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Encoding arithmetic functions

o [n]=Afx.f"x
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o ["x=/f(f(---(fx)--+)), where [ is applied repeatedly 7 times

e Successor: [succ] = Apfx.f(pfx)
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Encoding arithmetic functions

[n]=Afx.f"x

o ["x=/f(f(---(fx)--+)), where [ is applied repeatedly 7 times

Successor: [succ] = Apfx.f(pfx)
Addition: [plus]= Apq fx.pf(qfx)
Multiplication: [mult]| = Apq fx.p(qf)x
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Encoding arithmetic functions

[n]=Afx.f"x
o ["x=Ff(f(---(fx)--+)), where f is applied repeatedly 72 times
Successor: [succ] = Apfx.f(pfx)
Addition: [plus]= Apq fx.pf(qfx)
Multiplication: [mult] = Apqfx.p(qf)x
Exponentiation: [exp] = Apq fx.qpfx
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Computability

o Church numerals encode 7 € N
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Computability

o Church numerals encode 7 € N

o Can we encode computable functions f :NF s N2
o Let[ /] be the encoding of /

o Wewant [f][n ] [m]——p5 [f (n1,.0.m)]

o Wk need a syntax for computable functions
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Recursive functions

o Recursive functions [Dedekind, Skolem, Godel, Kleene]
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Recursive functions

o Recursive functions [Dedekind, Skolem, Godel, Kleene]

o Equivalent to Turing machines

Definition
f :NF — Nis obtained by composition from g : N — N and
hiy...shy Nk 5 Nif

o Notation:f:gO(h],]ﬂz,...,]ﬂ[)

S P Suresh PLC 2016: Lecture 15

4/ 16



Recursive functions

Definition

f :NF! — Nis obtained by primitive recursion from g : NF — N and
b :NF2 - Nif

f(0,7) = g(n)
fn+1,n) = bh(nf(n,n)n)
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Recursive functions

Definition

f :NF! — Nis obtained by primitive recursion from g : NF — N and
b :NF2 - Nif

foi) = g
f(n+1,n) = hn,f(n,n)n)

Definition
I NF —s N is obtained by u-recursion or minimization from g : N+ N if

It :{n if g(n,7)=0andVm <n:g(m,n)>0

undefined otherwise
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Recursive functions

Definition
The class of primitive recursive functions is the smallest class of functions
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Recursive functions

Definition
The class of primitive recursive functions is the smallest class of functions

©® containing the initial functions

Zero Z(n)=0
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Recursive functions

Definition
The class of primitive recursive functions is the smallest class of functions

©® containing the initial functions
Zero Z(n)=0
Successor S(n)=n+1

S P Suresh PLC 2016: Lecture 15

6/16



Recursive functions

Definition
The class of primitive recursive functions is the smallest class of functions
©® containing the initial functions
Zero Z(n)=0
Successor S(n)=n+1
Projection Hf(nl yees ) =1
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Recursive functions

Definition
The class of primitive recursive functions is the smallest class of functions

©® containing the initial functions
Zero Z(n)=0
Successor S(n)=n+1
Projection Hf‘(n], ca ) =1

© closed under composition and primitive recursion
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Recursive functions

Definition
The class of primitive recursive functions is the smallest class of functions

©® containing the initial functions
Zero Z(n)=0
Successor S(n)=n+1
Projection Hf"(ﬂl,...,nk):ni

© closed under composition and primitive recursion

Definition
The class of (partial) recursive functions is the smallest class of functions
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Recursive functions

Definition
The class of primitive recursive functions is the smallest class of functions

©® containing the initial functions

Zero Z(n)=0
Successor S(n)=n+1
Projection Hf"(ﬂl,...,nk):ni

© closed under composition and primitive recursion

Definition
The class of (partial) recursive functions is the smallest class of functions

©® containing the initial functions

© closed under composition, primitive recursion and minimization
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Encoding recursive functions

o [n]=Afx.f"x
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Encoding recursive functions

o [n]=Afx.f"x
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Encoding recursive functions

o [n]=Afx.f"x
o Zero: [Z]= Ax.[0]

o Successor: [succ]=Apfx.f(pfx)
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Encoding recursive functions
[n]=Afx.f"x
Zero: [Z]= Ax.[0]
Successor: [succ] = Apfx.f(pfx)

Projection: [Hlk] = /1x1x2 ceeXp.X;
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Encoding recursive functions
[n]=Afx.f"x
Zero: [Z]= Ax.[0]

Successor: [succ] = Apfx.f(pfx)
Projection: [Hlk] = Axyxy e xpx;

Composition: If / : N¥ — Nis defined by / = g o (..., h;)

