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A-calculus: syntax

° Assume a countably infinite set Var of variables
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A-calculus: syntax

° Assume a countably infinite set Var of variables
* Theset A of lambda expressions is given by
A= x|Ax-M|MN
where x € Varand M, N € A.
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A-calculus: syntax

* Basic rule for computation (rewriting) is called f-reduction (or contraction)
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A-calculus: syntax

* Basic rule for computation (rewriting) is called f-reduction (or contraction)
* (- M)N—>g M[x := N]
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A-calculus: syntax
* Basic rule for computation (rewriting) is called f-reduction (or contraction)

* (- M)N—>5 M[x := N]
® M|[x := NJ: substitute free occurrences of x in M by N
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A-calculus: syntax

* Basic rule for computation (rewriting) is called f-reduction (or contraction)
* (Ax- M)N—> M[x := N]
® M|[x := NJ: substitute free occurrences of x in M by N

* We rename the bound variables in M to avoid “capturing” free variables of N in M
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A-calculus: syntax

* Basic rule for computation (rewriting) is called f-reduction (or contraction)
* (Ax- M)N—> M[x := N]
® M|[x := NJ: substitute free occurrences of x in M by N

* We rename the bound variables in M to avoid “capturing” free variables of N in M

* p-reduction can be applied in any context, replacing a subterm of the form (Ax - M)N with M[x := N]|
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A-calculus: syntax

* Basic rule for computation (rewriting) is called f-reduction (or contraction)
* (Ax- M)N—> M[x := N]
® M|[x := NJ: substitute free occurrences of x in M by N

* We rename the bound variables in M to avoid “capturing” free variables of N in M
* p-reduction can be applied in any context, replacing a subterm of the form (Ax - M)N with M[x := N]|

* Multi-step reduction is denoted —
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Encoding arithmetic

° Insettheory, use nesting to encode numbers
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Encoding arithmetic

° Insettheory, use nesting to encode numbers

Encoding of n: «n»
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Encoding arithmetic

° Insettheory, use nesting to encode numbers

Encoding of n: «n»
«n» = {«0» «In, ...,«n—1»}
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Encoding arithmetic

° Insettheory, use nesting to encode numbers

Encoding of n: «n»
«n» = {«0» «In, ...,«n—1»}
°® Thus
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Encoding arithmetic

° Insettheory, use nesting to encode numbers

Encoding of n: «n»

«n» = {«0» «In, ...,«n—1»}
°® Thus

C «O»=0Q
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Encoding arithmetic

° Insettheory, use nesting to encode numbers

Encoding of n: «n»
«n» = {«0» «In, ...,«n—1»}

* Thus
* «0O»=0Q
* «1» = {Q}
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Encoding arithmetic

* Insettheory, use nesting to encode numbers

Encoding of n: «n»
«n» = {«0» «In, ...,«n—1»}

* Thus
* «0O»=0Q
* «1» = {Q}

* «2» = {0, {0}
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Encoding arithmetic

* Insettheory, use nesting to encode numbers

° Encoding of n: «n»
® «n» = {«0» «l», ..., «n—T»}

* Thus

«0O»=Q

«1» = {@}

«2» ={Q,{D}}

«3» = {0, {2}, {0, {0} }}
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Encoding arithmetic

° Insettheory, use nesting to encode numbers

° Encoding of n: «n»
® «n» = {«0» «l», ..., «n—T»}

* Thus
* «0O»=0Q
* «1» = {Q}

¢ «2» ={Q,{Q}}
® «3» = {@7 {@}, {@, {@}}}

* InA-calculus, we encode n by the number of times we apply a function (successor) to an element
(zero)
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Church numerals

* «n»=Afx-f"x
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Church numerals

* «n»=Afx-f"x
* % =x
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Church numerals

* «n»=Afx-f"x
* % =x

. fn+1x — f(f”X)
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Church numerals

* «n»=Afx-f"x
* fo%=x
. fn+1X — f(an)
® Thus f"x =f (f (- (fx)-)),wheref isapplied repeatedly n times
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Church numerals

* «n»=Afx-f"x
* fo%=x
L] f'n+'|X:f(fHX)
® Thus f"x =f (f (- (fx)-)),wheref isapplied repeatedly n times

* Forinstance
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Church numerals

* «n»=Afx-f"x

* fo%=x

* f"™x =1 (f"%)

