 «f (Mg, ey np) »
2 Iffan» -« «npn—sg «mmandfan» - «n»—g «pn,thenm=p
3 Iff(n,...,n,) is undefined, then - (f« Ny » - «Np» —*>5 «m») forany m

* We need a syntax for computable functions!
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Recursive functions

* Recursive functions [Dedekind, Skolem, Godel, Kleene]
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Recursive functions

° Recursive functions [Dedekind, Skolem, Godel, Kleene]
° Equivalent to Turing machines

* f:N¥ — Nisobtained by composition fromg : N — Nand h,, ..., h : N* — Nif

f(n) =g(h(), ..., h(n))
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Recursive functions

* Recursive functions [Dedekind, Skolem, Godel, Kleene]
° Equivalent to Turing machines

* f:N¥ — Nisobtained by composition fromg : N — Nand h,, ..., h : N* — Nif

f(n) =g(h(), ..., h(n))

* Notation: f = g.(h;, h,,..., h)
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Recursive functions

* f: N — Nis obtained by primitive recursion from g : N* — Nand h : N*? — Nif
f (0,n) = g(n)
f(i+1,n) =h(i,f (i,n),n)
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Recursive functions
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Recursive functions

* f: N — Nis obtained by primitive recursion from g : N* — Nand h : N*? — Nif
f (0,n) = g(n)
f(i+1,n) =h(i,f (i,n),n)

° Note If gand ) are total functions, so is f
° Equivalenttoa for loop:

result = g(n1, ..., nk); // f(e, n1, ..., nk)

for (i = 0; i < n; i+) { // computing f(i+1, ni1, ..., nk)
result = h(i, result, n1, ..., nk);

}

return result;
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Recursive functions

* f:N" — Nisobtained by ju-recursion or minimization from g : N*' — N if
_ i ifg(i,n) =0andVj<i:g(j,n) >0
f(n) =

undefined otherwise
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Recursive functions

* f:N" — Nisobtained by ju-recursion or minimization from g : N*' — N if

. {i ifg(i,n) = 0OandVj <i:g(j,n) >0
n) =

undefined otherwise

* Notation: f (n) = ui(g(i,n) = 0)
°* f need not be total evenif g is
° Iff (n) =i, theng(j,n)isdefined forallj < i
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Recursive functions

* f:N" — Nisobtained by ju-recursion or minimization from g : N*' — N if

f(n) =

undefined otherwise

* Equivalenttoawhile loop:

{i ifg(i,n) = 0OandVj <i:g(j,n) >0

i=0;

while (g(i, n1, ..., nk) > 0) {
i=1+1;

}

return i;
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Recursive functions

° The class of primitive recursive functions is the smallest class of functions
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Zero Z(n) =0
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Recursive functions

° The class of primitive recursive functions is the smallest class of functions
1 containing the initial functions
Zero Z(n) =0
Successor S(n) =n+1
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Recursive functions

° The class of primitive recursive functions is the smallest class of functions
1 containing the initial functions
Zero Z(n) =0
Successor S(n) =n+1
Projection IT¥(n,, ..., n,) = n;
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Recursive functions

° The class of primitive recursive functions is the smallest class of functions
1 containing the initial functions
Zero Z(n) =0
Successor S(n) =n+1
Projection IT¥(n,, ..., n,) = n;
2 closed under composition and primitive recursion
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Recursive functions

° The class of primitive recursive functions is the smallest class of functions
1 containing the initial functions
Zero Z(n) =0
Successor S(n) =n+1
Projection IT¥(n,, ..., n,) = n;
2 closed under composition and primitive recursion

° The class of (partial) recursive functions is the smallest class of functions
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Recursive functions

* The class of primitive recursive functions is the smallest class of functions
1 containing the initial functions
Zero Z(n) =0
Successor S(n) =n+1
Projection IT¥(n,, ..., n,) = n;
2 closed under composition and primitive recursion
° The class of (partial) recursive functions is the smallest class of functions
1 containing the initial functions
2 closed under composition, primitive recursion and minimization
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Recursive functions: Examples

* f(n)=n+2isS.S
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Recursive functions: Examples

* f(n)=n+2isS.S

* plus(n,m) = n + mis got by primitive recursion fromg = IT{ and h = S. T3

plus(0, m) = g(m) = IL(m)
=m
plus(n +1,m) = h(n, plus(n, m), m)
= (S.I13) (n, plus(n,m), m) = S(plus(n, m))
= (n+m)+1
= (n+1)+m
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Recursive functions: Examples

* mult(n,m) = nm is got by primitive recursion from g = Zand h = plus. (I3, I13)
Z(m)
=0

mult(0, m) = g(m)

mult(n + 1, m) h(n, mult(n, m), m)
(p’MS ° (H%, Hg))(”: mult(n, m)> m)
nm+ m

(n+1)m
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Recursive functions: Examples

* exp(n,m) = m"is got by primitive recursion from g = S. Zand h = mult. (I3, IT3)
exp(0, m) = g(m) = (5-2)(m)

h(n, exp(n, m), m)
(mult . (IT3, I13) ) (n, exp(n, m), m)

exp(n +1,m)
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Recursive functions: Examples

0 ifn=0
* Definepred(n) = )
n—1 otherwise
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Recursive functions: Examples

0 ifn=0
* Define pred(n) o

n—1 otherwise

* pred(n) = f (n,n) where f is got by primitive recursion fromg = Zand h = IT;

f (0, m) = g(m)
f(n+1,m) = hnf (n,m),m)

pred(0) = (0,0)
pred(n + 1) = fn+L,n+1)

Madhavan Mukund/S P Suresh

Z(m)
IT (n, f (n, m), m)

Recursive functions

0
n
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Recursive functions: Examples

0 ifm<n
° Definem ~n = .
m—n otherwise
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Recursive functions: Examples

0 ifm<n

° Definem ~n = .
m—n otherwise

* m=n=f(n,m)wheref is got by primitive recursion from g = 1] and h = pred . IT;

fom = gm - m(m)

=m = m=0
f(n+1,m) = hnf (n,m),m) = pred(ITl3(n,f (n,m), m))

= predim=n) = m=(n+1)
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Recursive functions: Examples

0 ifm<n

° Definem ~n = .
m—n otherwise

* m=n=f(n,m)wheref is got by primitive recursion from g = 1] and h = pred . IT;

f (0, m) = g(m) = ILi(m)

=m =m=0
f(n+1,m) = hnf (n,m),m) = pred(ITl3(n,f (n,m), m))

= predim=n) = m=(n+1)

* Note the recursion on the second argument!
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° Definem ~n = .
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* m=n=f(n,m)wheref is got by primitive recursion from g = 1] and h = pred . IT;

fom = gm - m(m)

=m = m=0
f(n+1,m) = hnf (n,m),m) = pred(ITl3(n,f (n,m), m))

= predim=n) = m=(n+1)

* Note the recursion on the second argument!
* [ (m) = log,mis defined by minimization from g(n, m) = m = 2"
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Recursive functions: Examples

0 ifm<n
° Definem ~n = .
m—n otherwise

* m=n=f(n,m)wheref is got by primitive recursion from g = 1] and h = pred . IT;

fom = gm - m(m)

=m = m=0
f(n+1,m) = hnf (n,m),m) = pred(ITl3(n,f (n,m), m))

= predim=n) = m=(n+1)

* Note the recursion on the second argument!
* [ (m) = log,mis defined by minimization from g(n, m) = m = 2"
* Firstnsuchthatm < 2" is [log,m|
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