(1= Axixy o xp.[8] ([By]xyxy oo xp) - ([hp gy xp)
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Encoding recursive functions

o Primitive recursion: Suppose /(72,7 ) is defined from g(7) and h (72, m, 1)
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Encoding recursive functions

Primitive recursion: Suppose / (7, 7) is defined from g(72) and b (72, m, 1)
We need to eliminate recursion

o A-calculus functions are anonymous
o Cannot directly use name of / inside definition of /

We convert recursion into iteration

Given 7 and 72, generate a sequence of pairs

(0,a0),(1,a¢),...,(n,a,)

where
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Encoding recursive functions

Primitive recursion: Suppose / (7, 7) is defined from g(72) and b (72, m, 1)
We need to eliminate recursion

o A-calculus functions are anonymous
o Cannot directly use name of / inside definition of /

We convert recursion into iteration

Given 7 and 72, generate a sequence of pairs

(0,a9),(1,ay),...,(n,a,)

where

. a,=g(7)
° ﬂi+1 - b(l,ﬂz,;l)>
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Encoding recursive functions

o Primitive recursion: Suppose /(72,7 ) is defined from g(7) and h (72, m, 1)

We need to eliminate recursion

o A-calculus functions are anonymous
o Cannot directly use name of / inside definition of /

We convert recursion into iteration

Given 7 and 72, generate a sequence of pairs

(0,a9),(1,ay),...,(n,a,)

where

. a,=g(7)
° ﬂi+1 - b(l,ﬂz,;l)>

o Finally we havea, = f(n,7)
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Encoding recursive functions

o Primitive recursion: Suppose /(72,7 ) is defined from g(7) and h (72, m, 1)
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Encoding recursive functions

o Primitive recursion: Suppose /(72,7 ) is defined from g(7) and h (72, m, 1)

o Given 7 and 7, generate a sequence of pairs

(0,a9),(1,ay),...,(n,a,)

where 2y = g(7)anda; | = h(i,a;,7)
o Generate the sequence by the following recursion
t(0) = (0a) = (0,g(n)
ti+1) = (i+La,y) = (@+1,h(ia;,7n))
= (Conalfe(i)),
h(fs(1(2)),5nd(t(2)), 7))
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Encoding recursive functions

o Primitive recursion: Suppose /(72,7 ) is defined from g(7) and h (72, m, 1)

o Given 7 and 7, generate a sequence of pairs

(0,a9),(1,ay),...,(n,a,)

where 2y = g(7)anda; | = h(i,a;,7)
o Generate the sequence by the following recursion
t(0) = (0a) = (0,g(n)
ti+1) = (i+La,y) = (@+1,h(ia;,7n))
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Encoding recursive functions

o Primitive recursion: Suppose /(72,7 ) is defined from g(7) and h (72, m, 1)

o Given 7 and 7, generate a sequence of pairs

(0,a9),(1,ay),...,(n,a,)

where 2y = g(7)anda; | = h(i,a;,7)
o Generate the sequence by the following recursion
t(0) = (0a) = (0,g(n)
ti+1) = (i+La,y) = (@+1,h(ia;,7n))
= (Conalfe(i)),
h(fs(1(2)),5nd(t(2)), 7))

o fsrand snd return the first and second components of a pair
o [(n,7)can be retrieved as snd(t (7))
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Encoding recursive functions

o Generate the sequence by the following recursion
t(0) = (0a) = (0,g(n)
GitD) = (it+hay) = (+1h(ia,7)
= Codflei),
h(fiK(t(2)),snd(2(2)),7) )
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Encoding recursive functions

o Generate the sequence by the following recursion
t(0) = (0a) = (0,g(n)
GitD) = (it+hay) = (+1h(ia,7)
= Codflei),
h(fiK(t(2)),snd(2(2)),7) )

o We generate the 7(2)’s by iteration
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Encoding recursive functions

o Generate the sequence by the following recursion
t(0) = (0a) = 0g()
ti+1) = (i+1la,.,) = (+1,h(i,a;,n))
= Couadf(e(i)),
h(fs#(1(2)),5nd(t(2)), 7))
o We generate the 7(2)’s by iteration
o Define Init = (0, g(7)) and Step((2)) = (1 + 1)

S P Suresh PLC 2016: Lecture 15 10/ 16



Encoding recursive functions

Generate the sequence by the following recursion
t(0) = (0a) = 0g()
ti+1) = (i+1la,.,) = (+1,h(i,a;,n))

= Couadf(e(i)),

B (5)) md( (D), ) )

We generate the (2 )’s by iteration
Define Init = (0, g(72)) and Step(£(2)) = t(z + 1)
So t(n) = Step™ (Init) ...
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Encoding recursive functions