® Thus f"x =f (f (- (fx)-)),wheref isapplied repeatedly n times
° Forinstance

® «O»=Afx-x
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Church numerals

* «n»=Afx-f"x

* fo%=x

* f™x=f(f"x)

® Thus f"x =f (f (- (fx)-)),wheref isapplied repeatedly n times
° Forinstance

* «O»=Afx-x

* «I»=Afx-fx
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Church numerals

* «n»=Afx-f"x

* fo%=x

* f™x=f(f"x)

® Thus f"x =f (f (- (fx)-)),wheref isapplied repeatedly n times
° Forinstance

* «O»=Afx-x

* «In=Afx-fx

° «Z»:)LfX~f(fX)
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Church numerals

* «n»=Afx-f"x

* fo%=x

. anX:f(an)

® Thus f"x =f (f (- (fx)-)),wheref isapplied repeatedly n times
° Forinstance

* «O»=Afx-x

* «In=Afx-fx

° «Z»:)\fX~f(fX)

° «3»:Afx-f(f(fx))

Madhavan Mukund/S P Suresh Lambda calculus PLC 2025, Lecture 16,13 Mar 2025 5/10



Church numerals

* «n»=Afx-f"x
* % =x

. fn+1X — f(an)

® Thus f"x =f (f (- (fx)-)),wheref isapplied repeatedly n times

° Forinstance
* «O»=Afx-x
* «In=Afx-fx
° «Z»:)\fX~f(fX)
° «3»:Afx-f(f(fx))
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Church numerals

* «n»=Afx-f"x

* fo%=x

. fWHX:f(f”X)

® Thus f"x =f (f (- (fx)-)),wheref isapplied repeatedly n times
° Forinstance

* «O»=Afx-x

* «I»=Afx-fx

° «Z»:)\fX-f(fX)

° «3»:Afx~f(f(fx))

*«wnngy=@Afx-f (- (fx) -~-))gy—*>ﬁ g(-(gy)~)=g"y
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Encoding arithmetic functions

* Successor function: succ(n) = n +1
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Encoding arithmetic functions

* Successor function: succ(n) = n +1

* succ = Apfx - f (pfx)
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Encoding arithmetic functions

* Successor function: succ(n) = n +1
* succ = Apfx - f (pfx)

*
* Foralln, succ«n»—pg «n + 1»
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Encoding arithmetic functions

* Successor function: succ(n) = n +1

* succ = Apfx - f (pfx)

*
* Foralln, succ«n»—pg «n + 1»
[ ]

succ«n»

(}Lpr . f(pfx)) «n» —>ﬁ

Madhavan Mukund/S P Suresh

)\,fX . f(«Vl»fX)
M- F(%)
Afx - f1x

«n+T1»
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Encoding arithmetic functions

* Addition: plus(m,n) = m+n
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Encoding arithmetic functions

* Addition: plus(m,n) = m+n

* plus = Apqfx - pf (qfx)
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Encoding arithmetic functions

* Addition: plus(m,n) = m+n
* plus = Apqfx - pf (qfx)

° ForaIIm,n,plus«m»«n»——>ﬁ «m+n»
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Encoding arithmetic functions

* Addition: plus(m,n) = m+n
* plus = Apafx - pf (qfx)
° Fora]lm,n,plus«m»«n»—;ﬁ «m+ n»
¢ plus«m»«n»
(qufx-pf(qfx))«m»«n» —>ﬁ (}qux-«m»f(qfx))«n»
—p Af x-«mnf («n»fx)
— Afx-f"(«n»fx)
— Afx-f"(f"x)
= Af x-f My

= «m+n»
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Encoding arithmetic functions

* Multiplication: mult(m,n) = mn
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Encoding arithmetic functions

* Multiplication: mult(m,n) = mn
* mult = Apqf - p(qf)
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Encoding arithmetic functions

* Multiplication: mult(m, n) = mn
* mult =2Apqf -p(qf)
* Forallm = 0, («n»f)my_;ﬂ f m”y
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Encoding arithmetic functions

* Multiplication: mult(m, n) = mn

* mult =2Apqf -p(qf)

® Forallm > 0, («n»f)my_;ﬂ £y
* («n»f)Oy=y=fOny
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Encoding arithmetic functions

* Multiplication: mult(m, n) = mn
* mult =Apqf-p(af)
® Forallm > 0, («H»f)my—*—m fmy
* («n»f) Oy =y = fo‘"y
* («n»f) m+1y :* («n»f)((«n»f)™y)
—:»B «n»f (f™y)
— f"( fmny) _ fmn+ny _ f(m+1)ny