Generate the sequence by the following recursion
t(0) = (0a) = (0,g(n)
ti+1) = (i+Layy) = (@+1,h(a,1))
= Couadf(e(i)),
h(fs#(1(2)),5nd(t(2)), 7))
We generate the (2 )’s by iteration
Define Init = (0, g(72)) and Step(£(2)) = t(z + 1)
So t(n) = Step™ (Init) ...
..and f(n,n) = snd(t(n)) = snd(Step” (Init))
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Encoding pairs, fst and snd

o [pair] = Axyz.zxy

S P Suresh PLC 2016: Lecture 15 11/16



Encoding pairs, fst and snd

o [pair] = Axyz.zxy
o [pair]ab —*>/3 Az.zab

S P Suresh PLC 2016: Lecture 15 11/16



Encoding pairs, fst and snd

o [pair] = Axyz.zxy
o [pair]ab —*>/3 Az.zab
« [Fr]=Ap.p(Axy.x)
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Encoding pairs, fst and snd

o [pair] = Axyz.zxy
o [pair]ab —*>/3 Az.zab
* [fr]=Ap-p(Axy.x)

o [6]([pair]ab)— g (Ap.p(Axy.x))(Az.zab) — 5
(Az.zab)(Axy.x)— g (Axy.x)ab — g (Ay.a)b — g a
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Encoding pairs, fst and snd

o [pair] = Axyz.zxy
o [pair]ab —*>/3 Az.zab
* [fr]=Ap-p(Axy.x)

o [6]([pair]ab)— g (Ap.p(Axy.x))(Az.zab) — 5
(Az.zab)(Axy.x)— g (Axy.x)ab — g (Ay.a)b — g a

o [snd]=Ap.(p(Axy.y))
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Encoding pairs, fst and snd

o [pair] = Axyz.zxy

o [pair]ab _*)ﬁ Az.zab

» [i]=Ap-p(Axy.x)

o [ft] ([pair]ab)—*% (Ap.p(Axy.x))(Az.zab) —>

(Az. zab)(/lxy.x) — g (Axy.x)ab — g (Ay.a)b —pga
snd] = (p(/lxy 7))

d)([pair]ab) — g (Ap.p(Axy.y)N(Az.zab) — g

[
[s7
(Az.zab)(Axy.y) — g (Axy.y)ab — 5 (Ay.y)b — 5 b
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Encoding primitive recursion

o Init=(0, g(7))
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Encoding primitive recursion

o Init=(0, g(7))
o Step(t(1)) = (i + La;14) = (suee(ir(£(2))), h(Fir((2)), 5nd(t(2)), 7))
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Encoding primitive recursion

1y 0) = el 1 (00), BB ), (1),
"(Init) and f (n,7n) = snd(t(n))
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Encoding primitive recursion

o Init=(0,g(n))
¢ Sp) =0 ) = i
t(n) = Step™ (Init) and f (n,7) = snd(t

[Imt] [pair][0]([g]x;.--xz)

1)), h(F(t(2)), snd(t(2)), 7))
(7))
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Encoding primitive recursion

o Init=(0,g(n))
¢ Sp) =0 ) = i
t(n) = Step™ (Init) and f (n,7) = snd(t

© Ui~ a1 )
o [Step) = Ay. [pair) ([suec) (e NPT (A ) [snd] )%, ... %)

1)), h(F(t(2)), snd(t(2)), 7))
(7))
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Encoding primitive recursion

-

Init = (0, g(n))

Sep(£(6)) = (i 1) = e () R (E)),smd(£(0)), )
t(n) = Step” (Init) and f (n,n) = snd(t(n))

i) = [pair][0) (g1 - 3)

o [Step] = Ay.[pair] [succ] ([£] )N [A ) ([5e]y N [snd] y )x, - - %)

o 7 appears “free” in both /ziz and Step, so in the encodings we leave the variables
Xy,. .., X, free
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Encoding primitive recursion

Init=(0, g (1))

Seep((2)) = (i + 1,a; 1) = (succ(fie(£(2))), h(f(t (i), nd(t(2)), 7))

t(n) = Step” (Init) and f (n,n) = snd(t(n))

i) = [pair][0) (g1 - 3)

o [Step] = Ay [pair) (e (A1 NOBT G N Eond]y ) - x0)

o 71 appears “free” in both /ziz and Step, so in the encodmgs we leave the variables
Xy,. .., X, free

o [f1=Axx;x;-xp.[snd](x [Step][Init])
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Encoding primitive recursion

o [f]1=Axx;xy--xp,.[snd](x [Step][Init])
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Encoding primitive recursion

o [f]1=Axx;xy--xp,.[snd](x [Step][Init])
o F1n]ln]-[m]— g [snd]) ([n] [ Step ][ nit ]) — 5
[snd] ([Step/]n [Init/])

S P Suresh PLC 2016: Lecture 15

13/ 16



Encoding primitive recursion

o [f]1=Axx;xy--xp,.[snd](x [Step][Init])
o F1n]ln]-[m]— g [snd]) ([n] [ Step ][ nit ]) — 5
[snd] ([Step/]n [Init/])
o [Init']=[Init][x, :=[ny],..., x i =[n,]]
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Encoding primitive recursion

o [f]1=Axx;xy--xp,.[snd](x [Step][Init])

o F1n]ln]-[m]— g [snd]) ([n] [ Step ][ nit ]) — 5
[snd] ([Step/]n [Init/])

Init' | = [Init][x, :=[n],..., x i =[n,]]

o [
o [Seep']=[Step][x1:= 15003 = [ ]]
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Encoding primitive recursion

o [f]1=Axx;xy--xp,.[snd](x [Step][Init])
o F1n]ln]-[m]— g [snd]) ([n] [ Step ][ nit ]) — 5
[snd] ([Step/]n [Init/])
o [Init'] = [Init] [xl [7,],.-, x i =[n,]]
o [Seep']=[Step][x1:= 15003 = [ ]]
(

o Check that [Step:l [pmr][l][f(l n)]) —/—>I3 [pair][i +1][f (1 4+ 1,7)]
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Encoding primitive recursion

o Check that [Step/]([pair] [1][f(z,7)]) —*)/5 [pair][i +1][f (i 4+ 1,7)]
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Encoding primitive recursion

o Check that [Step ]( air|[1][ f(i,7)]) —*>IE [pair][i +1][f (i 4+ 1,7)]
» [Step' J([parr] []L/ G, ]
— g [pair] ([succ] ([F2]) ([pair] (][ f (2, 7)])
([h] () (pair] [2]1f (2, 7)]))
E[ ”ji]([fwﬂ]])[l][f( 7)])

—p  [pair] [suec] (1) ([(AILILS (6 72)][my] - [ ])
—p  [par] [i+1] [0, f(2,7),7)]
— g [pair] [i+1] [f(i+1,7)])
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Encoding primitive recursion

» Check that [Step' | [Ini | —— 5 [pair] [i] [f(i,7)]
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Encoding primitive recursion

o Check that [Step/]i [Im't/] —*>13 [pair] [1] [f(i,7)]

. [Step/:lo [Im't/]

S P Suresh

g [Init | =[pair] [0] [g(7)]=[pair] [0] [f(0,7)]
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Encoding primitive recursion

o Check that [Step/]i [Imt ] B [pair] [1] [f(i,7)]

. [Step/:lo [Im't/] [Imt] [pair] [0] [g(n)]=[pair] [O] [f(0,7)]

. [Step/]iH I:Im't/] = [Step :| [Step ]Z [I :|
—— g [t |([pair] [i] [f(,)])  (ind. hyp.)

—3 [pair] [i+1] [f(i+1,7)]
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Encoding primitive recursion

o [f]1=Axx;xy--xp,.[snd](x [Step][Init])
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Encoding primitive recursion

o [f]1=Axx;xy--xp,.[snd](x [Step][Init])
o F1n]ln]-[m]— g [snd]) ([n] [ Step ][ nit ]) — 5
[snd] ([Step/]n [Init/])

S P Suresh PLC 2016: Lecture 15

16/ 1



Encoding primitive recursion

o [f]1=Axx;xy--xp,.[snd](x [Step][Init])

o) e g s iD=
[ma’]([Step] [Init/])
 [S] [t ]— g [pair] [n] [f ()]
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Encoding primitive recursion

[ ]
—

o [f]1=Axx;xy--xp,.[snd](x [Step][Init])

f1ln][n]-- [n/e] —— s [snd] ([n] [ Step ][ 1nit ]) — 5
snd ([Step :| [Init/])
o [Step' ] [1nit | — g [pair] [n] [ (n,7)]

—

e 5O

— v —
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Encoding primitive recursion

o [f]1=Axx;xy--xp,.[snd](x [Step][Init])
(]

T o o A
[snd] ([Step :| I:Init/])
o [Step' ] [Init | — g [pair] [n] [f (n,71)]

e So

12l ]- [ ]—— g [nd]([pair] [2] [f (n,7)]) == [f (,7)]
The expression [ PR | encodes the schema of primitive recursion

[PR]= Abgxx, - xp.[snd] (x(Ay.[pair] ([succ]([ft]y))

(L] y)[nd]y)xy - - xp))
([pair][0] (g%, --- %))
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