Madhavan Mukund/S P Suresh Lambda calculus PLC 2025, Lecture 16,13 Mar 2025 8/10



Encoding arithmetic functions

* Multiplication: mult(m,n) = mn
* mult =Apqf-p(af)
® Forallm > 0, (((H))f)my—;ﬂ fmy
(«n»f) Oy =y= fo'"y
* («n»f) m+1y :* («n»f)((«n»f)™y)
—:»B «n»f (f™y)
— f"( fmny) _ fmn+ny _ f(m+1)ny

*
* Forall m, n, mult «m» «h»——p «mMh»
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Encoding arithmetic functions

* Multiplication: mult(m, n) = mn

* mult =2Apqf -p(qf)

® Forallm > 0, («n»f)my_*_)ﬁ £y
* («n»f)Oy=y=fOny

° («n»f)’"”y = («n»f)((«n»f)™y)

—:—>B «n»f (f™y)
S £r(F™y) =

*
* Forall m, n, mult «m» «h»——p «mMh»

* (Apq f-p(af))«m»«n» _*’l%

Madhavan Mukund/S P Suresh

fmn+ny _ f(m-H)ny

Af'«m»(«n»f)
Af-(Agy-g"y)(«n»f)
Af -y - («n»f)™y)
Afy~f'””y = «mn»
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Encoding arithmetic functions

° Exponentiation: exp(m, n) = n"
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Encoding arithmetic functions

° Exponentiation: exp(m, n) = n"

* exp = Apq.pq
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Encoding arithmetic functions

° Exponentiation: exp(m, n) = n"

* exp = Apq.pq

.
® Forallm =>1,n > O,exp«m»«n»—>ﬁ «n™x»
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Encoding arithmetic functions

° Exponentiation: exp(m, n) = n"

* exp = Apq.pq
.
®* Forallm >1,n> 0,exp «m» «h»—g «n™x»
* Proof: Exercise!
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Computability

* Church numerals encoden € N
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Computability

* Church numerals encoden € N

* Canwe encode computable functions f : N¥ — N?
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Computability

* Church numerals encoden € N
°* Can we encode computable functions f : Nk — N?

° Letfbe the encoding of f
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Computability

* Church numerals encoden € N
* Canwe encode computable functions f : N¥ — N?
° Letfbe the encoding of f

x
* Wewantf«n,» - «hp»—p «m»ifff(ng, -, n,) =m
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Computability

* Church numeralsencode n € N

°* Can we encode computable functions f : Nk — N?

° Letfbe the encoding of f

* Wewantf«n,» - «”k»—:’ﬂ «m»ifff(ng, -, n,) =m

*

v Iff(ny, -, ) isdefined, then fany» o wnypn——g «f (ng, ) »
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Computability

* Church numeralsencode n € N

°* Can we encode computable functions f : Nk — N?

° Letfbe the encoding of f

* Wewantf«n,» - “”k»—:’ﬂ «m»ifff(ng, -, n,) =m

v Iff(ny, -, ) isdefined, then fany» o wnypn——g «f (ng, ) »

X
2 Iffan» -« «npn—sg «mmandfan» - «n»—g «pn,thenm=p
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Computability

* Church numeralsencode n € N

°* Can we encode computable functions f : Nk — N?

° Letfbe the encoding of f

* Wewantf«n,» - “”k»—:’ﬂ «m»ifff(ng, -, n,) =m

.
v Iff(ny, -, ) isdefined, then fany» o wnypn——g «f (ng, ) »
* *
2 Iffan» -« «npn—sg «mmandfan» - «n»—g «pn,thenm=p
x

3 Iff(n,...,n,) is undefined, then - (f« M» e «lp»—p «m») forany m
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Computability

° Church numeralsencode n € N
°* Can we encode computable functions f : Nk — N?
° Letfbe the encoding of f
* Wewantf«n,» - «n, »—*—>ﬂ «m»ifff(ng, -, n,) =m
1 Iff(ny, -, n,) isdefined, then f«n,» - «ny» —*>5 «f (Mg, ey np) »
2 Iffan» -« «npn—sg «mmandfan» - «n»—g «pn,thenm=p
3 Iff(n,...,n,) is undefined, then - (f« Ny » - «Np» —*>5 «m») forany m

* We need a syntax for computable functions — Next class!
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